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Glossary

Solitons Solitons appear as a result of a balance between
a weakly nonlinear convection and a linear dispersion.
The solitons are localized highly stable waves that re-
tains its identity: shape and speed, upon interaction,
and resemble particle like behavior. In the case of a col-
lision, solitons undergo a phase shift.

Types of solitons Solitary waves, which are localized trav-
eling waves, are asymptotically zero at large distances
and appear in many structures such as solitons, kinks,
peakons, cuspons, and compactons, among others.
Solitons appear as a bell-shaped sech profile. Kink
waves rise or descend from one asymptotic state to
another. Peakons are peaked solitary-wave solutions.
Cuspons exhibit cusps at their crests. In the peakon
structure, the traveling-wave solutions are smooth ex-
cept for a peak at a corner of its crest. Peakons are the
points at which spatial derivative changes sign so that
peakons have a finite jump in the first derivative of the
solution u(x, t). Unlike peakons, where the derivatives
at the peak differ only by a sign, the derivatives at the
jump of a cuspon diverge.

Compactons are solitons with compact spatial support
such that each compacton is a soliton confined to a fi-
nite core or a soliton without exponential tails. Com-

pactons are generated due to the delicate interaction
between the effect of the genuine nonlinear convection
and the genuinely nonlinear dispersion.

Adomian method The Adomian decomposition method
approaches linear and nonlinear, and homogeneous
and inhomogeneous differential and integral equations
in a unified way. The method provides the solution
in a rapidly convergent series with terms that are ele-
gantly determined in a recursive manner. The method
can be used to obtain closed-form solutions, if such so-
lutions exist. A truncated number of the obtained se-
ries can be used for numerical purposes. The method
was modified to accelerate the computational process.
The noise terms phenomenon, which may appear for
inhomogeneous cases, can give the exact solution in
two iterations only.

Definition of the Subject

Nonlinear phenomena play a significant role in many
branches of applied sciences such as applied mathemat-
ics, physics, biology, chemistry, astronomy, plasma, and
fluid dynamics. Nonlinear dispersive equations that gov-
ern these phenomena have the genuine soliton property.
Solitons are pulses that propagate without any change
of its identity, i.e., shape and speed, during their travel
through a nonlinear dispersive medium [1,5,54]. Solitons
resemble properties of a particle, hence the suffix on is
used [19,20].

Solitons exist in many scientific branches, such as
optical fiber photonics, fiber lasers, plasmas, molecular
systems, laser pulses propagating in solids, liquid crys-
tals, nonlinear optics, cosmology, and condensed-matter
physics. Based on its importance in many fields, a huge
amount of research work has been conducted during the
last four decades to make more progress in understand-
ing the soliton phenomenon. A variety of very powerful
algorithms has been used to achieve this goal. The Ado-
mian decomposition method introduced in [2,6,21,22,23,
24,25,26], which will be used in this work, is one of the
reliable methods that has been used recently.

Introduction

The aim of this work is to apply the Adomian decom-
position method to derive specific types of soliton so-
lutions. Solitons were discovered experimentally by John
Scott Russell in 1844. Korteweg and de Vries in 1895 in-
vestigated analytically the soliton concept [10], where they
derived the pioneer equation of solitons, well known as
the KdV equation, that models the height of the surface of
shallow water in the presence of solitary waves. Morcover,
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Zabusky and Kruskal [35] investigated this phenomenon
analytically in 1965. Since 1965, a huge number of re-
search works have been conducted on nonlinear disper-
sive and dissipative equations. The aim of these works
has been to study thoroughly the characteristics of soliton
solutions and to study various types of solitons that ap-
pear as a result of these equations. Several reliable meth-
ods were used in the literature to handle nonlinear dis-
persive equations. Hirota’s bilinear method [8,9] has been
used for single- and multiple-soliton solutions. The in-
verse scattering method [1] has been widely used. For
single-soliton solutions, several methods, such as the tanh
method [13,14,15], the pseudospectral method, and the
truncated Painlevé expansion, are used.

However, in this work, the decomposition method, in-
troduced by Adomian in 1984, will be applied to derive the
desired types of soliton solutions. The method approaches
all problems in a unified way and in a straightforward
manner. The method computes the solution in a fast con-
vergent series with components that are elegantly deter-
mined. Unlike other methods, the initial or boundary con-
ditions are necessary for the use of the Adomian method.

Adomian Decomposition Method
and Adomian Polynomials

The Adomian decomposition method, developed by
George Adomian in 1984, has been receiving much atten-
tion in applied mathematics in general and in the area of
initial value and boundary value problems in particular.
Moreover, it is also used in the area of series solutions for
numerical purposes. The method is powerful and effec-
tive and can be used in linear or nonlinear, ordinary or
partial differential equations, and integral equations. The
decomposition method demonstrates fast convergence of
the solution and provides numerical approximation with
ahigh level of accuracy. The method handles applied prob-
lems directly and in a straightforward manner without us-
ing linearization, perturbation, or any other restrictive as-
sumption that might change the physical behavior of the
physical model under investigation.

The method is effectively addressed and thoroughly
used by many researchers in the literature [1,21,22,23,24,
25,26]. It is important to indicate that well-known meth-
ods, such as Backlund transformation, inverse scattering
method, Hirota’s bilinear formalism, the tanh method, and
many others, can handle problems without using initial or
boundary value conditions. For the Adomian decomposi-
tion method, the initial or boundary conditions are neces-
sary to conduct the determination of the components re-
cursively. However, some of the standard methods require

huge calculations, whereas the Adomian method mini-
mizes the volume of computational work.

The Adomian decomposition method consists in de-
composing the unknown function u(x. t) of any equation
into a sum of an infinite number of components given by
the decomposition series

oo
ulx ) =Y up(x.t). (1)

n=0

where the components u,(x,t),n > 0 are to be deter-
mined in a recursive manner. The decomposition method
concerns itself with the determination of the components
uo(x, t).uy(x. ), uz(x, t), ... individually. The determi-
nation of these components can be obtained through a re-
cursive relation that usually involves evaluation of simple
integrals.

We now give a clear overview of Adomian decompo-
sition method. Consider the linear differential equation
written in an operator form by

Lu+ Ru=f, (2)

where L is the lower-order derivative, which is assumed
to be invertible, R is a linear differential operator of order
greater than L, and f is a source term. We next apply the
inverse operator L' to both sides of Eq. (2) and use the
given initial or boundary condition to get

u(x. t) = g— L™ (Ru) (3)

where the function g represents the terms arising from in-
tegrating the source term f and from using the given con-
ditions; all are assumed to be prescribed. Substituting the
infinite series of components

o0
u(x, t) = Z un(x, ) (4)

n=(0

into both sides of (3) yields

iunzg—L‘ (R(iun)) ) (5)

The decomposition method suggests that the zeroth com-
ponent uy is usually defined by all terms not included un-
der the inverse operator L™!, which arise from the initial
data and from integrating the inhomogeneous term. This
in turn gives the formal recursive relation

ug(x. 1) = g,

(6)
g1 (1) = =L (R(ug)) .

k=0,
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or, equivalently,

upg(x.t) = g,
uy(x. 1) = =L (R(up)) .
uy(x. t) = —=L7" (R(uy)) . (7)

us(x. t) = —L7" (R(u2)) .

The differential equation under consideration is now re-
duced to integrals that can be easily evaluated. Having de-
termined these components ug(x, t). uy(x, £), ua(x, ), ...,
we then substitute the obtained components into (4) to
obtain the solution in a series form. The determined se-
ries may converge very rapidly to a closed-form solution,
if an exact solution exists. For concrete problems, where
a closed-form solution is not obtainable, a truncated num-
ber of terms is usually used for numerical purposes. Few
terms of the truncated series give an approximation with
a high degree of accuracy. The convergence concept of the
decomposition series is investigated thoroughly in the lit-
erature.

Several significant studies were conducted to compare
the performance of the Adomian method with other meth-
ods, such as Picard’s method, Taylor series method, finite
differences method, perturbation techniques, and others.
The conclusions emphasized the fact that the Adomian
method has many advantages and requires less computa-
tional work compared to existing techniques.

The Adomian method and many others applied this
method to many deterministic and stochastic problems.
However, the Adomian method, like some other methods,
suffers if the zeroth component uy(x, t) = 0 and makes
the integrand of the right side in (7) u;(x, t) = 0. If the
right side integrand in (7) does not vanish, if it is of a form
such as ¢“? or In( + up), @ > 0, then the method works
effectively.

As stated before, the Adomian method decomposes
the unknown function u(x, t) into an infinite number of
components. However, for nonlinear functions of u(x. t)
such as u?, u® In(1 + u), cos u, e, uu,, etc., a special rep-
resentation for nonlinear terms was developed by Ado-
mian and others. Adomian introduced a formal algorithm
to establish the proper representation for all forms of non-
linear functions of u(x, t). This representation of nonlin-
ear terms is necessary to apply the Adomian method prop-
erly. Several alternative algorithms have been introduced
in the literature by researchers to calculate Adomian poly-
nomials. However, the Adomian algorithm remains the
most commonly applied because it is simple and practical;
therefore, it will be used in this work.

Adomian assumed that the nonlinear term F(u) can be
expressed by an infinite series of the so-called Adomian
polynomials A, given in the form

F(u) =) An(ug, wi s, o tin), (8)
where A,, can be evaluated for all forms of nonlinearity.

Adomian polynomials A, for the nonlinear term F(u)
can be evaluated using the following expression:

14" o
A= @ {F(ZA “f)Lﬂ.n_o.l.z.---. (9)

i=0
The general formula (9) can be simplified as follows. As-
suming that the nonlinear function is F(u), using (9), Ado-
mian polynomials are given by
Ao = F(uo) s
A] = ﬂ]F’(H(}) N

1
As = us F'(ug) + Euf F’ (up) .

1
Az =usF'(ug) + wruaF" (ug) + ;“‘TFW{H[}) .

1
Ayq = uyF'(uo) + (5“‘22 + u Hs) F"(uo) (10)

1, 1o,
+ zuluzF’”{uﬂ) + E“IF(W)(”O) :
A5 = M5Fr(f.{0) + (M2M3 + ulu,;)F”(uo)

1 >, Ly
+ (E“luz + Eulug,) F" (ug)

1 i 1
+ ;uiuzF(w)(uu) + ;H?F(v)(ug) .

Other polynomials can be generated in a similar manner.
Itis clear that Ag depends only on 1y, A; depends only on
ug and u;, A; depends only on ug. 1}, and us, and so on.
For F(u) = u?, we find
Ao = F(up) = uj .

Ay =u F'(up) = 2uguy .

1
Ay = u;F’(uo) —+ EHTP”(MO) = 2uguz + H% . (11)

1
As =u3F'(uo) + uyua F" (ug) + ;Hme(Ho)
=2upus + 2u u; .

Modified Decomposition Method
and Noise Terms Phenomenon

A reliable modification of the Adomian decomposition
method [22] was developed by Wazwaz in 1999. The mod-
ification will further accelerate the convergence of the se-
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ries solution. As presented earlier, the standard decompo-
sition method admits the use of the recursive relation

uy =g,

upsr = — L7 (Ruy) . (12

k=0.

The modified decomposition method introduces a slight
variation to the recursive relation (12) that will lead to the
determination of the components of u in a faster and easier
way. For specific cases, the function g can be set as the sum
of two partial functions, g; and g>. In other words, we can
set

g=a+§&. (13)

This assumption gives a slight qualitative change in the
formation of the recursive relation (12). To reduce the size
of calculations, we identify the zeroth component 1y by
one part of g, that is, g; or g,. The other part of g can be
added to the component u; among other terms. In other
words, the modified recursive relation can be defined as

Up =4&1
up =g — L7 (Rug) . (14)
Up4 = —L_I(Rllk) N k = 1.

The change occurred in the formation of the first two com-
ponents ug and u; only [22,24,25]. Although this variation
in the formation of uy and u, is slight, it plays a major role
in accelerating the convergence of the solution and in min-
imizing the size of calculations. It is interesting to point
out that by selecting the parts g; and g, properly, the exact
solution u(x, t) may be obtained by using very few itera-
tions, and sometimes by evaluating only two components.
Moreover, if g consists of one term only, the standard de-
composition method should be employed in this case.

Another useful feature of the Adomian method is the
noise terms phenomenon. The noise terms may appear
for inhomogeneous problems only. This phenomenon was
addressed by Adomian in 1994. In 1997, Wazwaz investi-
gated the necessary conditions for the appearance of noise
terms in the decomposition series. Noise terms are defined
as identical terms with opposite signs [21] that arise in the
components 1y and u, particularly, and in other compo-
nents as well. By canceling the noise terms between u and
uy, even though u; contains other terms, the remaining
noncanceled terms of uy may give the exact solution of the
equation. Therefore, it is necessary to verify that the non-
canceled terms of u; satisfy the equation. The noise terms,
if they exist in the components u; and u;, will provide the
solution in a closed form with only two successive itera-
tions.

It was formally proved by Wazwaz in 1997 that a nec-
essary condition for the appearance of the noise terms is
required. The conclusion made is that the zeroth compo-
nent 1y must contain the exact solution 4, among other
terms [21]. Moreover, it was shown that the nonhomo-
geneity condition does not always guarantee the appear-
ance of the noise terms.

Solitons, Peakons, Kinks, and Compactons

There are many types of solitary waves. Solitons, which
are localized traveling waves, are asymptotically zero at
large distances [1,5,7,21,22,23,24,25,26,27,28,29,30,31,32,
33]. Solitons appear as a bell-shaped sech profile. Soli-
ton solution u(£) results as a balance between nonlinear-
ity and dispersion, where u(&), u'(8),u"(£),--- — 0 as
§ — +oo, where § = x — cf, and c is the speed of the
wave prorogation. The soliton solution either decays expo-
nentially as in the KdV equation, or it converges to a con-
stant at infinity such as the kinks of the sine-Gordon equa-
tion. This means that the soliton solutions appear as sech®
or arctan(e®*~¢9). Moreover, one soliton interacts with
other solitons preserving its permanent form.

Another type of solitary wave is the kink wave,
which rises or descends from one asymptotic state to an-
other [18]. The Burgers equation and the sine-Gordon
equation are examples of nonlinear wave equations that
exhibit kink solutions. It is to be noted that the kink
u(£) converges to +a, where « is a constant. However,
u'(8), u”(€),--- > 0as & — +oo.

Peakons are peaked solitary-wave solutions and are
another type of solitary-wave solution. In this struc-
ture, the traveling wave solutions are smooth except for
a peak at a corner of its crest. Peakons are the points at
which a spatial derivative changes signs so that peakons
have a finite jump in the first derivative of the solution
u(x,t) [3,4,11,12,32]. This means that the first derivative
of u(x, t) has identical values with opposite signs around
the peak.

A significant type of soliton is the compacton, which
is a soliton with compact spatial support such that each
compacton is a soliton confined to a finite core or a soli-
ton without exponential tails [16,17]. Compactons were
formally derived by Rosenau and Hyman in 1993 where
a special kind of the KdV equation was used to derive this
new discovery. Unlike a soliton that narrows as the ampli-
tude increases, a compacton’s width is independent of the
amplitude [16,17,27,28,29,30]. Classical solitons are ana-
lytic solutions, whereas compactons are nonanalytic solu-
tions [16,17]. As will be shown by a graph below, com-
pactons are solitons that are free of exponential wings or
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Using the decomposition identification for the linear
and nonlinear terms in (35) yields

o0 9 a o0
Z un(x, 1) = ﬁ + Ly : (v z un(x. f))n

n=0 n=0
o0

- (z An) . (36)
n=0

The Adomian method allows for the use of the recursive
relation

2c
(1+e7)’
i (x. 0) = LT (vuk,, ) = LT (AR)

up(x. t) =
(37)

k=0.

The components u,, n = 0 can be elegantly calculated by

2c
ug(x.t) = ———,
(14+ev)
up(x. ) =L7" (vug,,, ) — L7 (Ag)
2% %
=——75t
v(l +ev)?

uy(x. ) = L7 (vay,,, ) — L7 (AY)
Cse% e% —1
o 63

us(x, ) = L7 (vua,, ) — L7 (A2)

- c7e%(e% —deV + 1) 2

303(1 eV )t '

H=L;" (vus,, ) — L7 (A3)

_ FeT (e —1le +1let — 1) y

12041 + eV )3

LJ,](XI.

and so on. The series solution is thus given by

u(x, f) _—

e c? eV —1) 5
x|e v + — 4+ —t
v(l +ev) 2031 +ev)?

Zex

Se — 4e¥ 4 1) ;3
6v3(1 +ev)?

+) (39)

and in a closed form by

2c

u(x. t) = 7(1 N eﬁ(x-ff)) .

vV#O, (40)

10 10

Adomian Decomposition Method Applied to Non-linear Evolu-
tion Equations in Seliton Theory, Figure 2

Figure 2 shows the kink graph u(x,t) = tanh(x — ct), ¢ = 1,
—10<x, t<10

or equivalently

[
u(x, £) = c(l—tanh[z—u(x—ct)]) . (1)
Figure 2 shows a kink graph.
The graph shows that the kink converges to 1 as
£ — toc.

Peakons of the Camassa-Holm Equation

Camassa and Holm [4] derived in 1993 a completely inte-
grable wave equation

U+ 2kuy — gyt + 3ty = 2Uxtixy + Ullyyy (42)

by retaining two terms that are usually neglected in the
small-amplitude shallow-water limit [3]. The constant k
is related to the critical shallow-water wave speed. This
equation models the unidirectional propagation of water
waves in shallow water. The CH Eq. (42) differs from the
well-known regularized long wave (RLW) equation only
through the two terms on the right-hand side of (42).
Moreover, this equation has an integrable bi-Hamiltonian
structure and arises in the context of differential geometry,
where it can be seen as a reexpression for geodesic flow
on an infinite-dimensional Lie group. The CH equation
admits a second-order isospectral problem and allows for
peaked solitary-wave solutions, called peakons.
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In this work, we will apply the Adomian method to the
CH equation

u(x,0) = ce 1l

(43)

Up— Uyt F3UUy = 2Up Uy + Ullyyy,

or equivalently

Up = Uyt —3Uly +2Ux gy FUllyyy, u(x,0) = ce Al

(44)
where we set k = 0.

Proceeding as before, the CH Eq. (44) in an operator
form is as follows:

u(x,0) = ce ¥l ,

(45)

Leu = vyyr—3uuye +2uxtiye+utyny,

where the differential operator L; is as defined above. It is
important to point out that the CH equation includes three
nonlinear terms; therefore, we derive the following three
sets of Adomian polynomials for the terms uuiy. uytiyy,

and Uiy yy:
Ap = uguyg, ,
Ay = Up, U1 + Upty, , (46)
Ary =ug, up + uy uy + uz up .
B() = l!gx f.{gu_ N
By = uo,, w1, + uo, ui,, . (47)
By =g, up, A vy uy,, g Uz,
and
Co =ugup,,, .
Ci =uo,, w1 + oty . (48)

C2 = Ug,, U2 + Uity =+ Ughz,, , -
Applying the inverse operator LT to both sides of (45)
and using the initial condition we find

u(x, f) = ce I +Lr_l (et — 3ty + 2uyttyy + tityyy ).
(49)

Case 1. For x > 0, the initial condition will be u(x,0) =
e~ *. Using the decomposition series (1) and Adomian
polynomials in (49) yields

Z up(x, ) =ce *+L;" (Z up(x. t))

n=0 n=>0

o o0 o0
+L! (—32 An+2) Bu+ ) Cn) . (50)
n=0

n=0 n=0

The Adomian scheme allows the use of the recursive
relation

uo(x, t) =ce ™,

w16, 1) = LT (ur(x, )y
+ L7 (=3A +2By+Cp). k=0.
(51)
The components u,, n = 0 can be elegantly computed by

ug(x. ) =ce™ "

up(x, 1) = L7 (uo(x, ) xe + L' (-3 Ag + 2Bg + Cp)

=TVt
up(x, ) = L (ui(x. 1) + Ly (=3 A1 + 2B, + Cy)
1
=—cle ™1,
2!
us(x. ) = L7 (ua(x. ) o + L7 (3 A2 4+ 2B + Cy)
1
= _—cle™ §
3!
ug(x. ) = L7 (ua(x. 1)) e + L7 (=3 A3 + 2B3 + C3)
_ 1 4 —x 44
= IC e t, (52)

and so on. The series solution for x > 0 is given by

u(x, t) = ce™*

Lo, o 1
x (1+ et S (et)” + 5 (et) + (eh) +) .
(53)
and in a closed form by

—(x—ct)

u(x.t) = ce (54)

Case 2. For x < 0, the initial condition will be u(x,0) =
e*. Proceeding as before, we obtain

up(x, t) =ce* ,
ur(x, £) =L (uo(x, ) ne + Ly ' (=3 Ao + 2Bo + Co)
= — e t,
uy(x, 1) = L7 (u1(x, ) gpe + L7 (=3 A1 +2B1 + Cy)
= lc3e" 2,
2!
us(x, 1) = L7 (uax, ) + L7 (3 A2 + 2B, + )
1
= — —cte* P,
31
ug(x. 1) =Ly (us(x. ) e + Ly ' (=3 A3 4 2B5 + C3)
1
= _cle* 1t
4!

(55)
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Adomian Decomposition Method Applied to Non-linear Evolu-
tion Equations in Soliton Theory, Figure 3
Figure 3 shows the peakon graph u(x,t) = e
—-2=<x,t=<2

—lx—all | ¢ = q,

and so on. The series solution for x < 0 is given by

u(x, t) = ce*

X (1 —ct+ Zl—z(ct)2 - ;—I(crf + %(ct)q + ) .
(56)

and in a closed form by

(x—ct) ) (57)

u(x, t) = ce
Combining the results for both cases gives the peakon so-
lution

—|x—ct|

u(x, f) = ce (58)
Figure 3 shows a peakon graph.

The graph shows that a peakon with a peak at a corner
is generated with equal first derivatives at both sides of the
peak, but with opposite signs.

Compactons of the K(n,n) Equation

The K(n,n) equation [16,17] was introduced by Rosenau
and Hyman in 1993. This equation was investigated exper-
imentally and analytically. The K(m,n) equation is a gen-
uinely nonlinear dispersive equation, a special type of the

KdV equation, named K(m,n), of the form

e+ W)y F (U Mx =0, n>1. (59)

Compactons, which are solitons with compact support
or strict localization of solitary waves, have been investi-
gated thoroughly in the literature. The delicate interaction
between the effect of the genuine nonlinear convection
(u")x and the genuinely nonlinear dispersion of (u")xxx
generates solitary waves with exact compact support that
are called compactons. It was also discovered that solitary
waves may compactify under the influence of nonlinear
dispersion, which is capable of causing deep qualitative
changes in the nature of genuinely nonlinear phenom-
ena [16,17]. Unlike solitons that narrow as the amplitude
increases, a compacton’s width is independent of the am-
plitude. Compactons such as drops do not possess infinite
wings; hence they interact among themselves only across
short distances.

Compactons are nonanalytic solutions, whereas classi-
cal solitons are analytic solutions. The points of nonana-
lyticity at the edge of a compacton correspond to points of
genuine nonlinearity for the differential equation and in-
troduce singularities in the associated dynamical system
for the traveling waves [16,17,27,28,29,30]. Compactons
were proved to collide elastically and vanish outside a fi-
nite core region. This discovery was studied thoroughly by
many researchers who were involved with identical non-
linear dispersive equations. It is to be noted that solutions
were obtained only for cases where m = n. However, for
m # n, solutions have not yet been determined.

Without loss of generality, we will examine the special
K(3,3) initial value problem

“r"’(“s)x"'(ua)xxx =0, u(x, 0) = ?COS (%x) .

We first write the K(3,3) Eq. (60) in an operator form:

u(x,0) = ﬂﬂ:OS (lx) \

2 3
(61)

Liu= _(”3}1 _(us)xxx .

where the differential operator L; is as defined above. The
differential operator L; is defined by
0
T

Applying LT! to both sides of (61) and using the initial
condition we find

u(x. t) = ?cos (%x) — L)+ () xxx) - (63)

L, (62)
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Notice that the right-hand side contains two nonlinear
terms (1) and (%) gxx. Accordingly, the Adomian poly-
nomials for these terms are given by

Ay =(“3)x s
Ay =(3H§H1)x B
(64)
Ay = (Bujus + 3ugui)y
As = (Budus + 6uguius + uj)y
and
By = (ug)xxx B
B, = (3uéul)xxx .
(65)

B, = (3u§ug + 3u0uf)xxx .

Bg = (Sugug -+ 6“0“1”2 + ui)xxx ,

respectively.
Proceeding as before, Eq. (63) becomes

Z uy(x, t) = \/T6_Ccos(%x)—Lr_l (Z Ay 4+ B,,,) .
n=>0

n=0
(66)
This gives the recursive relation
Ve 1
up(x, t) = ——cos| =x| .
2 3 (67)

uprr (. )= — L7 (L7 Ak + By) . k>0,

The components u,, n = 0 can be recursively determined
as

ug(x, t) = @cos(lx)
0T 37

up(x, 1) = <

2
us(x, 1) = — ¢ \/acos (éx) £

(68)

us(x, f) = —

ug(x, t) = s| —x 1‘4

)= o (3
SJ6c 1

us(x, t) = sin( -x ) ¢
58320 3

and so on. The series solution is thus given by

u(x, t)

e CICHORTORS
(3 (35(5) w5 (2) )

(69)
This is equivalent to
u(x, t)
= ﬁ(cos (lx) cos (lct) +sin (lx) sin (lct)) \
2 3 3 3 3
(70)

or equivalently

2 2

{ﬂcos[%(x—ct)]:. |x—cr|§3—”.
u(x,t) = i
0 otherwise .

(71)

This in turn gives the compacton solution of the K(3,3)
equation. Figure 4 shows a compacton confined to a finite
core without exponential wings.

The graph shows a compacton: a soliton free of expo-
nential wings.

Adomian Decomposition Method Applied to Non-linear Evolu-
tion Equations in Soliton Theory, Figure 4

1
Figure 4 shows the compacton graph u(x,t) = cos2(x — ct),
c=1,0=<x,t=<1
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It is interesting to point out that the generalized so-
lution of the K(n,n) equation, n > 1, is given by the
compactons

u(x, t)
1
—_ n—1
{(35:1)-(:052[];_"](;(_6:)]} | x—ct|= % ,
0 otherwise ,
(72)
and
us(x, t)
i
2 . —1 n—1
_ {(n-c'—nl) 51[12 [nz—n(x—ct)]} . |x—cf |E E .
0 otherwise .
(73)

Future Directions

The most significant advantage of the Adomian method is
that it attacks any problem without any need for a trans-
formation formula or any restrictive assumption that may
change the physical behavior of the solution. For singu-
lar problems, it was possible to overcome the singular-
ity phenomenon and to attain practically a series solu-
tion in a standard way. Moreover, for problems on un-
bounded domains, combining the obtained series solution
by the Adomian method with Padé approximants pro-
vides a promising tool to handle boundary value problems.
The Padé approximants, which often show superior per-
formance over series approximations, provide a promising
tool for use in applied fields.

As stated above, unlike other methods such as Hirota
and the inverse scattering method, where solutions can be
obtained without using prescribed conditions, the Ado-
mian method requires such conditions. Moreover, these
conditions must be of a form that does not provide zero
for the integrand of the first component u,(x, t). Such
a case should be addressed to enhance the performance
of the method. Another aspect that should be addressed
is Adomian polynomials. The existing techniques require
tedious work to evaluate it. Most importantly, the Ado-
mian method guarantees only one solution for nonlinear
problems. This is an issue that should be investigated to
improve the performance of the Adomian method com-
pared to other methods.

On the other hand, it is important to further examine
the N-soliton solutions by simplified forms, such as the
form given by Hereman and Nuseir in [7]. The bilinear
form of Hirota is not that easy to use and is not always
attainable for nonlinear models.
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Anomalous Diffusion on Fractal Networks

from the linear dependence of the mean squared displace-
ment on time. Many other properties, like return proba-
bilities, mean number of different visited nodes etc. also
behave in a way different from the one they behave in nor-
mal diffusion. Understanding these properties is of pri-
mary importance for theoretical description of transport
in such systems, chemical reactions in them, and in devis-
ing efficient search algorithms or in understanding ones
used in natural search, as taking place in gene expression
or incorporated into the animals’ foraging strategies.

Introduction

The theory of diffusion processes was initiated by A. Fick
who was interested in the nutrients’ transport in a living
body and put down the phenomenological diffusion equa-
tion (1855). The microscopic, probabilistic discussion of
diffusion started with the works of L. Bachelier on the the-
ory of financial speculation (1900), of A. Einstein on the
motion of colloidal particles in a quiescent fluid (the Brow-
nian motion) (1905), and with a short letter of K. Pearson
to the readers of Nature in the same year motivated by his
work on animal motion. These works put forward the de-
scription of diffusion processes within the framework of
random walk models, the ones describing the motion as
a sequence of independent bounded steps in space requir-
ing some bounded time to be completed. These models
lead to larger scales and longer times to a typical diffu-
sion behavior as described by Fick’s laws. The most promi-
nent property of this so-called normal diffusion is the fact
that the mean squared displacement of the diffusing par-
ticle from its initial position at times much longer than
the typical time of one step grows as (x*(f)) o t. An-
other prominent property of normal diffusion is the fact
that the distribution of the particle’s displacements tends
to a Gaussian (of width (x?(t)}/?), as a consequence of the
independence of different steps.

The situations described by normal diffusion are abun-
dant, but looking closer into many other processes (which
still can be described within a random walk picture, how-
ever, with only more or less independent steps, or with
steps showing a broad distribution of their lengths or
times) revealed that these processes, still resembling or re-
lated to normal diffusion, show a vastly different behavior
of the mean squared displacement, e. g. (x2(f)) oc t* with
a # 1. In this case one speaks about anomalous diffu-
sion [11]. The cases with @ < 1 correspond to subdiffu-
sion, the ones with @ > 1 correspond to superdiffusion.
The subdiffusion is typical for the motion of charge carri-
ers in disordered semiconductors, for contaminant trans-
port by underground water or for proteins’ motion in cell

membranes. The models of subdiffusion are often con-
nected either with the continuous-time random walks or
with diffusion in fractal networks (the topic of the present
article) or with combinations thereof. The superdiffusive
behavior, associated with divergent mean square displace-
ment per complete step, is encountered e. g. in transport in
some Hamiltonian models and in maps, in animal motion,
in transport of particles by flows or in diffusion in porous
media in Knudsen regime.

The diffusion on fractal networks (typically subdiffu-
sion) was a topic of extensive investigation in 1980s-1990s,
so that the most results discussed here can be considered as
well-established. Therefore most of the references in this
contribution are given to the review articles, and only few
of them to original works (mostly to the pioneering publi-
cations or to newer works which didn’t find their place in
reviews).

Random Walks and Normal Diffusion

Let us first turn to normal diffusion and concentrate on
the mean squared displacement of the random walker.
Our model will correspond to a random walk on a reg-
ular lattice or in free space, where the steps of the ran-
dom walker will be considered independent, identically
distributed random variables (step lengths s;) following
a distribution with a given symmetric probability density
function (PDF) p(s), so that {s) = 0. Let a be the root
mean square displacement in one step, (s?) = a®. The
squared displacement of the walker after » steps is thus

n 2 n n n

(ra) = (Z ) =D +2)0 D (s
i=1 i=1 i=1 j=i+1

The first sum is simply na?, and the second one vanishes

if different steps are uncorrelated and have zero mean.

Therefore (ri) = a’n: The mean squared displacement in

a walk is proportional to the number of steps.

Provided the mean time t necessary to complete a step
exists, this expression can be translated into the tempo-
ral dependence of the displacement (rz(t)) = (a?/7)t,
since the mean number of steps done during the time £ is
n = t/t. This is the time-dependence of the mean squared
displacement of a random walker characteristic for nor-
mal diffusion. The prefactor a?/7 in the {r?(£)) o t depen-
dence is connected with the usual diffusion coeflicient K,
defined through (rz(t)) = 2dKt, where d is the dimen-
sion of the Euclidean space. Here we note that in the the-
ory of random walks one often distinguishes between the
situations termed as genuine “walks” (or velocity models)
where the particle moves, say, with a constant velocity and
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changes its direction at the end of the step, and “random
flight” models, when steps are considered to be instanta-
neous (“jumps”) and the time cost of a step is attributed to
the waiting time at a site before the jump is made. The sit-
uations considered below correspond to the flight picture.
The are three important postulates guaranteeing that
random walks correspond to a normal diffusion process:

e The existence of the mean squared displacement per
step, (s?) < oo

e The existence of the mean time per step (interpreted as
a mean waiting time on a site) ¢ < oo and

e The uncorrelated nature of the walk (s;s;) = (52)8;1-.

These are exactly the three postulates made by Einstein
in his work on Brownian motion. The last postulate can be
weakened: The persistent (i. e. correlated) random walks
still lead to normal diffusion provided z;ﬁ! (sisj) < oc.

In the case when the steps are independent, the central
limit theorem immediately states that the limiting distri-
bution of the displacements will be Gaussian, of the form

. 1 dr?

P(r, t) = @Kz exp (—m) .

This distribution scales as a whole: rescaling the distance
by a factor of A, x — Ax and of the time by the factor
of A%, t — A%t, does not change the form of this distri-
bution. The moments of the displacement scale according
to (r*y = [ P(r, )r*d?r* = const(k)t*%, Another im-
portant property of the the PDF is the fact that the return
probability, i. . the probability to be at time f at the origin
of the motion, P(0. t), scales as

PO, £) o ™42 (1)

i.e. shows the behavior depending on the substrate’s di-
mension.

The PDE P(r, t) is the solution of the Fick’s diffusion
equation

0
EP(r. t) = kAP(r. t), (2)

where A is a Laplace operator. Equation 2 is a parabolic
partial differential equation, so that its form is invariant
under the scale transformation t — A2t,r — Ar discussed
above. This invariance of the equation has very strong im-
plications. If follows, for example, that one can invert the
scaling relation for the mean squared displacement

R* o t
and interpret this inverse one

T o r?

as e. g. a scaling rule governing the dependence of a char-
acteristic passage time from some initial site 0 to the sites
atadistance r from this one. Such scaling holds e. g. for the
mean time spent by a walk in a prescribed region of space
(i. e. for the mean first passage time to its boundary). For
an isotropic system Eq. (2) can be rewritten as an equation
in the radial coordinate only:

] 1 d[ 4,9
&P(r. 1) = K,.d——l§ [r gp(r. t)] . (3)

Looking at the trajectory of a random walk at scales
much larger than the step’s length one infers that it is
self-similar in statistical sense, i.e. that its whatever por-
tion (of the size considerably larger then the step’s length)
looks like the whole trajectory, i.e. it is a statistical, ran-
dom fractal. The fractal (mass) dimension of the trajec-
tory of a random walk can be easily found. Let us inter-
pret the number of steps as the “mass” M of the object and
(rf,)m as its “size” L. The mass dimension D is then de-
fined as M o LP, it corresponds to the scaling of the mass
of a solid D-dimensional object with its typical size. The
scaling of the mean squared displacement of a simple ran-
dom walk with its number of steps suggests that the corre-
sponding dimension D = d,, for a walk is d,, = 2. The
large-scale properties of the random walks in Euclidean
space are universal and do not depend on exact form of
the PDF of waiting times and of jumps’ lengths (provided
the first possesses at least one and the second one at least
two moments).

This fact can be used for an interpretation of several
known properties of simple random walks. Thus, random
walks on a one-dimensional lattice (d = 1) are recur-
rent, i.e. each site earlier visited by the walk is revisited
repeatedly afterwards, while for d = 3 they are nonre-
current. This property can be rationalized through argu-
ing that an intrinsically two-dimensional object cannot be
“squeezed” into a one-dimensional space without self-in-
tersections, and that it cannot fill fully a space of three or
more dimensions. The same considerations can be used to
rationalize the behavior of the mean number of different
sites visited by a walker during n steps (S, }. (S,) typically
goes as a power law in n. Thus, on a one-dimensional lat-
tice (S,,) n'2, in lattices in three and more dimensions
(Sn) o n,and in a marginal two-dimensional situation
(Sn) o n/log n. To understand the behaviorin d = 1 and
in d = 3, it is enough to note that in a recurrent one-di-
mensional walk all sites within the span of the walk are vis-
ited by a walker at least once, so that the mean number of
different sites visited by a one-dimensional walk (d = 1)
grows as a span of the walk, which itself is proportional to
a mean squared displacement, (S,) o L = (rﬁ)m. i.e.
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(Sn) x n'? = n'4w In three dimensions (d = 3), on the
contrary, the mean number of different visited sites grows
as the number of steps, (S,) o #, since different sites are
on the average visited only finite number of times. The
property of random walks on one-dimensional and two-
dimensional lattices to visit practically all the sites within
the domain of the size of their mean square displacement
is called the compact visitation property.

The importance of the number of different sites vis-
ited (and its moments like (S,) or (S(#))) gets clear when
one considers chemical reactions or search problems on
the corresponding networks. The situation when each site
of a network can with the probability p be a trap for
a walker, so that the walker is removed whenever it visits
such a marked site (reaction scheme A+B — B, where the
symbol A denotes the walker and symbol B the “immortal”
and immobile trap) corresponds to a trapping problem of
reaction kinetics. The opposite situation, corresponding to
the evaluation of the survival probability of an immobile
A-particle at one of the network’s nodes in presence of
mobile B-walkers (the same A + B — B reaction scheme,
however now with immobile A and mobile B) corresponds
to the target problem, or scavenging. In the first case the
survival probability & (N) for the A-particle after N steps
goes for p small as @(t) o {exp(—pSy)), while for the sec-
ond case it behaves as @ (t) o¢ exp(—p(Sw)). The simple
A + B — B reaction problems can be also interpreted as
the ones of the distribution of the times necessary to find
one of multiple hidden “traps” by one searching agent, or
as the one of finding one special marked site by a swarm of
independent searching agents.

Anomalous Diffusion

The Einstein’s postulates leading to normal diffusion are to
no extent the laws of Nature, and do not have to hold for
a whatever random walk process. Before discussing gen-
eral properties of such anomalous diffusion, we start from
a few simple examples [ 10].

Simple Geometric Models Leading to Subdiffusion

Let us first discuss two simple models of geometrical
structures showing anomalous diffusion. The discussion
of these models allows one to gain some intuition about
the emergence and properties of anomalous diffusion in
complex geometries, as opposed to Euclidean lattices, and
discuss mathematical notions appearing in description of
such systems. In all cases the structure on which the walk
takes place will be considered as a lattice with the unit
spacing between the sites, and the walk corresponds to
jumps from a site to one of its neighbors. Moreover, we

consider the random walk to evolve in discrete time; the
time t and the number of steps » are simply proportional
to each other.

Diffusion on a Comb Structure The simplest example
of how the subdiffusive motion can be created in a more or
less complex (however yet non-fractal) geometrical struc-
ture is delivered by the diffusion on a comb. We con-
sider the diffusion of a walker along the backbone of
acomb with infinite “teeth” (dangling ends), see Fig. 1. The
walker’s displacement in x-direction is only possible when
it is on the backbone; entering the side branch switches
off the diffusion along the backbone. Therefore the mo-
tion on the backbone of the comb is interrupted by wait-
ing times. The distribution of these waiting times is given
by the power law yr(t) oc t73/2
return probability of a one-dimensional random walk in
a side branch to its origin. This situation - simple random
walk with broad distribution of waiting times on sites -
corresponds to a continuous-time random walk model. In
this model, for the case of the power-law waiting time dis-
tributions of the form ¥ (t) o¢ 1% with @ < 1, the mean
number of steps (n(t)) (in our case: the mean number
of steps over the backbone) as a function of time goes as
(n(t)) oc t*. Since the mean squared displacement along
the backbone is proportional to this number of steps, it is
also governed by (xz(r)) o t%, i.e. in our case we have to
do with strongly subdiffusive behavior (x?(f)) oc /2.

The PDF of the particle’s displacements in CTRW with
the waiting time distribution v/ (¢) is governed by a non-
Markovian generalization of the diffusion equation

corresponding to the first

aP{ t) = ZBAme(r t)P(x, t)
E‘)t X, =da 31‘ ; X, ,

with the memory kernel M(f) which has a physical mean-
ing of the time-dependent density of steps and is given by
the inverse Laplace transform of M(u) = ¥(u)/[1 — v (u))
(with ¥ (u) being the Laplace-transform of y(t)). For the

Anomalous Diffusion on Fractal Networks, Figure 1

A comb structure: Trapping in the dangling ends leads to the
anomalous diffusion along the comb’s backbone. This kind of
anomalous diffusion is modeled by CTRW with power-law wait-
ing time distribution and described by a fractional diffusion
equation
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case of a power-law waiting-time probability density of the
type ¥ () o t717% the structure of the right-hand side
of the equation corresponds to the fractional Riemann-

Liouvolle derivative an, an integro-differential operator
defined as

1 d [‘ , f)
ra—-pgyde)y (-8’
(here only for 0 < f < 1), so that in the case of the diffu-
sion on a backbone of the comb we have

oD f(t) = (4)

0

a.D(x. t) = KoD} “AP(x. 1) (5)
(here with ¢ = 1/2). An exhaustive discussion of such
equations is provided in [13,14]. Similar fractional diffu-

sion equation was used in [12] for the description of the
diffusion in a percolation system (as measured by NMR).
However one has to be cautious when using CTRW and
corresponding fractional equations for the description of
diffusion on fractal networks, since they may capture
some properties of such diffusion and fully disregard other
ones. This question will be discussed to some extent in
Sect. “Anomalous Diffusion on Fractal Structures”.

Equation (5) can be rewritten in a different but equiv-
alent form

d
[’,"D?EP(x. ) = KAP(x, 1),

with the operator DY, a Caputo derivative, conjugated
to the Riemann-Liouville one, Eq. (4), and different from
Eq. (4) by interchanged order of differentiation and in-
tegration (temporal derivative inside the integral). The
derivation of both forms of the fractional equations and
their interpretation is discussed in [21]. For the sake of
transparency, the corresponding integrodifferential oper-
ators UD’:g and ;D‘,B are simply denoted as a fractional
partial derivative 3°/3t# and interpreted as a Riemann-—
Liouville or as a Caputo derivative depending whether they
stand on the left or on the right-hand side of a generalized
diffusion equation.

Random Walk on a Random Walk and on a Self-Avoid-
ing Walk Let us now turn to another source of anoma-
lous diffusion, namely the nondecaying correlations be-
tween the subsequent steps, introduced by the structure of
the possible ways on a substrate lattice.

The case where the anomalies of diffusion are due to
the tortuosity of the path between the two sites of a frac-
tal “network” is illustrated by the examples of random
walks on polymer chains, being rather simple, topologi-
cally one-dimensional objects. Considering lattice models

for the chains we encounter two typical situations, the sim-
pler one, corresponding to the random walk (RW) chains
and a more complex one, corresponding to self-avoiding
ones. A conformation of a RW-chain of N monomers cor-
responds to a random walk on a lattice, self-intersections
are allowed. In reality, RW chains are a reasonable model
for polymer chains in melts or in #-solutions, where the re-
pulsion between the monomers of the same chain is com-
pensated by the repulsion from the monomers of other
chains or from the solvent molecules, so that when not
real intersections, then at least very close contacts between
the monomers are possible. The other case corresponds to
chains in good solvents, where the effects of steric repul-
sion dominate. The end-to-end distance in a random walk
chain grows as R oc¢ 112 (with I being its contour length).
In a self-avoiding-walk (SAW) chain R o< I, with v being
a so-called Flory exponent (e.g. v & 3/5 in 3d). The cor-
responding chains can be considered as topologically one-
dimensional fractal objects with fractal dimensions dy = 2
and dy = 1/v a2 5/3 respectively.

We now concentrate on an walker (excitation, enzyme,
transcription factor) performing its diffusive motion on
a chain, serving as a “rail track” for diffusion. This chain
itself is embedded into the Euclidean space. The contour
length of the chain corresponds to the chemical coordi-
nate along the path, in each step of the walk at a chain
the chemical coordinate changes by %1. Let us first con-
sider the situation when a particle can only travel along
this chemical path, i.e. cannot change its track at a point
of a self-intersection of the walk or at a close contact be-
tween the two different parts of the chain. This walk starts
with its first step at r = 0. Let K be the diffusion coeffi-
cient of the walker along the chain. The typical displace-
ment of a walker along the chain after time ¢ will then be
I oc 112 = 14 Por a RW-chain this displacement along
the chain is translated into the displacement in Euclidean
space according to R = (Rz)”2 o "2 50 that the typ-
ical displacement in Euclidean space after time t goes as
R o tY) a strongly subdiffusive behavior known as one
of the regimes predicted by a repetition theory of polymer
dynamics. The dimension of the corresponding random
walk is, accordingly, d,, = 4. The same discussion for the
SAW chains leadsto dy, = 1/2v.

After time f the displacement in the chemical space is
given by a Gaussian distribution

1 12
p(l.t) = ——=exp (——) .
V4Kt 4Kt
The change in the contour length [ can be interpreted as

the number of steps along the random-walk “rail”, so that
the Euclidean displacement for the given [ is distributed
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according to

d dr?
pe(r.l) = (m) exp (*W) . (6)

We can, thus, obtain the PDF of the Euclidean displace-
ment:

P(r.1) = fo pr(e. Dpc(l, )l . @)

The same discussion can be pursued for a self-avoiding
walk for which

pe(r. 1) ~ (ILU)Y'_l exp |:—const (I%)”(l_v):l .8

with y being the exponent describing the dependence of
the number of realizations of the corresponding chains on
their lengths. Equation (6) is a particular case of Eq. (8)
with y = l and v = 1/2. Evaluating the integral using the
Laplace method, we get

; (1—1/dy) "
P(r, t) = exp | —const (t”—dw)

up to the preexponential. We note that in this case the rea-
son for the anomalous diffusion is the tortuosity of the
chemical path. The topologically one-dimensional struc-
ture of the lattice allowed us for discussing the problem in
considerable detail.

The situation changes when we introduce the possibil-
ity for a walker to jump not only to the nearest-neighbor
in chemical space by also to the sites which are far away
along the chemical sequence but close to each other in Eu-
clidean space (say one lattice site of the underlying lattice
far). In this case the structure of the chain in the Euclidean
space leads to the possibility to jump very long in chem-
ical sequence of the chain, with the jump length distribu-
tion going as p(1) oc 1732 foran RW and p(I) o< 1722 for
aSAW in d = 3 (the probability of a close return ofa SAW
to its original path). The corresponding distributions lack
the second moment (and even the first moment for RW
chains), and therefore one might assume that also the dif-
fusion in a chemical space of a chain will be anomalous.
It indeed shows considerable peculiarities. If the chain’s
structure is frozen (i.e. the conformational dynamics of
a chain is slow compared to the diffusion on the chain),
the situation in both cases corresponds to “paradoxical dif-
fusion” [22]: Although the PDF of displacements in the
chemical space lacks the second (and higher) moments,
the width of the PDF (described e.g. as its interquartile
distance) grows, according to W o< t'2. In the Euclidean

space we have here to do with the diffusion on a static frac-
tal structure, i. e. with a network of fractal dimension d; co-
inciding with the fractal dimension of the chain. Allowing
the chain conformation changing in time (i. e. considering
the opposite limiting case when the conformation changes
are fast enough compared to the diffusion along the chain)
leads to another, superdiffusive, behavior, namely to Lévy
flights along the chemical sequence. The difference be-
tween the static, fixed networks and the transient ones has

to be borne in mind when interpreting physical results.

Anomalous Diffusion on Fractal Structures
Simple Fractal Lattices: the Walk’s Dimension

As already mentioned, the diffusion on fractal structures is
often anomalous, (xz(t)) o t* with o # 1. Parallel to the
situation with random walks in Euclidean space, the tra-
jectory of a walk is typically self similar (on the scales ex-
ceeding the typical step length), so that the exponent o can
be connected with the fractal dimension of the wall’s tra-
jectory dy. Assuming the mean time cost per step to be fi-
nite, i. e. t o< n, one readily infers that @ = 2/d,,. The frac-
tal properties of the trajectory can be rather easily checked,
and the value of d,, can be rather easily obtained for sim-
ple regular fractals, the prominent example being a Sier-
pinski gasket, discussed below. Analytically, the value of
d, is often obtained via scaling of the first passage time to
a boundary of the region (taken to be a sphere of radius r),
i. . using not the relation R o< t'/% but the inverse one,
T oc r. The fact that both values of d,; coincide witnesses
strongly in favor of the self-similar nature of diffusion on
fractal structures.

Diffusion on a Sierpinski Gasket Serpinski gasket (es-
sentially a Sierpinski lattice), one of the simplest regular
fractal network is a structure obtained by iterating a gen-
erator shown in Fig. 2. Its simple iterative structure and
the ease of its numerical implementation made it a popular
toy model exemplifying the properties of fractal networks.
The properties of diffusion on this network were inves-
tigated in detail, both numerically and analytically. Since
the structure does not possess dangling ends, the cause of
the diffusion anomalies is connected with tortuosity of the
typical paths available for diffusion, however, differently
from the previous examples, these paths are numerous and
non-equivalent.

The numerical method allowing for obtaining exact re-
sults on the properties of diffusion is based on exact enu-
meration techniques, see e. g. [10]. The idea here is to cal-
culate the displacement probability distribution based on
the exact number of ways W; , the particle, starting at
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A different discussion of the same problem based on
the Einstein’s relation between diffusion coefficient and
conductivity, and on crossover arguments can be found
in [10,20].

The Spectral Dimension

In mathematical literature spectral dimension is defined
through the return probability of the random walk, i. e. the
probability to be at the origin after » steps or at time f. We
consider a node on a network and take it to be an origin of
a simple random walk. We moreover consider the proba-
bility P(0, ) to be at this node at time t (a return probabil-
ity). The spectral dimension defines then the asymptotic
behavior of this probability for n large:

PO, f) x 2% fort — o0 (13)
The spectral dimension d; is therefore exactly a quantity
substituting the Euclidean dimension d is Eq. (1). In the
statistical case one should consider an average of p(t) over
the origin of the random walk and over the ensemble of
the corresponding graphs.

For fixed graphs the spectral dimension and the fractal
(Hausdorff) dimension are related by

2d¢
< d, < dy, 14
1+df_ = ( )

provided both exist [5]. The same relation is also shown
true for some random geometries, see e. g. [6,7] and refer-
ences therein. The bounds are optimal, i. e. both equalities
can be realized in some structures.

The connection between the walk dimension d,, and
the spectral dimension dg of a network can be easily ra-
tionalized by the following consideration. Let the random
walk have a dimension dy, so that after time ¢ the position
of the walker can be considered as more or less homoge-
neously spread within the spatial region of the linear size
R o n'/4 or R oc 14w with the overall number of nodes
N o R oc tdridw The probability to be at one particular

tldw  Com-

node, namely at 0, goes then as 1/N, i.e. as =
paring this with the definition of the spectral dimension,
Eq. (13) we get exactly Eq. (12). The lower bound in the
inequality Eq. (14) follows from Eq. (13) and from the the
observation that the value of ¢ in Eq. (11) is always smaller
or equal to one (the value of ¢ = 1 would correspond to
a one-dimensional wire without shunts). The upper bound
can be obtained using Eq. (12) and noting that the walks’
dimension never gets less than 2, its value for the regular
network: the random walk on a whatever structure is more

compact than one on a line.

We note that the relation Eq. (12) relies on the assump-
tion that the spread of the walker within the r-domain
is homogeneous, and needs reinterpretation for strongly
anisotropic structures like combs, where the spread in
teeth and along the spine are very different (see e. g. [2]).
For the planar comb with infinite teeth df = 2, and d,
as calculated through the return time is dy = 3/2, while
the walk’s dimension (mostly determined by the motion in
teeth) is d,, = 2, like for random walks in Euclidean space.
The inequality Eq. (14) is, on the contrary, universal.

Let us discuss another meaning of the spectral dimen-
sion, the one due to which it got its name. This one has to
do with the description of random walks within the master
equation scheme. From the spectral (Laplace) representa-
tion of the solution of the master equation, Eq. (9), we can
easily find the probability P(0, t) that the walker starting at
site 0 at + = 0 is found at the same site at time t. This one

reads
o0

PO.5) =) ajexp(—e;1).
i=1
where €; is the ith eigenvalue of the matrix W and a; is
the amplitude of its ith eigenvector at site 0. Considering
the lattice as infinite, we can pass from discrete eigenvalue
decomposition to a continuum

P(0,t) = foo N (€)a(e) exp(—et)de .
0

For long times, the behavior of P(0, f) is dominated by the
behavior of /N (¢) for small values of €. Here N (¢) is the
density of states of a system described by the matrix W.
The exact forms of such densities are well known for many
Euclidean lattices, since the problem is equivalent to the
calculating of spectrum in tight-binding approximation
used in the solid state physics. For all Euclidean lattices
N(e) o €4271 for € — 0, which gives us the forms of
famous van Hove singularities of the spectrum. Assuming
a(e) to be nonsingular at ¢ — 0, we get P(0, t) g2,
For a fractal structure, the value of 4 changed for the one of
the spectral dimension d;. This corresponds to the density
of states N (€) o €?/>~! which describes the properties
of spectrum of a fractal analog of a Laplace operator. The
dimension d; is also often called fracton dimension of the
structure, since the corresponding eigenvectors of the ma-
trix (corresponding to eigenstates in tight-binding model)
are called fractons, see e. g. [16].

In the examples of random walks on quenched poly-
mer chains the dimension d,, was twice the fractal dimen-
sion of the underlying structures, so that the spectral di-
mension of the corresponding structures (without inter-
sections) was exactly 1 just like their topological dimen-
sion.
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The spectral dimension of the network governs also
the behavior of the mean number of different sites vis-
ited by the random walk, A random walk of n steps hav-
ing a property of compact visitation typically visits all sites
within the radius of the order of its typical displacement

Vdw  The number of these sites is S, Rﬁf

R, o n
where df is the fractal dimension of the network, so that
S, o nds? (provided d; < 2, i.e. provided the random
walk is recurrent and shows compact visitation). The spec-
tral dimension of a structure plays important role in many
other applications [16]. This and many other properties of
complex networks related to the spectrum of W can of-
ten be easier obtained by considering random walk on the
lattice than by obtaining the spectrum through direct di-

agonalization.

Percolation Clusters

Percolation clusters close to criticality are one of the most
important examples of fractal networks. The properties of
these clusters and the corresponding fractal and spectral
dimensions are intimately connected to the critical indices
in percolation theory.

Thus, simple crossover arguments show that the frac-
tal dimension of an incipient infinite percolation cluster
in d < 6 dimensions is df = d — B/v, where B is
the critical exponent of the density of the infinite cluster,
Pao o< (p — pc)Jﬁ and v is the critical exponent of the cor-
relation length, § o |p — p.|", and stagnates at dy = 4 for
d > 6,seee. g [23].

On the other hand, the critical exponent ¢, describing
the behavior of the resistance of a percolation system close
to percolation threshold, p o (p—pc) ™", is connected with
the exponent ¢ via the following crossover argument. The
resistance of the system is the one of the infinite cluster.
For p > p. this cluster can be considered as fractal at
scales L < £ and as homogeneous at larger scales. Our
value for the fractal dimension of the cluster follows ex-
actly from this argument by matching the density of the
cluster P(L) o< LW at [ = £ x (p—p)~" toits density
Poo (pfpc)ﬂ at larger scales. The infinite cluster for p >
Pc is then a dense regular assembly of subunits of size &
which on their turn are fractal. If the typical resistivity of
each fractal subunit is R¢ then the resistivity of the overall
assembly goes as R R&-(UE)Z_C“. This is a well-known
relation showing that the resistivity of a wire grows pro-
portional to its length, the resistivities of similar flat figures
are the same etc. This relation holds in the homogeneous
regime. On the other hand, in the fractal regime R o L,
so that overall R o £6+972 o (p — p )~V E+4=2) giving
the value of the critical exponent t = v(¢ + d — 2). The

value of { can in its turn be expressed through the values
of spectral and fractal dimensions of a percolation cluster.
The spectral dimension of the percolation cluster is
very close to 4/3 in any dimension larger then one. This
surprising finding lead to the conjecture by Alexander and
Orbach that this value of d; = 4/3 might be exact [1] (it is
exact for percolation systemsin d = 6 and for trees). Much
effort was put into proving or disproving the conjecture,
see the discussion in [10]. The latest, very accurate simula-
tions of two-dimensional percolation by Grassberger show
that the conjecture does not hold in d = 2, and the pre-
diction dy = 4/3 is off by around 2% [2]. In any case it can
be considered as a very useful mnemonic rule.
Anomalous diffusion on percolation clusters corre-
sponds theoretically to the most involved case, since it
combines all mechanisms generating diffusion anomalies.
The infinite cluster of the percolation system consists of
a backbone, its main current-carrying structure, and the
dangling ends (smaller clusters on all scalesattached to the
backbone through only one point). The anomalous diffu-
sion on the infinite cluster is thus partly caused by trapping
in this dangling ends. If one considers a shortest (chemi-
cal) way between the two nodes on the cluster, this way is
tortuous and has fractal dimension larger than one.

The Role of Finite Clusters

The exponent t of the conductivity of a percolation system
is essentially the characteristic of an infinite cluster only.
Depending on the physical problem at hand, one can con-
sider the situations when only the infinite cluster plays the
role (like in the experiments of [12], where only the infi-
nite cluster is filled by fluid pressed through the bound-
ary of the system), and situations when the excitations can
be found in infinite as well as in the finite clusters, as it is
the case for optical excitation in mixed molecular crystals,
a situation discussed in [24].

Let us concentrate on the case p = p.. The structure of
large but finite clusters at lower scales is indistinguishable
from those of the infinite cluster. Thus, the mean squared
displacement of a walker on a cluster of size L (one with
N o< L9 sites) grows as R(1) o t2/dw until is stagnates at
the value of R of the order of the cluster’s size, R? oc N/,
At a given time t we can subdivide all clusters into two
classes: thaose whose size is small compared to "% (i.e.
the ones with N < t%/2), on which the mean square dis-
placement stagnates, and those of the larger size, on which
it still grows:

ldy  gldw o NS
RA(t) o

N4 otherwise,
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The characteristic size Nyos(1) corresponds to the cross-
over between these two regimes for a given time t. The
probability that a particle starts at a cluster of size N is
proportional to the number of its sites and goes as P(N) o
Np(N) o« N'"Twitht = (2dv—B8)/(dv—pB),sece.g. [23].
Here p(N) is the probability to find a cluster of N sites
among all clusters. The overall mean squared displace-
ment is then given by averaging over the corresponding
cluster sizes:

Nross(t)
(t} Z Nydil T _|_ Z tﬂdle—t

NC(OSS{ }
Introducing the expression for Nep.ss(t), we get

(rI(t)) x t2fdw+(2—t)df.n’dw _ f(lfdw)(Zd;—_ﬂfv) )
A similar result holds for the number of distinct sites vis-
ited, where one has to perform the analogous averaging
with

sz gldy o NV

S(t) o
N, otherwise

giving S(f) o (ds/)(A=Brld) Thig gives us the effective
spectral dimension of the system dg = (ds/2)(1 — Bv/dp).

Scaling of PDF and Diffusion Equations
on Fractal Lattices

If the probability density of the displacement of a particle
on a fractal scales, the overall scaling form of this displace-
ment can be obtained rather easily: Indeed, the typical dis-
placement R during the time t goes as r o t!/4~ so that the
corresponding PDF has to scale as

pi—d r
P(P’. !’) = thf (t”_dw) . (15)

The prefactor takes into account the normalization of the
probability density on a fractal structure (denominator)
and also the scaling of the density of the fractal struc-
ture in the Euclidean space (enumerator). The simple scal-
ing assumes that all the moments of the distance scale
in the same way, so that {r") = fP(r, Hriddek =
const(k) /% The overall scaling behavior of the PDF was
confirmed numerically for many fractal lattices like Sier-
pinski gaskets and percolation clusters, and is corrobo-
rated in many other cases by the coincidence of the val-
ues of d,, obtained via calculation of the mean squared
displacement and of the mean first passage time (or resis-
tivity of the network). The existence of the scaling form

leads to important consequences e. g. for quantification of
anomalous diffusion in biological tissues by characterizing
the diffusion-time dependence of the magnetic resonance
signal [17], which, for example, allows for differentiation
between the healthy and the tumor tissues. However, even
in the cases when the scaling form Eq. (15) is believed to
hold, the exact form of the scaling function f(x) is hard to
get; the question is not yet resolved even for simple regular
fractals.

For applications it is often interesting to have a kind of
a phenomenological equation roughly describing the be-
havior of the PDF. Such an approach will be analogous
to putting down Richardson’s equation for the turbulent
diffusion. Essentially, the problem here is to find a cor-
rect way of averaging or coarse-graining the microscopic
master equation, Eq. (9), to get its valid continuous limit
on larger scales. The regular procedure to do this is un-
known; therefore, several phenomenological approaches
to the problem were formulated.

We are looking for an equation for the PDF of the
walker’s displacement from its initial position and assume
the system to be isotropic on the average. We look for
an analog of the classical Fick’s equation, %P(r. t)
VK(r)VP(r, t) which in spherical coordinates and for
K = K(r) takes the form of Eq. (3):

‘%P(r. H=— j [ d_lK(r)—P(r t)]

On fractal lattices one changes from the Euclidean dimen-
sion of space to the fractal dimension of the lattice df, and
takes into account that the effective diffusion coefficient
K (r) decays with distance as K(r) =~ Kr=? with8 = dy,—2
to capture the slowing down of anomalous diffusion on
a fractal compared to the Euclidean lattice situation. The
corresponding equation put forward by O’Shaughnessy
and Procaccia [18] reads:

a
df—l d

a%P(r.t): [“f“fw*" P{r.t)]. (16)

This equation was widely used in description of anoma-
lous diffusion on fractal lattices and percolation clusters,
but can be considered only as a rough phenomenological
approximation. Its solution

L e
oz P\

(with B = 1/KdZ and A being the corresponding normal-

P(r.t) =

ization constant) corresponds exactly to the type of scal-
ing given by Eq. (15), with the scaling function f(x) =
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exp(x™). This behavior of the scaling function disagrees
e. g. with the results for random walks on polymer chains,
for which case we had f(x) = exp(x*) with u = (1 —
1/d\)~! for large enough x.

In literature, several other proposals (based on plausi-
ble assumptions but to no extent following uniquely from
the models considered) were made, taking into account
possible non-Markovian nature of the motion. These are
the fractional equations of the type

alf;iw— » _ ok 1 P
(r.t) =— Ld—0r gy

YIS [r("s*”’zp{r. t)} . (17)

resembling “half” of the diffusion equation and containing
a fractional derivative [8], as well as the “full” fractional
diffusion equation

aZfdw , _x 1 9
aaid, L t) =Ko g o=

d
|:rd‘_1 —P(r, :)] . (18)
or
as proposed in [15]. All these equation are invariant under
the scale transformation

t—At, r— AUy

and lead to PDFs showing correct overall scaling prop-
erties, see [19]. None of them reproduces correctly the
PDF of displacements on a fractal (i. e. the scaling function
f(x)) in the whole range of distances. Ref. [19] compar-
ing the corresponding solutions with the results of simu-
lation of anomalous diffusion an a Sierpinski gasket shows
that the O’Shaughnessy-Procaccia equation, Eq. (16), per-
forms the best for the central part of the distribution
(small displacements), where Eq. (18) overestimates the
PDF and Eq. (17) shows an unphysical divergence. On
the other hand, the results of Eqs. (17) and (18) repro-
duce equally well the PDF’s tail for large displacements,
while Eq. (16) leads to a PDF decaying considerably faster
than the numerical one. This fact witnesses favor of strong
non-Markovian effects in the fractal diffusion, however,
the physical nature of this non-Markovian behavior ob-
served here in a fractal network without dangling ends, is
not as clear as it is in a comb model and its more com-
plex analogs. Therefore, the question of the correct equa-
tion describing the diffusion in fractal system (or different
correct equations for the corresponding different classes
of fractal systems) is still open. We note also that in some
cases a simple fractional diffusion equation (with the cor-
responding power of the derivative leading to the correct
scaling exponent dy;) gives a reasonable approximation to
experimental data, as the ones of the model experiment
of [12].

Further Directions

The physical understanding of anomalous diffusion due to
random walks on fractal substrates may be considered as
rather deep and full although it does not always lead to
simple pictures. For example, although the spectral dimen-
sion for a whatever graph can be rather easily calculated, it
is not quite clear what properties of the graph are respon-
sible for its particular value. Moreover, there are large dif-
ferences with respect to the degree of rigor with which dif-
ferent statements are proved. Mathematicians have recog-
nized the problem, and the field of diffusion on fractal net-
works has become a fruitful field of research in probability
theory. One of the examples of recent mathematical devel-
opment is the deep understanding of spectral properties of
fractal lattices and a proof of inequalities like Eq. (14).

A question which is still fully open is the one of the de-
tailed description of the diffusion within a kind of (gener-
alized) diffusion equation. It seems clear that there is more
than one type of such equations depending on the concrete
fractal network described. However even the classification
of possible types of such equations is still missing.

All our discussion (except for the discussion of the role
of finite clusters in percolation) was pertinent to infinite
structures. The recent work [4] has showed that finite frac-
tal networks are interesting on their own and opens a new
possible direction of investigations.
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general an on walks on fractals is contained in the review by Haus
and Kehr from approximately the same time. General discussion
of the anomalous diffusion is contained in the work by Bouchaud
and Georges. The classical review of the percolation theory is given
in the book of Stauffer and Aharony. Some additional information
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review by Isichenko. A classical source on random walks in disor-
dered systems is the book by Hughes.
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A mirror-symmetric scallop or an axisymmetric octopus

independent of ¢ because of translational invariance. The
coefficient of ¢ in (3) represents the drag force correspond-
ing to a rigid translation along the symmetry axis at unit
speed, and it never vanishes. Thus (3) can be solved for ¢,
and we obtain

N
¢=) VgD, EMED = V()£ (4)

i=1

Equation (4) links positional changes to shape changes
through shape-dependent coefficients. These coefficients
encode all hydrodynamic interactions between £ and
the surrounding fluid due to shape changes with rates
EW g,

A stroke is a closed path y in the space S of admissible
shapes given by [0, T] 3 t > (£, ... VD), Swimming
requires that

T N
0+ Ac= f Z viEWdt (5)
0

i=1

i.e., that the differential form 3" V;d&( is not exact.

The Scallop Theorem Proved

Consider a swimmer whose motion is described by
a parametrized curve in two dimensions (N = 1), so that
(1) becomes

()= VEWED) . teR, (6)

and assume that V e L'(S)isan integrable function in the
space of admissible shapes and £ € WH%°(IR; S) is a Lips-
chitz-continuous and T-periodic function for some T > 0,
with values in S.

Figure 1 is a sketch representing concrete examples
compatible with these hypotheses. The axisymmetric case
consists of a three-dimensional cone with axis along 7
and opening angle £ € [0.2n] (an axisymmetric oc-
topus). A non-axisymmetric example is also allowed in

this discussion, consisting of two rigid parts (valves), al-
ways maintaining mirror symmetry with respect to a plane
(containing 7 and perpendicular to it) while swiveling
around a joint contained in the symmetry plane and per-
pendicular to 7 (a mirror-symmetric scallop), and swim-
ming parallel to 7.

Among the systems that are not compatible with the
assumptions above are those containing helical elements
with axis of rotation 7, and capable of rotating around 7
always in the same direction (call @ the rotation angle). In-
deed, a monotone function t — 6(t) is not periodic.

The celebrated “scallop theorem” [8] states that, for
a system like the one depicted in Fig. 1, the net displace-
ment of the center of mass at the end of a periodic stroke
will always vanish. This is due to the linearity of Stokes
equation (which leads to symmetry under time reversals),
and to the low dimensionality of the system (a one-di-
mensional periodic stroke is necessarily reciprocal). Thus,
whatever forward motion is achieved by the scallop by
closing its valves, it will be exactly compensated by a back-
ward motion upon reopening them. Since the low Re
world is unaware of inertia, it will not help to close the
valves quickly and reopen them slowly. A precise state-
ment and a rigorous short proof of the scallop theorem are
given below.

Theorem 1 Consider a swimmer whose motion is de-

scribed by

i) = VEMER), teR, 7)

with V. € L'(S). Then for every T-periodic stroke § €
WL(R; S), one has

T
Ac = [ Bt = 0. (8)
1]

Proof Define the primitive of V by

Y(s) = fs V(o)do ©)
0
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so that ¥/(§) = V(&). Then, using (7),
T
An=f VED)E(DAL
0

Td
:./o El}'{f(t))dt
= W(E(T) - W(EO) = 0

by the T-periodicity of t — &(t).

Optimal Swimming

A classical notion of swimming efficiency is due to Ligh-
thill [6]. It is defined as the inverse of the ratio between the
average power expended by the swimmer during a stroke
starting and ending at the shape & = ( él) ..... {-',SN}) and
the power that an external force would spend to translate
the system rigidly at the same average speed ¢ = Ac/T :

T 1
Eﬁl: %fﬂ fa.ﬁ?o—'ﬂ.v: fU fﬂa’zoﬂ'v (10)
6 nLé? 6 nL(Ac)?

where 7 is the viscosity of the fluid, . = L(&) is the effec-
tive radius of the swimmer, and time has been rescaled to
a unit interval to obtain the second identity. The expres-
sion in the denominator in (10) comes from a generalized
version of Stokes formula giving the drag on a sphere of
radius L moving at velocity ¢ as 6 nLc.

Let DN: H2(382) — H~'2(382) be the Dirichlet to
Neumann map of the outer Stokes problem, i.e., the map
such that on = DNv, where o is the stress in the fluid,
evaluated on 42, arising in response to the prescribed ve-
locity v on d£2, and obtained by solving the Stokes prob-
lem outside £2. The expended power in (10) can be written
as

fcm-v=f DN(v)-v. (11)
a2 a2

At a point p € 082, the velocity v(p) accompanying
a change of state of the swimmer can be written as a lin-
ear combination of the 1"

N+1 _
vip) =Y Vilp.£)ul” (12)
i=1
N Iy
= Wip.£)E". (13)

i=l

Indeed, the functions V; are independent of ¢ by transla-
tional invariance, and (4) has been used to get (13) from
the line above.

Substituting (13) in (11), the expended power becomes
a quadratic form in £

/’uw=m®ﬁ) (14)
a2

where the symmetric and positive definite matrix G(§) is
given by

Gu@)=:£QDN(WNR5U‘WW@LQdP- (15)

Strokes of maximal efficiency may be defined as those pro-
ducing a given displacement Ac of the center of mass with
minimal expended power. Thus, from (10), maximal effi-
ciency is obtained by minimizing

[)ILQ“”'V=fOI(G(E)-§-E') (16)

subject to the constraint

1
Ac=£ V() -£ (17)

among all closed curves £: [0, 1] — § in the set S of ad-
missible shapes such that £(0) = £(1) = &,
The Euler-Lagrange equations for this optimization

problem are
aG . .
(7e¢¢)

where VgV is the matrix (Vg V);; = 9V,/d§;, VE‘V is its
transpose, and A is the Lagrange multiplier associated with
the constraint (17).

Given an initial shape &; and an initial position cg,

d .1 :
-5, (GE)+3 +A(Vev - Viv)E=o0

(18)

the solutions of (18) are in fact sub-Riemannian geodesics
joining the states parametrized by (£y. ¢9) and (&g, cp+ Ac)
in the space of admissible states X, see [ 1]. It is well known,
and easy to prove using (18), that along such geodesics
(G(y)y.y) is constant. This has interesting consequences,
because swimming strokes are often divided into a power
phase, where |G(y)| is large, and a recovery phase, where
|G(y)]| is smaller. Thus, along optimal strokes, the recov-
ery phase is executed quickly while the power phase is ex-
ecuted slowly.
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Swimmer's geometry and notation

The Three-Sphere Swimmer

For the three-sphere-swimmer of Najafi and Golesta-
nian [7], see Fig. 2, £2 is the union of three rigid disjoint
balls BU) of radius a, shape is described by the distances x
and y, the space of admissible shapes is S = (2a, +00)?,
and the kinematic relation (1) takes the form

d”:e-%ux+ﬂ
W =4 S5 ) (19)
M”:e+%ay+xy

Consider, for definiteness, a system with @ = 0.05mm,

swimming in water. Calling £ the total propulsive force
on ball BY), we find that the following relation among
forces and ball velocities holds

frl) u
ffz) = R(x.y) e (20)
f(3) u®

where the symmetric and positive definite matrix R is
known as the resistance matrix. From this last equation,
using also (19), the condition for self-propulsion f1) +
f® 4+ 3 = 0is equivalent to

¢ = Vx(xe)’)i+vy(x~)’)j'- (21)
where
- Re. - (e, x ey)
Ve(x, y) = m (22)
V,(x. y) = _Rec-(ec x ex) (23)

Re. - (e, % e},)‘

Moreover, e, = (—1.1.0)', ¢, = (0.—1.1)", ec = (1/3,
1/3, 1/3)%.

Given a stroke ¥ = dw in the space of admissible
shapes, condition (5) for swimming reads

T
0¢Ac=j(wx+wﬂm
0

= [ curl V(x, y)dxdy (24)

Biological Fluid Dynamics, Non-linear Partial Differential Equa-
tions, Table 1

Energy consumption (10712 J) for the three strokes of Fig. 3 in-
ducing the same displacement Ac = 0.01mminT = 1s

Optimal stroke Small square stroke Large square stroke
0.229 0.278 0.914

which is guaranteed, in particular, if curl V is bounded
away from zero. Strokes of maximal efficiency for a given
initial shape (xg, yo) and given displacement Ac are ob-
tained by solving Eq. (18). For N = 2, this becomes

gy L (@567
n+3 (Grerm

dt 2
where d,G and 8,,G stand for the x and y derivatives of the
2 x 2 matrix G(x, y).

It is important to observe that, for the three-sphere
swimmer, all hydrodynamic interactions are encoded in
the shape dependent functions V(x. y)and G(x, y). These
can be found by solving a two-parameter family of outer

)+kaWNl=0Q$

Stokes problems, where the parameters are the distances x
and y between the three spheres. In [ 1], this has been done
numerically via the finite element method: a representa-
tive example of an optimal stroke, compared to two more
naive proposals, is shown in Fig. 3.

Future Directions

The techniques discussed in this article provide a head
start for the mathematical modeling of microscopic swim-
mers, and for the quantitative optimization of their
strokes. A complete theory for axisymmetric swimmers is
already available, see [2], and further generalizations to
arbitrary shapes are relatively straightforward. The com-
bination of numerical simulations with the use of tools
from sub-Riemannian geometry proposed here may prove
extremely valuable for both the question of adjusting the
stroke to global optimality criteria, and of optimizing the
stroke of complex swimmers. Useful inspiration can come
from the sizable literature on the related field dealing with
control of swimmers in a perfect fluid.
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Biological Fluid Dynamics, Non-linear Partial Differential Equa-
tions, Figure 3

Optimal stroke and square strokes which induce the same dis-
placement Ac = 0.01lmm in T = 15, and equally spaced
level curves of curl V. The small circle locates the initial shape
&y = (0.3mm, 0.3 mm)
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Glossary

Singularity Let f: R" — R be a differentiable map de-
fined in some open neighborhood of the point p € R”
and J, f its Jacobian matrix at p, consisting of the par-
tial derivatives of all components of f with respect to
all variables. f is called singular in p if rank J,f <
min {n, m}. If rank ], f = min {m, n}, then f is called
regular in p. For m = 1 (we call the map f: R" — R
a differentiable function) the definition implies: A dif-
ferentiable function f: R” — R is singularin p € R",
if grad f(p) = 0. The point p, where the function is
singular, is called a singularity of the function. Often
the name “singularity” is used for the function itself if
it is singular at a point p. A point where a function is
singular is also called critical point. A critical point p
of a function f is called a degenerated critical point if
the Hessian (a quadratic matrix containing the second
order partial derivatives) is singular at p; that means its
determinant is zero at p.

Diffeomorphism A diffeomorphism is a bijective differ-
entiable map between open sets of R" whose inverse is
differentiable, too.

Map germ Two continuous maps f: U — R* and
g: V. — RR¥, defined on neighborhoods U and V of
p € R", are called equivalent as germs at p if there
exists a neighborhood W C U N V on which both co-
incide. Maps or functions, respectively, that are equiv-
alent as germs can be considered to be equal regarding
local features. The equivalence classes of this equiva-
lence relation are called germs. The set of all germs of

differentiable maps R” — R* at a point p is named
£,(n, k). If p is the origin of R", one simply writes
&(n, k) instead of gg(n, k). Further, if kK = 1, we write
&(n) instead of &(n, 1) and speak of function germs
(also simplified as “germs”) at the origin of R". &(n, k)
is a vector space and £(n) is an algebra, that is, a vector
space with a structure of a ring, The ring £(n) contains
a unique maximal ideal p(n) = {f € &(n)|f(0) = 0}.
The ideal 1¢(n) is generated by the germs of the coor-
dinate functions xi,..., x,. We use the form ju(n) =
(x1...., xn)€(n) to emphasize, that this ideal is gener-
ated over the ring £(n). So a function germ in jt(n) is of
the form Z?:l a;(x) - x;, with certain function germs
a;(x) € e(n).

r-Equivalence Two function germs f, g € e(n) are called

r-equivalent if there exists a germ of a local diffeo-
morphism h: R” — R" at the origin, such that g =

foh.

Unfolding An unfolding of a differentiable function germ

fepun)isagerm F € u(n+r)with F|R" = f (here |
means the restriction. The number r is called an un-
folding dimension of f. An unfolding F of a germ f is
called universal if every other unfolding of f can be re-
ceived by suitable coordinate transformations, “mor-
phisms of unfoldings” from F, and the number of un-
folding parameters of F is minimal (see “codimen-
sion”).

Unfolding morphism Suppose f € e(n) and F: R" x

R*¥ — Rand G: R" x R” — R be unfoldings of f.

A right-morphism from F to G, also called unfolding

morphism, is a pair (@, @), with @ € e(n + k. n + r)

and « € u(k), such that:

1. @ R" =id(R"), thatis @(x.0) = (x,0),

2. Ifd = (¢p. ), withp € e(n + k.n), ¥ € e(n +
k.r),then ¢ € e(k.r),

3. For all (x,u) € R" x RF we get Flx,u) =
G(D(x, u)) + a(u).

Catastrophe A catastrophe is a universal unfolding of

a singular function germ. The singular function germs
are called organization centers of the catastrophes.

Codimension The codimension of a singularity f is given

by codim(f) = dimgu(n)/{d.f) (quotient space).
Here (0, f) is the Jacobian ideal generated by the par-
tial derivatives of f and pu(n) = {f € e(n)|f(0) = 0}.
The codimension of a singularity gives of the minimal
number of unfolding parameters needed for the uni-
versal unfolding of the singularity.

Potential function Let f: R" — R” be a differentiable

map (that is, a differentiable vector field). If there ex-
ists a function ¢: R" — R with the property that
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Catastrophe Theory, Figure 2

The eccentric cylinder on the inclined plane. The inclination of the plane can be adjusted by hand. The position of the disc center and

the center of gravity are marked by colored buttons

Catastrophe Theory, Figure 3

Two equilibrium positions (S1 and S;) are possible with this configuration. If the point A lies “too close” to M, there is no equilibrium
position possible at all when releasing the wheel, since the center of gravity can never lie vertically over P

with some sticks of about 5cm in length. The eccentric
center of gravity is generated by fixing a heavy piece of
metal between the two discs at some distance from the axes
of rotation. Draw some lines on the disks, where you can
read or estimate the angle of rotation. (Hint: It could be
interesting for students to experimentally determine the
center of gravity of the construction.)

If mass and radius are fixed, there are two parameters
which determine the system: The position of the cylinder
can be specified by the angle x against a zero level (that
is, against the horizontal plane; Fig. 4). This angle is the
“inner” variable of the system, which means that it is the
“answer” of the cylinder to the experimenter’s changes of

the inclination u of the plane, which is the “outer” param-
eter. In this example you should determine experimentally
the equilibrium positions of the cylinder, that is, the an-
gle of rotation where the cylinder stays at rest on the in-
clined plane (after releasing it cautiously and after letting
the system level off a short time). We are interested in
the stable positions, that is, the positions where the cylin-
der returns after slight disturbances (slightly nudging it
or slightly changing the inclination of the plane) without
rolling down the whole plane. The search for the equilib-
rium position x varies with the inclination angle u. You
can make a table and a graphic showing the dependence
of xand u.



36

Catastrophe Theory

Catastrophe Theory, Figure 4

The movement of S is a composite of the movement of the cylinder represented by the movement of point M and the rotation

movement with angle x

The next step is to find an analytical approach. Refer
to Fig. 3: Point P is the supporting point of the cylinder
on the plane. Point A marks the starting position of the
center of gravity. When the wheel moves and the distance
between M and A is big enough, this center can come into
two equilibrium positions S; and S, which lie vertically
over P.

Now, what does the potential function look like? The
variables are:

R: radius of the discs,
u: angle of the inclined plane against the horizontal plane
measured in radians,

x: angle of rotation of the cylinder measured against the
horizontal plane in radians,
r: distance between the center of gravity S of the cylinder
from the axes marked by point M,
xg (resp. up): angles where the cylinder suddenly starts to
roll down the plane.
Refer to Fig, 4. If the wheel is rolled upward by hand from
the lower position on the right to the upper position, the
center of gravity moves upward with the whole wheel, or
as the midpoint M or the point P. But point S also moves
downward by rotation of the wheel with an amount of r -
sin(x).
The height gained is

h=R-x-sin(u)—r-sin(x) . (1)

From physics one knows the formula for the potential en-
ergy Epor of a point mass. It is the product m - g - h, where
m = mass, g = gravitational constant, h = height, where
the height is to be expressed by the parameters x and uand
the given data of the cylinder.

To a fixed angle u; of the plane, by formula (1), there
corresponds the following potential function:

f(x) = Epot = m-g-h = m-g-(R-x-sin(u)—r-sin(x)) .

If the inclination of the plane is variable, the angle u of
inclination serves as an outer parameter and we obtain
a whole family of potential functions as a function F in
two variables x and u:

F(x,u) = Fy(x) = m-g-(R-x-sin(u) —r-sin(x)) .

Thus, the behavior of the eccentric cylinder is described
by a family of potential functions. The extrema of the sin-
gle potentials characterize the equilibria of the system. The
saddle point characterizes the place where the cylinder
suddenly begins to roll down due to the slightest distur-
bance, that is, where the catastrophe begins (see Fig. 5).

Example. The data are m = 1kg, g = 10m/sec?, R =
0.I'm,r =0.025m.

For constant angle of inclination u, each of the func-
tions f(x) = F(x,u = const) is a section of the func-
tion F. To determine the minima of each of the section
graphs, we calculate the zeros of the partial derivative of F
with respect to the inner variable x. In our particular ex-

ample above, the result is d,F = —0.25cos(x) + sin(u).
The solution for 3, F = 0is u = arcsin(0.25 cos(x)) (see
Fig. 6).

Calculating the point in x-u-space at which both par-
tial derivatives d,F and d,, F vanish (saddle point of the
section) and using only positive values of angle u gives
the point (xg. uy) = (0,0.25268). In general: x; = 0 and
ug = arcsin(r/R). In our example this means the catastro-
phe begins at an inclination angle of uy = 0.25268 (about
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Catastrophe Theory, Figure 5
Graph of F(x, u) for a concrete cylinder

14.5 degrees). At that angle, sections of F with u > u, do
not possess any minimum where the system could stably
rest. Making u bigger than 1y means that the cylinder must
leave its stable position and suddenly roll down the plane.
The point uy in the u-parameter space is called catastrophe
point.

What is the shape of the section of F at 17 Since in our

example
f(x) = F(x,up) = 0.25x — 0.25sin(x) ,

the graph appears as shown in Fig. 7.

The point x = 0 is a degenerated critical point of f(x),
since f'(x) = f"(x) = 0. If we expand f into its Taylor
polynomial #(x) around that point we get

t(x) = 0.0416667x> — 0.00208333x° + 0.0000496032x”
—6.88933 x 1077 x° + O[x]" .

1.5 1 0.5 0.5 1.0 1.5

Catastrophe Theory, Figure 6
Curve in x-u-space, for which F(x, u) has local extrema

F(xu0)

0.05

-0.10

Catastrophe Theory, Figure 7
Graph of the section F(x, ug)

Catastrophe theory tries to simplify the Taylor poly-
nomials of the potentials locally about their degenerated
critical points. This simplification is done by coordinate
transformations, which do not change the structure of the
singularities. These transformations are called diffeomor-
phisms (see Sect. “Glossary”). A map h: U — V, with
U and V open in R", is a local diffeomorphism if the Ja-
cobian determinant det(J,h) 7 0 atall points pin U. Two
functions [ and g, both defined in some neighborhood of
the origin of R", are called r-equivalent if there exists a lo-
cal diffeomorphism h: U — V at the origin, such that

g=foh
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Catastrophe Theory, Figure 8
Characteristic surface S, initial density, fold curve and cusp curve

The Taylor polynomial #(x) in our example starts with
a term of 3rd order in x. Thus, there exists a diffeomor-
phism (a non-singular coordinate transformation), such
that in the new coordinates ¢ is of the form x*. To see
this, we write {(x) = x° - a(x), with a(0) # 0. We define
h(x) = x-a(x)"". Note that the map h is alocal diffeomor-
phism near the origin since k'(0) = a(0)"* # 0. (Hint:
Modern computer algebra systems, such as Mathematica,
are able to expand expressions like a(x)"* and calculate
the derivative of h easily for the concrete example.)

Thus for the eccentric cylinder the intersection of the
graph of the potential F(x, u) with the plane u = uy is the
graph of a function, whose Taylor series at its critical point
x = 0is t = x° o h, in other words: { is r-equivalent to x°.

Before we continue with this example and its relation
to catastrophe theory, let us introduce another example
which leads to a potential of the form x”. Then we will have
two examples which lead to the two simplest catastrophes
in René Thom’s famous list of the seven elementary catas-
trophes.

Example 2: The Formation of Traffic Jam

In the first example we constructed a family F of poten-
tial functions directly from the geometric properties of the
model of the eccentric cylinder. We then found its crit-
ical points by calculating the derivatives of F. In this sec-
ond example the method is slightly different. We start with
a partial differential equation which occurs in traffic flow
modeling. The solution surface of the initial value problem

will be regarded as the surface of zeros of the derivative of
a potential family. From this, we then calculate the family
of potential functions. Finally, we will see that the Taylor
series of a special member of this family, the one which be-
longs to its degenerated critical point, is equivalent to x*.

Note: When modeling a traffic jam we use the names of
variables that are common in literature about this subject.
Later we will rename the variables into the ones commonly
used in catastrophe theory.

Let u(x, t) be the (continuous) density of the traffic at
a street point x at time t and let a(u) be the derivative of
the traffic flow f(u). The mathematical modeling of simple
traffic problems leads to the well known traffic flow equa-
tion:

du(x, t) + alu) du(x, t) _

0.
Jat dx

‘We must solve the Cauchy problem for this quasilinear
partial differential equation of first order with given initial
density uy = u(x, 0) by the method of characteristics. The
solution is constant along the (base) characteristics, which
are straight lines in xt-plane with slope a(u(y)) against
the f-axes, if y is a point on the x-axes, where the charac-
teristic starts at f = 0. For simplicity we write “a” instead
of a(uy(y)). Thus the solution of the initial value problem
is u(x,t) = up(x — a - t) and the characteristic surface
S = {(x.t,u)|u — ug(x — a-t) = 0} is a surface in xtu-
space. Under certain circumstances S may not lie uniquely
above the xt-plane but may be folded as is shown in Fig. 8.
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There is another curve to be seen on the surface: The bor-
der curve of the fold. Its projection onto the xt-plane is
a curve with a cusp, specifying the position and the begin-
ning time of the traffic jam.

The equations used in the example, in addition to the
traffic flow equation, can be deduced in traffic jam model-
ing from a simple parabolic model for a flow-density rela-
tion (see [5]). The constants in the following equations re-
sult from considerations of maximal possible density and
an assumed maximal allowed velocity on the street. In our
example a model of a road of 2km in length and maxi-
mal traffic velocity of 100 km/h is chosen. Maximal traf-
fic density is #max = 0.2. The equations are f(u) =
27.78u — 138.89u and u(x,0) = ug(x) = 0.1 + 0.1 -
Exp(—((x — 2000)/700)?). The latter was constructed to
simulate a slight increase of the initial density ug along the
street at time t = 0. The graph of u can be seen as the
front border of the surface.

To determine the cusp curve shown in Fig. 8, consider
the following parameterization @ of the surface S and the
projection map 7: S — R%:

(PTJRX]RZD—)SC]Rs
(x. 1) = (x + a(up(x)) - £ £ oug(x)) .

The Jacobian matrix of w o @ is

Nrod) dmwod),
_ dx at
J(m o ®)(x, ) = drod) dmod)
ox a
14 a(ug(x)) -t a(ug(x))
= 0 1 '

It is singular (that is, its determinate vanishes) if 1 +
(a(ug(x)))'- £ = 0. From this we find the curve c: R — R?

c(x) = (x, N S )

a’(uo(x)) - uy(x)
which is the pre-image of the cusp curve and the cusp
curve in the Fig. 8 is the image of ¢ under & o @.

Whether the surface folds or not depends on both
the initial density u; and the properties of the flow func-
tion f(u). If such folding happens, it would mean that
the density would have three values at a given point in
xt-space, which is a physical impossibility. Thus, in this
case, no continuous solution of the flow equation can exist
in the whole plane. “Within” the cusp curve, which is the
boundary for the region where the folding happens, there
exists a curve with its origin in the cusp point. Along this
curve the surface must be “cut” so that a discontinuous so-
lution occurs. The curve within the cusp region is called

X

Catastrophe Theory, Figure 9
The solution surface is “cut” along the shock curve, running
within the cusp region in the xt-plane

a shock curve and it is characterized by physical conditions
(jump condition, entropy condition). The density makes
a jump along the shock.

The cusp, together with the form of the folding of
the surface, may give an association to catastrophe the-
ory. One has to find a family of potential functions for this
model, that is, functions F(x, ,,(u), whose negative gradient,
that is, its derivative by u (the inner parameter), describes
the characteristic surface S by its zeroes. The family of po-
tentials is given by

x—alu)t

Fx. t, u) =ft-(u-a(u) ffa(u)du) - f wo(x)dx
0

(see [6]). Since
aF
—gradF, ((u) = r =04 u—up(x—a(u)-t)=0
H

the connection of F and S is evident. One can show that
amember f of the family F, the function f(u) = F(§, t. u),
is locally in a traffic jam formation point (§, 7) of the form
f(u) = u' (after Taylor expansion and after suitable coor-
dinate transformations, similar to the first example).

The complicated function terms of f and F thus can be
replaced in qualitative investigations by simple polynomi-
als. From the theorems of catastrophe theory, more prop-
erties of the models under investigation can be discovered.

Now we want to use the customary notation of catas-
trophe theory. We shall rename the variables: u is the inner
variables, which in catastrophe theory usually is x, and x, ¢
(the outer parameters) get the names « and v respectively.
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The Seven Elementary Catastrophes

Elementary catastrophe theory works with families (un-
foldings) of potential functions

F:R"xRF 5 R (with k < 4)
(%, u) = F(x, u).

R" is called the state space, R¥ is called the parameter
space or control space. Accordingly x = (xi,..., Xy) is
called a state variable or endogenous variable and u =
(uy, ..., uy) is called a control variable (exogenous vari-
able, parameter).

We are interested in the singularities of F with respect
to x and the dependence of F with respect to the control
variables u. We regard F as the unfolding of a function
germ f and want to classify F.

In analogy to the r-equivalence of function germs, we
call two unfoldings F and G of the same function germ
r-equivalent as unfoldings if there exists an unfolding-
morphism (see Sect. “Glossary”) from F to G. An unfold-
ing F of f is called versal (or stable), if each other unfolding
of f is right-equivalent as unfolding to F, that is, if there
exists a right-morphism between the unfoldings. A ver-
sal unfolding with minimal unfolding dimensions is called
universal unfolding of f.

Thus we have the following theorem (all proofs of the
theorems cited in this article can be found in [1,2] or [12].)

Theorem 1 (Theorem on the existence of a universal

unfolding) A singularity f has a universal unfolding iff

codim(f) = k < oo,

Examples (see also the following theorem with its examples):
If f(x)=x"

F(x,u,v) = 4 ux® + vx

it follows
is versal.

F(x,u) = x> + ux isuniversal,

F(x,u) = x> + ux® is not versal .

The following theorem states how one can find a universal
unfolding of a function germ:

Theorem 2 (Theorem on the normal form of univer-
sal unfoldings) Let f € pu(n) be a singularity with
codim(f) = k < oo. Letu = (uy,..., uy) be the pa-
rameters of the unfolding. Let b;(x), i = 1,.... k, be the
elements of ju(n), whose cosets modulo (0. f) generate the
vector space p(n){{dx f). Then

k
F(x.u) = f(x) + ) wibi(x)

i=1

is a universal unfolding of f.

Examples:

1. Consider f(x) = x* Here n = 1 and p(n) = pu(1) =
(x). The derivative of f is 4x*, so (0 f) = (x3) and
we get (x)/(x?) = (x,x?). Thus F(x, uj, u;) = x* +
u; x> + uyx is the universal unfolding of f.

2. Consider f(x,y) = x* + y*. Here n = 2 and p(n) =
(2) = (x, y). The partial derivatives of f with respect
to x and y are 3x? and 3y?, thus (d,f) = (x% %)
and we get (x.p)/(x* y*) = (x.xy.y). Therefore
Flx, v up uz. u3) = x>+ +uy-x-y+us-x+us-y
is the universal unfolding of f.

Hint: There exists a useful method for the calculation of
the quotient space which you will find in the literature as
“Siersma’s trick” (see for example [7]).

We now present René Thom’s famous list of the seven el-
ementary catastrophes.

Classification Theorem (Thom’ s List)

Up to addition of a non degenerated quadratic form in
other variables and up to multiplication by +1 a singu-
larity f of codimension k (1 < k = 4) is right-equivalent
to one of the following seven:

f codim f universal unfolding name

X3 1 x3 + ux fold
ol 2 )+ ux? + vx cusp
x5 3 X+ ux® + vx? + wx swallowtail
¥4y (3 4y 4wy + v+ wy hyperbolic
umbilic
X3 —xy? (3 X2 = xy? + ul® + y?) elliptic
+ vx + wy [ umbilic
i 4 x5+ ux® + v® +wx’ + tx | butterfly
Xy+yi|a X2y + ¥yt + ux? + vy? parabolic
+ wx + ty | umbilic

In a few words: The seven elementary catastrophes are
the seven universal unfoldings of singular function germs
of codimension k (1 < k < 4). The singularities itself are
called organization centers of the catastrophes.

We will take a closer look at the geometry of the sim-
plest of the seven elementary catastrophes: the fold and the
cusp. The other examples are discussed in [9].

The Geometry of the Fold and the Cusp

The fold catastrophe is the first in Thom’s list of the seven
elementary catastrophes. It is the universal unfolding of
the singularity f(x) = x* which is described by the equa-
tion F(x,u) = x° 4+ u - x. We are interested in the set of
singular points of F relative to x, that is, for those points
where the first partial derivative with respect to x (the sys-
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tem variable) vanishes. This gives the parabola u = —3x°.

Inserting this into F gives a space curve.

Figure 13 shows the graph of F(x, u). The curve on
the surface joins the extrema of F and the projection curve
represents their x, u values. There is only one degenerated
critical point of F (at the vertex of the Parabola), that is,
a critical point where the second derivative by x also van-
ishes. The two branches of the parabola in the xu-plane
give the positions of the maxima and the minima of F, re-
spectively. At the points belonging to a minimum, the sys-
tem is stable, while in a maximum it is unstable. Project-
ing x-u space, and with it the parabola, onto parameter
space (u-axis), one gets a straight line shown within the
interior of the parabola, which represents negative param-
eter values of u. There, the system has a stable minimum
(and an unstable maximum, not observable in nature). For
parameter values 1 > 0 the system has no stability points
at all. Interpreting the parameter u as time, and “walking
along” the w-axis, the point # = 0 is the beginning or the
end of a stable system behavior. Here the system shows
catastrophic behavior. According to the interpretation of
the external parameter as time or space, the morphology
of the fold is a “beginning,” an “end” or a “border”, where
something new occurs.

What can we say about the fold catastrophe and the
modeling of our first example, the eccentric cylinder? We
have found that the potential related to the catastrophe
point of the eccentric cylinder is equivalent to x*, and
F(x.u) = x* + ux is the universal unfolding. This is inde-
pendent of the size of our ‘machine’. The behavior of the
machine should be qualitatively the same as that of other
machines which are described by the fold catastrophe as
a mechanism. We can expect that the begin (or end) of
a catastrophe depends on the value of a single outer pa-
rameter. Stable states are possible (for u < 0 in the stan-
dard fold. In the untransformed potential function of our
model of the eccentric cylinder, this value is u = 0.25268)
corresponding to the local minima of F(., u). This means
that it is possible for the cylinder to stay at rest on the in-
clined plane. There are unstable equilibria (local maxima
of F(., u) and the saddle point, too). The cylinder can be
turned such that the center of gravity lies in the upper po-
sition over the supporting point (see Fig. 3). But a tiny dis-
turbance will make the system leave this equilibrium.

Let us now turn to the cusp catastrophe. The cusp
catastrophe is the universal unfolding of the function germ
f(x) = x*. Ttsequation is F(x, u.v) = x* 4+ u-x>+v-x.In
our second example (traffic jam), the function f is equiva-
lent to the organization center of the cusp catastrophe, the
second in René Thom’s famous list of the seven elemen-
tary catastrophes. So the potential family is equivalent to

X

Catastrophe Theory, Figure 13
Graph of Fx,u) = x* +u-x

the universal unfolding F(x, u, v) = x* +u-x*4v.x of the
function x*, We cannot draw such a function in three vari-
ables in three-space, but we can try to draw sections giving
1 or v certain constant values. We want to look at its catas-
trophe surface S, that is, the set of those points in (x. u, v)-
space, where the partial derivative of F with respect to the
system variable x is zero. It is a surface in three-space called
catastrophe manifold, stability surface or equilibrium sur-
face, since the surface S describes the equilibrium points of
the system.

If S is not folded over a point in u, v-space there is
exactly one minimum of the potential F. If it is folded
in three sheets, there are two minima (corresponding to
the upper and lower sheet of the fold) and a maximum
(corresponding to the middle sheet). Stable states of the
system belong to the stable minima, that is, to the upper
and lower sheets of the folded surface. Other points in
three-space that do not lie on the surface S correspond to
the states of the system that are not equilibrium. The sys-
tem does not rest there. Catastrophes do occur when the
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Catastrophe Theory, Figure 14
The catastrophe manifold of the cusp catastrophe

system jumps suddenly from one stable state to another
stable state, that is, from one sheet to the other. There
are two principal possibilities, called “conventions”, where
this jump can happen. The “perfect delay convention” says
that jumps happen at the border of the folded surface. The
“Maxwell convention” says that jumps can happen along
acurve in uv-space (a “shock-curve”) which lays inside the
cusp area. This curve consists of those points (u, v) in pa-
rameter space, where F(., u, v) has two critical points with
the same critical value. In our traffic jam model a shock
curve is a curve in xf-space that we can interpret dynami-
cally as the movement of the jam formation front along the
street (see Fig. 9). The same figure shows what we call the
morphology of the cusp: according to the convention, the
catastrophe manifold with its fold or its cut can be inter-
preted as a fault or slip (as in geology) or a separation (if
one of the parameter represents time). In our traffic jam
model, there is a “line” (actually a region) of separation
(shock wave) between the regions of high and low traffic
density.

Besides the catastrophe manifold (catastrophe surface)
there are two other essential terms: catastrophe set and
bifurcation set (see Fig. 15). The catastrophe set can be
viewed as the curve which goes along the border of the
fold on the catastrophe manifold. It is the set of degen-
erated critical points and is described mathematically as
the set {(x, u,v)|d,F = 82 F = 0}. Its projection into the
uv-parameter space is the cusp curve, which is called the
bifurcation set of the cusp catastrophe.

BS

Catastrophe Theory, Figure 15
The catastrophe manifold (CM), catastrophe set (CS) and bifurca-
tion set (BS) of the cusp catastrophe

The cusp catastrophe has some special properties
which we discuss now with the aid of some graphics. If
the system under investigation shows one or more of these
properties, the experimenter should try to find a possible
cusp potential that accompanies the process.

The first property is called divergence. This property
can be shown by the two curves (black and white) on the
catastrophe manifold which describes the system’s equi-
librium points. Both curves initially start at nearby po-
sitions on the surface, that is, they start at nearby stable
system states. But the development of the system can pro-
ceed quite differently. One of the curves runs on the up-
per sheet of the surface while the other curve runs on the
lower sheet. The system’s stability positions are different
and thus its behavior is different.

The next property is called hysteresis. If the system de-
velopment is running along the path shown in Fig. 17 from
P1 to P2 or vice versa, the jumps in the system behavior,
that is, the sudden changes of internal system variables,
occur at different parameter constellations, depending on
the direction the path takes, from the upper to the lower
sheet or vice versa. Jumps upward or downward happen
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Catastrophe Theory, Figure 16
The divergence property of the cusp catastrophe

Catastrophe Theory, Figure 17
The hysteresis property of the cusp catastrophe

at the border of the fold along the dotted lines. The name
of this property of the cusp comes from the characteristic
hysteresis curve in physics, occurring for example at the
investigation of the magnetic properties of iron.

Figure 18 shows the bifurcation property of the cusp
catastrophe: the number of equilibrium states of the sys-
tem splits from one to three along the path beginning at
the starting point (SP) and running from positive to neg-
ative u values as shown. If the upper and the lower sheet
of the fold correspond to the local minima of F and the
middle sheet corresponds to the local maxima, then along
the path shown, one stable state splits into two stable states
and one unstable state.

Catastrophe Theory, Figure 18
The bifurcation property of the cusp catastrophe

Further Applications

Many applications of catastrophe theory are attributable
to Christopher Zeeman. For example, his catastrophe ma-
chine, the “Zeeman wheel,” is often found in literature.
This simple model consists of a wheel mounted flat against
a board and able to turn freely. Two elastics are attached
at one point (Fig. 19, point B) close to the periphery of the
wheel. One elastic is fixed with its second end on the board
(point A). The other elastic can be moved with its free end
in the plane (point C).

Moving the free end smoothly, the wheel changes its
angle of rotation smoothly almost everywhere. But at cer-
tain positions of C, which can be marked with a pencil,
the wheel suddenly changes this angle dramatically. Join-
ing the marked points where these jumps occur, you will
find a cusp curve in the plane. In order to describe this
behavior, the two coordinates of the position of point C
serve as control parameters in the catastrophe model. The
potential function for this model results from Hook’s law
and simple geometric considerations. Expanding the po-
tential near its degenerated critical point into its Tay-
lor series, and transforming the series with diffeomor-
phisms similar to the examples we have already calculated,
this model leads to the cusp catastrophe. Details can be
found in the book of Poston and Stewart [7]| or Saunders
(1986).

Another example of an application of catastrophe the-
ory is similar to the traffic jam model we used here. Catas-
trophe theory can describe the formation of shockwaves
in hydrodynamics. Again the cusp catastrophe describes
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Catastrophe Theory, Figure 19
The Zeeman wheel

this phenomenon. The mathematical frame is given in the
works of Lax [6], Golubitsky and Schaeffer[?] and Guck-
enheimer [1].

In geometrical optics light rays are investigated which
are reflected on smooth surfaces. Caustics are the en-
velopes of the light rays. They are the bright patterns of
intensive light, which can be seen, for example, on a cup of
coffee when bright sunlight is reflected on the border of the
cup. Catastrophe theory can be applied to light caustics,
because the light rays obey a variational principle. Accord-
ing to Fermat’s principle, light rays travel along geodesics
and the role of the potential functions in catastrophe the-
ory is played by geodesic distance functions. Caustics are
their bifurcation sets. The calculations are given for exam-
ple in the work of Sinha [11].

A purely speculative example, given by Zeeman, is an
aggression model for dogs. Suppose that fear and rage of
a dog can be measured in some way from aspects of its
body language (its attitude, ears, tail, mouth, etc.). Fear
and rage are two conflicting parameters, so that a catas-
trophe in the dog’s behavior can happen. Look at Fig. 20.

The vertical axis shows the dog’s aggression potential,
the other axes show its fear and rage. Out of the many
different ways the dog can behave, we choose one exam-
ple. Suppose we start at point A on the catastrophe man-
ifold (behavioral surface). Maybe the dog is dozing in the
sun without any thought of aggression. The dog’s aggres-
sion behavior is neutral (point A). Another dog is coming
closer and our dog, now awakened, is becoming more and
more angry by this breach of his territory. Moving along
the path on the behavior surface, the dog is on a trajec-
tory to attack his opponent. But it suddenly notices that
the enemy is very big (point B). So its fear is growing, its

Aggression behavior (flight | attack)

Catastrophe Theory, Figure 20
A dog's aggression behavior depending on its rage and fear

rage diminishes. At point C the catastrophe happens: At-
tack suddenly changes to flight (point D). This flight con-
tinues until the dog notices that the enemy does not follow
(point E). Fear and rage both get smaller until the dog be-
comes calm again.

The example can be modified a little bit to apply to
conflicts between two states. The conflicting factors can be
the costs and the expected gain of wars, and so on.

Among the variety of possible examples, those worthy
of mention include investigations of the stability of ships,
the gravitational collapse of stars, the buckling beam (Eu-
ler beam), the breaking of ocean waves, and the develop-
ment of cells in biology. The latter two problems are exam-
ples for the occurrence of higher catastrophes, for example
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for all p € R". In this case the mapping X;(p) = X(t, p)
under fixed t is a diffeomorphism of R". Thus, F gener-
ates the smooth flow X;,: R" — R", X,(p) = X(& p).
The differential DX(0) is a fundamental matrix of the lin-
earized system v = DF(0)v. A trajectory (an orbit) of the
system (3) through x; is the set T(xp) = {x = X(t, xp),
t € R}.

Definition 2 A manifold M is said to be invariant un-
der (3) if for any p € M the trajectory through p lies in
M. A manifold M is said to be locally invariant under (3) if
for every p € M there exists, depending on p, an interval
T <0 < Th,suchthat X((p) e Mast € (T, Tr).

It means that the invariant manifold is formed by trajecto-
ries of the system and the locally invariant manifold con-
sists of arcs of trajectories. An equilibrium is 0-dimen-
sional invariant manifold and a periodic orbit is 1-dimen-
sional one. The concept of invariant manifold is a useful
tool for simplification of dynamical systems.

Definition 3 A manifold M is said to be invariant in
a neighborhood U if for any p € M [ U the moving point
X¢(p) remains on M as long as X(p) € U. In this case the
manifold M is locally invariant.

Near an equilibrium point O the system (3) can be rewrit-
ten in the form

x=Ax + f(x). (4)

where O = {x = 0}, A = DF(O), [ is second-order at the
origin, i.e. f(0) = 0and Df(0) = 0. Let us show that the
system (4) near O can be considered as a perturbation of
the linearized system

%= Ax. (5)

For this we construct a C*-smooth mapping g which co-
incides with f in a sufficiently small neighborhood of the
origin and is C'-close to zero.

To construct the mapping g one uses the C*°-smooth
cut-off function @: R™ — R

1. r<1/2,
a(r) =9=>0. 1/12<r<1,
0, r>1.

Then set g(x) = a(|x|/€)f(x) where ¢ is a parameter. If
|x| > €, g(x) = Oand if |x| < €/2, g(x) = f(x)and gis
C'-close to zero. Consider the system

x=Ax+ g(x). (6)

It is evident that the dynamics of (4) and (6) is the same
on U = {|x| < €/2}. If the constructed system (6) has
an invariant manifold M then M (| U is locally invariant
manifold for the initial system (4) or, more precisely, the
manifold M is invariant in U. It should be noted that for
the case of infinite-dimensional phase space the described
construction is more delicate (see details below).

Let us consider a CF-smooth mapping (k = 1)
G: R" — R" which has the inverse C¥-smooth mapping
G !. The mapping G generates the discrete dynamical sys-
tem of the form

Xmi1 = G(xm), m=....—2,-1,0.1.2..... (7)

Each continuous system X(t,p) gives rise to the discrete
system G(x) = X(1, x) which is the shift operator on unit
time. Such a system preserves the orientation of the phase
space,where as an arbitrary discrete system may change it.

Hence, the space of discrete systems is more rich than
the space of continuous ones. Moreover, usually investiga-
tion of a discrete system is, as a rule, simpler than study of
a differential equations one. In many instances the inves-
tigation of a differential equation may be reduced to study
of a discrete system by Poincaré (first return) mapping. An
orbit of (7) is the set T = {x = x,. m € Z}. where x,,
satisfies (7).

Near a fixed point O the mapping x — G(x) can be
rewritten in the form

x = Ax + f(x), (8)

where O = {x = 0}, A = DG(O), [ is second-order at the
origin. It is shown above that near O (8) may be considered
as a perturbation of the linearized system

x — Ax. (9)

Motivational Example

Consider the discrete dynamical system

x X(x,y)=x+ xy
. (10
(y)ﬁ(Y(x.y):%y+%x2+2x2y+y3 (10)

The origin (0, 0) is fixed point. Our task is to examine the
stability of the fixed point. The linearized system at 0 is
defined by the matrix

1 0
0 1/2

which has two eigenvalues 1 and 1/2. Hence, the first ap-
proximation system contracts along y-axis, whereas its ac-
tion along x-axis is neutral. So the stability of the fixed
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Center Manifolds, Figure 1
Dynamics on the invariant curve y = x?

point depends on nonlinear terms. Let us show that the
curve y = x? is invariant for the mapping (10). It is
enough to check that if a point (x, y) is on the curve then
the image (X, Y) is on the curve,i.e. ¥ = X7 as y = x2.

We have

Y|yop = %y+ %xz + 2x2y+ y3|y:x2
=x2+2x4+x6. )
11
Xz‘)':xi =(x+ xy)2|y:x2
= x? + 2x* + x.
Thus, the curve y = x%? is an invariant one-dimen-

sional manifold which is a center manifold W* for the sys-
tem (10), see Fig. 1. The fixed point O is on W*. The re-
striction of the system on the manifold is

X x At xy|y—g = x(1+ x%). (12)

It follows that the fixed point 0 is unstable and x,, — oo
as m — oc, see Fig. 1. Hence, the origin is unstable fixed
point for the discrete system (10). It turns out the sys-
tem (10) near O is topologically equivalent to the system

x — x(1 4+ x%).
1 (13)
y =3
which is simpler than (10). The center manifold y = x?
is tangent to the x-axis at the origin and W* near 0 can be

considered as a perturbed manifold of {y = 0}.

Introduction

In his famous dissertation “General Problem on Stability
of Motion” [41] published at 1892 in Khar’kov (Ukraine)
A.M. Lyapunov proved that the equilibrium O of the sys-
tem (4) is stable if all eigenvalues of matrix A have neg-
ative real parts and O is unstable if there exists an eigen-
value with positive real part. He studied the case when

some eigenvalues of A have negative real part and the rest
of them have zero real one. Lyapunov proved that if the
matrix A has a pair of pure imaginary eigenvalues and
the other eigenvalues have negative real parts then there
exists a two-dimensional invariant surface M through O,
and the equilibrium O is stable if O is stable for the sys-
tem restricted on M. Speaking in modern terms, Lya-
punov proved the existence of “center manifold” and for-
mulated “reduction principle” under the described condi-
tions. Moreover, he found the stability condition by using
power series expansions, which is an extension of his first
method to evaluate stability of systems whose eigenvalues
have zero real part. Now we use the same method to check
stability [10,25,31,36,43,76]. The general reduction princi-
ple in stability theory was established by V. Pliss [59] in
1964, the term “center manifold” was introduced by A.
Kelley at 1967 in the paper [38] where the existence of
a family of invariant manifolds through equilibrium was
proved in general case.

As we see the center manifold can be considered as
a perturbation of the center subspace of linearized sys-
tem. H. Poincaré [61] was probably the first who perceived
the importance of the perturbation problem and began to
study conditions ensuring the preservation of the equilib-
riums and periodic orbits under a perturbation of differ-
ential equations. Hadamard [26] and Perron [57] proved
the existence of stable and unstable invariant manifolds
for a hyperbolic equilibrium point and, in fact, showed
their preservation. The conditions necessary and sufficient
for the preservation of locally invariant manifolds passing
through an equilibrium have been obtained in [51]. Many
results on the center manifold follow from theory of nor-
mal hyperbolicity [77] which studies dynamics of a system
near a compact invariant manifold. They will be consid-
ered below. The books by Carr [10], Guckenheimer and
Holmes [25], Marsden and McCracken [43], Tooss [36],
Hassard, Kazarinoff and Wan [31], and Wiggins [76] are
popular sources of the information about center mani-
folds.

Center Manifold in Ordinary Differential Equations

Consider a linear system of differential equations
1‘) — LV N (14)

where v € R" and L is a matrix. Divide the eigenvalues
of the matrix L into three parts: stable o= {eigenvalues
with negative real part}, unstable o, = {eigenvalues with
positive real part} and central (neutral, critical) o, = {ei-
genvalues with zero real part}. If the matrix does not have
the eigenvalues with zero real part, the system is called
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hyperbolic. The matrix L has three eigenspaces: the sta-
ble subspace E*, the unstable subspace EY, and the cen-
tral subspace E° correspond to these parts of spectrum.
The subspaces E°, E¥, and E€ are invarjant under the sys-
tem (14), that is, the solution starting on the subspace stays
on it [33]. The solutions on E° have exponential tending
to 0, the solutions on E" have exponential growth. The
subspaces ES, E°, EY meet in pairs only at the origin and
E* 4+ E + E" = R",i.e. we have the invariant decompo-
sition R" = E¥ @ E€ @ E". There exists a linear change of
coordinates (see [33]) transforming (14) to the form

x = Ax,
y=By. (15)
z=Cz,

where the matrix A has eigenvalues with zero real part, the
matrix B has eigenvalues with negative real part, and the
matrix C has eigenvalues with positive real part. So, (14)
decomposes into three independent systems of differen-
tial equations. It is known [1,23,24] that the system (15) is
topologically equivalent to the system

X = Ax .,
z=1z.

Thus, the dynamics of the system (14) is determined by the
system X = Ax which is the restriction of (14) on the cen-
ter subspace ES. Our goal is to justify a similar “reduction
principle” for nonlinear systems of differential equations.

Summarizing the results of V. Pliss [59,60], A. Kel-
ley [38], N. Fenichel [19], and M. Hirsch, C. Pugh, M.
Shub [34] we obtain the following theorem.

Theorem 1 (Existence Theorem) Consider a Cr-smooth
(1 <= k < o0) system of differential equations v = F(v),
F(O) =0andL = DF(O). Let E*, E* and E* be the stable,
unstable, and central eigenspaces of L.

Then near the equilibrium O there exist the following
five Ck-smooth invariant manifolds (see Fig. 2):

The center manifold W, tangent to E* at O;

The stable manifold W*, tangent to E* at O;

The unstable manifold W", tangent to EY at O;

The center-stable manifold W**, tangent to E* 4 E°
at O;

e The center-unstable manifold W*, tangent to E* + E"
at O;

The stable and unstable manifolds are unique, but center,
center-stable, and center-unstable manifolds are not neces-
sarily unique.

Center Manifolds, Figure 2
The classical five invariant manifolds

Solutions on W*° have exponential tending to O as t —
oo, Solutions on W' have exponential tending to O as
t — —o0.

Remark 1
means that there exists a neighborhood U(0), depending

on Fand k, where the statements of the Existence Theorem
hold.

The expression “near the equilibrium O”

Remark 2 The linearized system v = DF(O)v has the
invariant subspace E° 4+ E" whereas the complete system
v = F(v) may not have any smooth invariant manifolds
with the tangent space E* + E" at O, see [5,30].

Representation of the Center Manifold

At first we suppose that our system does not have the un-
stable eigenspace and is transformed by the linear change
of coordinates mentioned above to the form

%= Ax+ f(x.y).

. (17)
y=By+glx,y),

where E° = {(x.0)}, E* = {(0.y)}. Since the center
manifold W€ is tangent to E° = {(x,0)} at the origin
O = (0.0), it can be represented near O in the form

WE=1(x.y)||x| <e y=h(x)}.

In other words the center manifold is represented as the
graph of a smooth mapping h: V. C R — R®, where ¢
and s are dimensions of the center and stable subspaces,
see Fig. 3. Since W* goes through the origin and is tangent
to E*, we have the equalities

h(0)=0. Dh(0)=0. (18)
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y=h(x)

P x

Center Manifolds, Figure 3
Representation of a center manifold

The invariance of W° means that if an initial point (x,y)
is in W¢, i.e. y = h(x) then the solution (X(f,x, y).
Y(t. x,y)) of (17)isin W<, ie. Y (¢, x.y)) = h(X(t. x. y)).

Thus, we get the invariance condition
Y(t. x, h(x))) = h(X(t, x, h(x))) . (19)

Differentiating (19) with respect to t and putting t = 0 we
get

Bh(x) + g(x. h(x)) = Dh(x)(Ax + f(x, h(x))). (20)

Thus, the mapping h have to be a solution of the partial
differential equation (20) and satisfy (18).

Suppose that the system has the form

X =Ax+ f(x.y.2),

§=By+gilxy.2). e3)

z=Cz+ gx, y.2).
where A has the eigenvalues with zero real part, B has the
eigenvalues with negative real part, C has the eigenvalues
with positive real part. Analogously to the previous case

we can show that the center manifold is represented in the
form

W= {(x.y.2) | |x] <€ y=m(x). z= ha(x)}
where the mappings h; and h; satisfy the equations

Bh(x) + g1(x. hi(x), ha(x))
= Dhy(x)(Ax + f(x. hi(x), ha(x)))

(22)
Chy(x) + ga(x, hi(x), hz(x))
= Dhy(x)(Ax + f(x, hy(x). hy(x)))
and the conditions
h1(0)=0. Dh(0)=0 23)
h2(0)=0. Dh2(0)=0.

Center Manifolds, Figure 4
Nonuniqueness of the center manifold

Uniqueness and Nonuniqueness of the Center Manifold

The center manifold is nonunique in general.
Let us consider the illustrating example from [38]. The
system has the form

x=x2,
. (24)
y=-y.

where (x, y) € R?. It is obviously that the origin (0, 0) is
the equilibrium with single stable manifold W* = {(0, y)}.
There is a center manifold of the form W = {(x,0)}.
Moreover, there are the center manifolds that can be
obtained when solving the equation

dy  —»y
A @)
The solution of (24) has the form
1
y(x) = aexp (—) (26)
x

for x # 0 and any constant a € R. It follows that

1
We(a) = {(x.y)|y = aexp (;)
asx <Oand y =0asx > 0}

is center manifold for each a, being C*°-smooth and past-
ing together the curve {y = aexp(l/x)} as x < 0 and the
straight line {y = 0} as x > 0, see Fig. 4.

However, the center manifolds possess the following
weak uniqueness property. Let U be a neighborhood of
the W*€. It turns out that the maximal invariant set I in U
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Center Manifolds, Figure 5
Weak uniqueness of the center manifold

must be in W€, that follows from the Reduction Theorem,
see below. Consequently, all center manifolds contact on I.
In this case the center manifold is called locally maximal,
Thus, the center manifolds may differ on the trajectories
leaving the neighborhood as t — o¢ or —oc.

For example, suppose that a center manifold is two-
dimensional and a limit cycle is generated from the equi-
librium through the Hopf bifurcation [31,35]. In this case
the invariant set I is a disk bounded by the limit cycle and
all center manifolds will contain this disk, see Fig. 5.

Smoothness

M. Hirsch, C. Pugh, M. Shub [34] proved that the center
manifold is C¥-smooth if the system is C*-smooth and k <
oc. Moreover if the kth derivative of the vector field is o-
Halder or Lipschitz mapping, the center manifold is the
same.

However, if the system is C®° or analytic then the cen-
ter manifold is not necessary the same. First consider the
analytic case. It is clear that if the analytic center mani-
fold exists then it is uniquely determined by applying the
Taylor power series expansion. Consider the illustrating
example [31]

X =—x",
2 27)
y=-—yt+x

which does not have an analytic center manifold. In fact,
applying the Taylor power series expansions we obtain

that the center manifold has to be given by the series y
= Y%, (n— 1)!Ix" which diverges when x # 0.

If the system is C°°-smooth then the Existence Theo-
rem guaranties the existence of a C*-smooth center man-
ifold for any k < oc. However, the center manifold may
not be C*-smooth. Van Strien S.]. [71] showed that the
system

x = —x" 4+ p*,

=—y—(x* — %), (28)

does not have a C®-smooth center manifold. In fact if the
system is C*°-smooth then for each k there is a neighbor-
hood U.(0) of a C*-smooth central manifold W¢. There
are the systems for which the sequence {Uy} can shrink
to Oas k — 00 [25,71]. The results of the papers [19,31]
show that the smoothness of the invariant manifold de-
pends on the relation between Lyapunov exponents on
the center manifold and on the normal subspace (stable
plus unstable subspaces). This relation o is included in the
concept of the normal hyperbolicity. At an equilibrium
o = min(ReA,/ReA.), where ReA,/ReA, > 0, A, is the
eigenvalue on the center subspace and A4, is the eigen-
value on the normal subspace. The condition ¢ > 1 is
necessary for a persistence of smooth invariant manifold.
One can guarantee degree of smoothness k of the manifold
provided k < o. Moreover, there exists examples show-
ing that the condition k < o is essential. It means that
the system has to contract (expand) along E*(E")k-times
stronger than along the center manifold.

If a center manifold to the equilibrium O exists then
Red, = 0 and 0 = oo at O, but near O may be other
equilibrium (or other orbits) on the center manifold where
o < 00, and as a consequence, the center manifold may
not be C®-smooth. Let us consider the illustrating exam-

ple [25]

J'c:;u:—xs.

y=y+x', (29)
L=0.

The point O = (0,0,0) is equilibrium, the system lin-
carized at O has the form

x=0,
Y=y, (30)
[=0.

The system (30) has the following invariant subspace:
E* = {0,0.0}, E* = {x,0. uu}, E" = {0, y.0}. The p-axis
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The orbits on W*® have exponential tending to O as
m — 00. The orbits on W" have exponential tending to
Oasm — —oo.

There exists a linear change of coordinates transform-
ing (46) to the form

x Ax + f(x.y.2)
y | = | Brtakxyz |. (48)
z Cz+ ga(x, y.2)

where A has eigenvalues with modulus equal 1, B has
eigenvalues with modulus less than 1, C has eigenvalues
with modulus greater than 1. The system (48) at the origin
has the following invariant eigenspaces: E* = {(x.0,0)},
E* = {(0,y.0)}, and E* = {(0,0, 2)}. Since the center
manifold W¢ is tangent to E€ at the origin O = (0.0), it
can be represented near O in the form

We=1{(x.y.2)||x| <€.y = h(x).z2 = ha(x)}.

where h; and h; are second-order at the origin, i.e.
hy5(0) = 0, Dh;2(0) = 0. The invariance of W* means
that if a point (x. y,2z) € WS Le. ¥y = hi(x), z = ha(x),
then (Ax + f(x. y.2). By + g1(x. . 2). Cz + g2(x. 3. 2)) €
W€ ie By + gi(x.y.2) = hi(Ax + f(x.y.2)). Cz +
&(x,y.2) = ha(Ax + f(x.y.2)). Thus, we get the invari-
ance property

Bh (x) + g1(x. hi(x). hy(x))

= hi(Ax + f(x, hi(x). ha(x)) .
Chy(x) + ga(x. hyi(x), ha(x))

= hy(Ax + f(x, hi(x), ha(x)) .

(49)

Results on smoothness and uniqueness of center manifold
for discrete systems are the same as for continuous sys-
tems.

Theorem 5 (Reduction Theorem [55,62,63,64]) The dis-
crete system (48) near the origin is topologically equivalent
to the system

x = Ax + f(x, hi(x) ha(x)) .
y — By. (50)

z— Cz.

The first mapping is the restriction of the system on the
center manifold. The theorem reduces the investigation of
dynamics near a nonhyperbolic fixed point to the study of
the system on the center manifold.

Normally Hyperbolic Invariant Manifolds

As it is indicated above, a center manifold can be consid-
ered as a perturbed invariant manifold for the center sub-
space of the linearized system. The normal hyperbolicity
conception arises as a natural condition for the persistence
of invariant manifold under a system perturbation. Infor-
mally speaking, an f-invariant manifold M, where f-dif-
feomorphism, is normally hyperbolic if the action of Df
along the normal space of M is hyperbolic and dominates
over its action along the tangent one. (the rigorous defini-
tion is below). Many of the results concerning center man-
ifold follows from the theory of normal hyperbolic invari-
ant manifolds. In particular, the results related to center
eigenvalues of Df with |A| # 1 may be obtained using this
theory.

The problem of existence and preservation for invari-
ant manifolds has a long history. Initial results on invari-
ant (integral) manifolds of differential equations were ob-
tained by Hadamard [26] and Perron [57], Bogoliubov,
Mitropolskii [8] and Lykova [48], Pliss [60], Hale [28], Di-
liberto [16] and other authors (for references see [39,77]).
In the late 1960s and throughout 1970s the theory of per-
turbations of invariant manifolds began to assume a very
general and well-developed form. Sacker [66] and Nei-
mark [50] proved (independently and by different meth-
ods) that a normally hyperbolic compact invariant mani-
fold is preserved under C! perturbations. Final results on
preservation of invariant manifolds were obtained by Fe-
nichel [19,20] and Hirsch, Pugh, Shub [34]. The lineariza-
tion theorem for a normally hyperbolic manifold was
proved in [62].

Let f: R" — R" bea C"-diffeomorphism, 1 < r < o0,
and a compact manifold M is f-invariant.

Definition 4 An invariant manifold M is called r-nor-

mally hyperbolic if there exists a continuous invariant de-
composition

TR"|y = TM & E* & E" (51)

of the tangent bundle TR" into a direct sum of subbundles
TM, ES. EY and constants a, A > 0 such that for 0 <
k <randallp e M,

D" ()] |(D° " ()™ |* < aexp(=An) forn=>0,
|D“f" (p)| |(D0fn(P))_l|k <aexp(An) forn<0.
(52)

Here D°f, D*f and D" f are restrictions of Df on TM, E*
and EY, respectively.

The invariance of the bundle E* means that for every
p € My, the image of the fiber E*(p) at p under Df (p)
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is the fiber E*(q) at ¢ = f(p). The bundles E* and E"
are called stable and unstable, respectively. In other words,
M is normally hyperbolic if the differential Df contracts
(expands) along the normal (to M) direction and this con-
traction (expansion) is stronger in r times than a conceiv-
able contraction (expansion) along M. Summarizing the
results of [19,20,34,50,62,66] we obtain the following the-

orem.

Theorem 6 Let a C" diffeomorphism f be r-normally hy-
perbolic on a compact invariant manifold M with the de-
composition TR" |y = TM @ E* & E". Then

o there exist invariant manifolds W* and W*" near M,
which are tangent at M to TM @ E* and TM & EY;

o the manifolds M, W* and W" are C"-smooth;
e if g is another C'-diffeomorphism C'-close to f. then

there exists the unique manifold My which is invariant
and r-normally hyperbolic for g;

e near M f is topologically equivalent to Df | gsg g, which
in local coordinates has the form

(x.y.2) = (f(x). Df(x)y,. Df(x)z) .
xeM., yeE(x), ze€E"x). (53)

Similarly result takes place for flows. Mané [44] showed
that a locally unique, preserved, compact invariant mani-
fold is necessarily normally hyperbolic. Local uniqueness
means that near M, an invariant set I of the perturba-
tion g is in M. Conditions for the preservation of locally
nonunique compact invariant manifolds and linearization

were found by G. Osipenko [52,53].

Applications
Stability

As it was mentioned above, it was Lyapunov who pio-
neered in applying the concept of center manifold to es-
tablish the stability of equilibrium. V. Pliss [59] proved the
general reduction principle in stability theory. According
to this principle the equilibrium is stable if and only if it is
stable on the center manifold. We have considered the mo-
tivating example where the center manifold concept was
used. The system

(54)

has the center manifold y = h(x). Applying Theorem 3,
we obtain

h(x}=ax2+---.

The reduced system is of the form
fx=ax’+....

Thus, if a < 0, the origin is stable. The book [25] contains
other examples of investigation of stability.

Bifurcations

Consider a parametrized system of differential equations

= A()x + f(x, p1). (55)

where p € R, f is C'-small when p is small. To study the
bifurcation problem near ;& = 0 it is useful to deal with
the extended system of the form

%= AQ)x + f(x. ) .

o, (56)

Suppose that (55) has a n-dimensional center manifold for
jt = 0. Then the extended system (56) has a n 4 k-dimen-
sional center manifold. The reduction principle guarantees
that all bifurcations lie on the center manifold. Moreover,
the center manifold has the form y = h(x, jy) for every
/Lo which is a solution of the equation j2 = 0 and the map-
ping h may be presented as a power series in g. Further
interesting information regarding to recent advancements
in the approximation and computation of center mani-
folds is in [37]. The book [31] deals with Hopf bifurcation
and contains a lot of examples and applications. Invariant
manifolds and foliations for nonautonomous systems are
considered in [3,13]. Partial linearization for noninvertible
mappings is studied in [4].

Center Manifold in Infinite-Dimensional Space

Center manifold theory is a standard tool to study the dy-
namics of discrete and continuous dynamical systems in
infinite dimensional phase space. We start with the dis-
crete dynamical system generated by a mapping of a Ba-
nach space. The existence of the center manifold of the
mappings in Banach space was proved by Hirsch, Pugh
and Shub [34]. Let T: E — E be a linear endomorphism
of a Banach space E.

Definition 5 A linearendomorphism T 'is said to be p-hy-
perbolic, p > 0, if no eigenvalue of T has modulus p, i.e.,
its spectrum Spect(T) has no points on the circle of radius
p in the complex plane C. A linear 1-hyperbolic isomor-

phism T is called hyperbolic.

For a p-hyperbolic linear endomorphism there exists
a T-invariant splitting of E = E; @ E; such that the spec-
trum of the restriction Ty = T|g, lies outside of the disk of
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the radius p, where as the spectrum of T, = T|g, lies in-
side it. So T is automorphism and T,’l exists. It is known
(for details see [34]) that one can define norms in E; and
E, such that associated norms of T}~ L'and T; may be esti-
mated in the following manner

1T <5, IBl<p. (57)
Conversely, if T admits an invariant splitting T = T, & T
with |T7!| = a. |T3] = b. ab < 1 then Spect(T;) lies
outside the disk {1 € C: |A| < 1/a}, and Spect(T3) lies in
the disk {4 € C: |A| = b}. Thus, T is p-hyperbolic with
b<p<la.

Theorem 7 Let T be a p-hyperbolic linear endomor-
phism, p < 1. Assume that f: E — E is C",r>=1,
f=T+g. f(0) =0 and there is 8 > 0 such that if g is
a Lipschitz mapping and

Lip(g) = Lip(f —T) < é6, (58)

then there exists a manifold W, which is a graph of a C!
map ¢: Ey — B, i.e.

Wr={x+y|y=@x), x € E. y€E},

with the following properties:

Wy is f-invariant;

ifITTNT) < 1, j = 1.....r then Wy is C" and
depends continuously on f in the C" topology;

Wr = Ey;

forx € Wy

If '(x)| < (a+28) |x]. (59)

where a < 1/p, and ¢ is small provided § is small;
e ifDf(0) = T then Wy is tangent to E; at 0.

Suppose that the spectrum of T is contained in A, |J A,
where

Ay={zeC |z| =1}, Ay={zeC |z|=a<1}.

Corollaryl Iff: E— EisC',1 <r < o0, f(0) =0
and Lip(f — T) < € is small, then there exists a center-
unstable manifold W = Wy which is the graph of a C"
function E; — E,. The center-unstable manifold is attrac-
tor, i.e. for any x € E the distance between f"(x) and W
tends to zero as n — 00. The manifold Wy = W€ is center
manifold when Ay = {z € C, |z| = 1}.

Apply this theorem to a mapping of the general form

u— Au+ f(u). (60)

where Eisa Banach space, u € E, A: E — E is alinear op-
erator, f is second-order at the origin. The question arises
of whether there exists a smooth mapping g such that g
coincides with f in a sufficiently small neighborhood of
the origin and g is C'-close to zero? The answer is posi-
tive if E admits C°°-norm, i.e. the mapping u — ||u|| is
C*-smooth for u # 0. It is performed for Hilbert space.
The desired mapping g may be constructed with the use
of a cut-off function. To apply Theorem 7 to (60) we have
to suppose Hypothesis on C*-norm: the Banach space E
admits C*°-norm.

Thus, Theorem 7 together with Hypothesis on C*°-
norm guarantee an existence of center manifold for the
system (60) in a Banach space. A. Reinfelds [63,64] prove
a reduction theorem for homeomorphism in a metric
space from which an analog of Reduction Theorem 5 for
Banach space follows.

Flows in Banach Space

Fundamentals of center manifold theory for flows and
differential equations in Banach spaces can be found
in [10,21,43,73]. In Euclidean space a flow is generated by
a solution of a differential equation and the theory of or-
dinary differential equations guarantees the clear connec-
tion between flows and differential equations. In infinite
dimensional (Banach) space this connection is more del-
icate and at first, we consider infinite dimensional flows
and then (partial) differential equations.

Definition 6 A flow (semiflow) on a domain D is a con-
tinuous family of mappings F;: D — D where t € R (t =
0) such that Fy = Iand F;ys = F,F;fort.s € R(t,s = 0).

Theorem 8 (Center Manifold for Infinite Dimensional
Flows [43]) Let the Hypothesis on C>-norm be fulfilled
and Fi: E — E be a semiflow defined near the origin for
0 <t < 1, Fi(0) = 0. Suppose that the mapping F(x) is c?
in t and C*T1 in x and the spectrum of the linear semigroup
DFE(0) is of the form ¢'91Y92) where ¢"©V) is on the unit
circle (i. e. oy is on the imaginary axis) and e'92) s inside
the unit circle with a positive distance from one as t > 0
(i.e. oy is in the left half-plane). Let E = E; @& E, be the
DF(0)-invariant decomposition corresponding to the de-
composition of the spectrum ¢"@1Y%) and dimE, = d <
0.

Then there exists a neighborhood U of the origin and
C*-submanifold W¢ C U of the dimension d such that

e W€ isinvariant for Fy in U, 0 € W and W* is tangent
to E; at 0;

o W¢isaltractor inU, i.e. if F'(x) € U, n = 0,1.2,...
then F}'(x) — W< asn — oo.
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In infinite dimensional dynamics it is also popular no-
tion of “inertial manifold” which is an invariant finite
dimensional attracting manifold corresponding to W¢ of
the Theorem 8.

Partial Differential Equations

At the present the center manifold method takes root in
theory of partial differential equations. Applying center
manifold to partial differential equations leads to a num-
ber of new problems. Consider an evolution equation

= Au+ f(u). (61)

where u € E, E is a Banach space, A is a linear operator,
[ is second-order at the origin. Usually A is a differential
operator defined on a domain D C E, D # E. To apply
Theorem 8 we have to construct a semiflow F defined near
the origin of E. As a rule, an infinite dimensional phase
space E is a functional space where the topology may be
chosen by the investigator. A proper choice of functional
space and its topology may essentially facilitate the study.
As an example we consider a nonlinear heat equation

uy = Au+ f(u), (62)

where u is defined on a bounded domain 2 C R" with
Dirichlet condition on the boundary u|yp = 0, Au =
(8%/0x} + «+- + 0%/3x2)u is the Laplace operator defined
on the set

Ct={ueC(R), u=00ndR2}.

According to [19] we consider a Hilbert space E = L*(£2)
with the inner product < u.v >= [, uvdx. The op-
erator A may be extended to a self-conjugate operator
A: Dy — L*(£2) with the domain D4 that is the closure of
CS in L*(£2). Consider the linear heat equation u} = Au
and its extension

up=Au, ueD,. (63)

What do we mean by a flow generated by (63)?

Definition 7 A linear operator A is the infinitisemal gen-

erator of a continuous semigroup U(#), t = 0if:

U(t) is a linear mapping for each t;

U(t) is a semigroup and |U(f)u — u|| — Dast — +0;
U(t)u —u

Au = lim ———— (64)
t—+0 t

whenever the limit exists.

For Laplace operator we have < Au,u >< 0 for u € C2,
hence the operator A is dissipative. It guarantees [6] the
existence of the semigroup U(t) with the infinitesimal gen-

erator A. The mapping U(¢) is the semigroup DF(0) in
Theorem 8.

The next problem is the relation between the linearized
system 1" = Au and full nonlinear Equation (61). To con-
sider the mapping f in (62) as C'-small perturbation, the
Hypothesis on C®°-norm has to be fulfilled. To prove the
existence of the solution of the nonlinear equation with
u(0) = uy one uses the Duhamel formula

t

u(t) = Usug + f Ui—s f(u(s))ds

0

and the iterative Picard method. By this way we construct
the semiflow required to apply Theorem 8. The relation
between the spectrum of a semigroup U(f) and the spec-
trum of its infinitisemal generator gives rise to an essential
problem. All known existence theorems are formulated in
terms of the semigroup as in Theorem 8. The existence of
the spectrum decompositions of a semigroup U(t) and the
corresponding estimations on the appropriate projections
are supposed. This framework is inconvenient for many
applications, especially in partial differential equations. In
finite dimensions, a linear system ¥ = Ax hasa solution of
the form U(f)x = ex and A is an eigenvalue of A if and
only if e* is an eigenvalue of U(t). We have the spectral
equality

Spect(U(t)) = e Pectir

In infinite dimensions, relating the spectrum of the in-
finitesimal generator A to that of the semigroup U(?) is
a spectral mapping problem which is often nontrivial. The
spectral inclusion

Spect(U(t)) C e Pectiit

always holds and the inverse inclusion is a problem that is
solved by the spectral mapping theorems [12,18,22,65].
Often an application of center manifold theory needs
to prove an appropriate version of the reduction theo-
rem [7,11,12,14,15,18]. Pages 1-5 of the book [40] give an
extensive list of the applications of center manifold the-
ory to infinite dimensional problems. Here we consider
a few of typical applications. Reaction-diffusion equa-
tions are typical models in chemical reaction (Belousov-
Zhabotinsky reaction), biological systems, population dy-
namics and nuclear reaction physics. They have the form

W, = (K(X) + DAY + f(u. 1) (65)

where K is a matrix depending on a parameter, D is a sym-
metric, positive semi-definite, often diagonal matrix, A is
the Laplace operator, A is a control parameter. The pa-
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pers [2,27,31,67,78] applied center manifold theory to the
study of the reaction-diffusion equation. Invariant man-
ifolds for nonlinear Schrodinger equations are studied
in [22,40]. In the elliptic quasilinear equations the spec-
trum of the linear operator is unbounded in unstable di-
rection and in this case the solution does not generate
even a semiflow. Nevertheless, center manifold technique
is successfully applied in this case as well [45]. Henry [32]
proved the persistence of normally hyperbolic closed lin-
ear subspace for semilinear parabolic equations. It follows
the existence of the center manifold which is a perturbed
manifold for the center subspace. I. Chueshov [14,15]
considered a reduction principle for coupled nonlinear
parabolic-hyperbolic partial differential equations that has
applications in thermoelastisity. Mielke [47] has developed
the center manifold theory for elliptic partial differential
equations and has applied it to problems of elasticity and
hydrodynamics. The results for non-autonomous system
in Banach space can be found in [46]. The reduction prin-
ciple for stochastic partial differential equations is consid-
eredin [9,17,75].

Future Directions

Now we should realize that principal problems in the cen-
ter manifolds theory of finite dimensional dynamics have
been solved and we may expect new results in applica-
tions. However the analogous theory for infinite dimen-
sional dynamics is far from its completion. Here we have
few principal problems such as the reduction principle (an
analogue of Theorem 2 or 5) and the construction of the
center manifold. The application of the center manifold
theory to partial differential equations is one of promising
and developing direction. In particular, it is very impor-
tant to investigate the behavior of center manifolds when
Galerkin method is applied due to a transition from finite
dimension to infinite one. As it was mentioned above each
application of center manifold methods to nonlinear infi-
nite dimensional dynamics is nontrivial and gives rise to
new directions of researches.
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Glossary

For simplicity, definitions are given for a continuous
or smooth self-map or diffeomorphism T of a compact
manifold M.

Entropy, measure-theoretic (or: metric entropy) For an
ergodic invariant probability measure j¢, it is the small-
est exponential growth rates of the number of orbit
segments of given length, with respect to that length,
after restriction to a set of positive measure. We de-
note it by h(T, jt). See » Entropy in Ergodic Theory
and Subsect. “Local Complexity” below.

Entropy, topological It is the exponential growth rates of
the number of orbit segments of given length, with re-
spect to that length. We denote it by hyop(f). See » En-
tropy in Ergodic Theory and Subsect. “Local Complex-
ity” below.

Ergodicity A measure is ergodic with respect toa map T if
given any measurable subset S which is invariant, i.e.,
such that T71S = S, either S or its complement has
Zero measure.

Hyperbolicity A measure is hyperbolic in the sense of
Pesin if at almost every point no Lyapunov exponent
is zero. See » Smooth Ergodic Theory.

Kolmogorov typicality A property is typical in the
sense of Kolmogorov for a topological space F of
parametrized families f = (f;);ev, U being an open
subset of R¥ for some d > 1, if it holds for f; for Le-
besgue almost every fand topologically generic f € F.

Lyapunov exponents
The Lyapunov exponents (» Smooth Ergodic The-
ory) are the limits, when they exist, lim,—s0 %
log |[(T") (x).v|| where x € M and v is a non zero tan-
gent vector to M at x. The Lyapunov exponents of an
ergodic measure is the set of Lyapunov exponents ob-
tained at almost every point with respect to that mea-
sure for all non-zero tangent vectors.

Markov shift (topological, countable state) It is the set
of all infinite or bi-infinite paths on some countable
directed graph endowed with the left-shift, which just
translates these sequences.

Maximum entropy measure It is a measure u which
maximizes the measured entropy and, by the varia-
tional principle, realized the topological entropy.

Physical measure It is a measure g whose basin,
{x € M: V¢p: M — R continuous lim, ,cc + Py
¢>(ka) = f ¢ duu} has nonzero volume.

Prevalence A property is prevalent in some complete
metric, separable vector space X if it holds outside of
a set N such that, for some Borel probability measure p
on X: (A + v) = 0forall v € X. See [76,141,239].

Sensitivity on initial conditions T has sensitivity to ini-
tial conditions on X' C X if there exists a constant
p > 0 such that for every x € X', there exists y € X,
arbitrarily close to x, and n > 0 such that d(T"y,
T"x) > p.

Sinai-Ruelle-Bowen measures It is an invariant proba-
bility measure which is absolutely continuous along
the unstable foliation (defined using the unstable
manifolds of almost every x € M, which are
the sets W"(x), of points y such that lim,—ec %
logd(T "y, T"x) < Q).

Statistical stability T is statistically stable if the physical
measures of nearby deterministic systems are arbitrar-
ily close to the convex hull of the physical measures
of T.

Stochastic stability T is stochastically stable if the invari-
ant measures of the Markov chains obtained from T
by adding a suitable, smooth noise with size € — 0
are arbitrarily close to the convex hull of the physical
measures of T.

Structural stability T is structurally stable if any S close
enough to T is topologically the same as T there exists
ahomeomorphism h: M — M suchthathoT = Soh
(orbits are sent to orbits).

Subshift of finite type It is a closed subset X of ¥ =
AL or ¥ = AN where A is a finite set satisfying:
Yrp={xe€ X:Vk <l:xpxpq,...xp ¢ F} for some
finite set F.
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Topological genericity Let X be a Baire space, e.g.,
a complete metric space. A property is (fopologically)
generic in a space X (or holds for the (topologically)
generic element of X) if it holds on a nonmeager set
(or set of second Baire category), i.e., on a dense Gy
subset.

Definition of the Subject

Chaotic dynamical systems are those which present un-
predictable and/or complex behaviors. The existence
and importance of such systems has been known at
least since Hadamard [126] and Poincaré [208], how-
ever it became well-known only in the sixties. We refer
to [36,128,226,236] and [80,107,120,125,192,213] for the
relevance of such dynamics in other fields, mathematical
or not (see also » Ergodic Theory: Interactions with Com-
binatorics and Number Theory, » Ergodic Theory: Frac-
tal Geometry). The numerical simulations of chaotic dy-
namics can be difficult to interpret and to plan, even mis-
leading, and the tools and ideas of mathematical dynam-
ical system theory are indispensable. Arguably the most
powerful set of such tools is ergodic theory which pro-
vides a statistical description of the dynamics by attaching
relevant probability measures. In opposition to single or-
bits, the statistical properties of chaotic systems often have
good stability properties. In many cases, this allows an un-
derstanding of the complexity of the dynamical system and
even precise and quantitative statistical predictions of its
behavior. In fact, chaotic behavior of single orbits often
yields global stability properties.

Introduction

The word chaos, from the ancient Greek yeoo, “shapeless
void” [131] and “raw confused mass” [199], has been used
[xcoo also inspired Van Helmont to create the word “gas”
in the seventeenth century and this other thread leads fo
the molecular chaos of Boltzmann in the nineteenth century
and therefore to ergodic theory itself.] since a celebrated
paper of Li and Yorke [169] to describe evolutions which
however deterministic and defined by rather simple rules,

exhibit unpredictable or complex behavior.

Attempts at Definition

‘We note that, like many ideas [237], this is not captured by
a single mathematical definition, despite several attempts
(see, e.g., [39,112,158,225] for some discussions as well as
the monographs on chaotic dynamics [15,16,58,60,78,104,
121,127,215,250,261]). Let us give some of the most well-
known definitions, which have been given mostly from the
topological point of view, i. e, in the setting of a self-map

T: X — X on acompact metric space whose distance is
denoted by d:

T has sensitivity to initial conditionson X" C X if there
exists a constant p > 0 such that for every x € X', there
exists y € X, arbitrarily close to x with a finite separating
time:

dn >0 suchthat d(T"y, T"x) > p.

In other words, any uncertainty on the exact value of the
initial condition x makes T"(x) completely unknown for »n
large enough. If X is a manifold, then sensitivity to initial
conditions in the sense of Guckenheimer [120] means that
the previous phenomenon occurs for a set X" with nonzero
volume.

T is chaotic in the sense of Devaney [94] if it admits
a dense orbit and if the periodic points are dense in X. It
implies sensitivity to initial conditions on X.

T is chaotic in the sense of Li and Yorke [169] if there
exists an uncountable subset X’ C X of points, such that,
forallx # y e X',

liminfd(T"x, T"y) =0 and
n—>00

limsup d(T"x, T"y) > 0.
n—+00
T has generic chaos in the sense of Lasota [206] if the
set

{(x.y) e X x X: lh}l)}é%fd(Tﬁx. T"'y) =0
< limsupd(T"x, T" y)}
n—0Q
is topologically generic (see glossary.) in X x X.

Topological chaos is also sometimes characterized by
nonzero topological entropy (» Entropy in Ergodic The-
ory): there exist exponentially many orbit segments of
a given length. This implies chaos in the sense of Li and
Yorke by [39].

As we shall see ergodic theory describes a number of
chaotic properties, many of them implying some or all of
the above topological ones. The main such property for
a smooth dynamical system, say a C!t%*-diffeomorphism
of a compact manifold, is the existence of an invariant
probability measure which is:

1. Ergodic (cannot be split) and aperiodic (not carried by
a periodic orbit);

2. Hyperbolic (nearby orbits converge or diverge at a def-
inite exponential rate);

3. Sinai-Ruelle-Bowen (as smooth as it is possible).

(For precise definitions we refer to » Smooth Ergodic
Theory or to the discussions below.) In particular such
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a situation implies nonzero entropy and sensitivity to ini-
tial condition of a set of nonzero Lebesgue measure (i. e.,
positive volume).

Before starting our survey in earnest, we shall describe
an elementary and classical example, the full tent map, on
which the basic phenomena can be analyzed in a very el-
ementary way. Then, in Sect. “Picking an Invariant Prob-
ability Measure”, we shall give some motivations for in-
troducing probability theory in the description of chaotic
but deterministic systems, in particular the unpredictabil -
ity of their individual orbits. We define two of the most
relevant classes of invariant measures: the physical mea-
sures and those maximizing entropy. It is unknown in
which generality these measures exist and can be analyzed
but we describe in Sect. “Tractable Chaotic Dynamics” the
major classes of dynamics for which this has been done.
In Sect. “Statistical Properties” we describe some of the
finer statistical properties that have been obtained for such
good chaotic systems: sums of observables along orbits are
statistically undistinguishable from sums of independent
and identically distributed random variables. Sect. “Orbit
Complexity” is devoted to the other side of chaos: the com-
plexity of these dynamics and how, again, this complexity
can be analyzed, and sometimes classified, using ergodic
theory. Sect “Stability” describes perhaps the most striking
aspect of chaotic dynamics: the unstability of individual
orbit is linked to various forms of stability of the global
dynamics.

Finally we conclude by mentioning some of the most
important topics that we could not address and we list
some possible future directions.

Caveat. The subject-matter of this article is somewhat
fuzzy and we have taken advantage of this to steer our path
towards some of our favorite theorems and to avoid the
parts we know less (some of which are listed below). We
make no pretense at exhaustivity neither in the topics nor
in the selected results and we hope that our colleagues will
excuse our shortcomings.

Remark 1 In this article we only consider compact,
smooth and finite-dimensional dynamical systems in dis-
crete time, i.e., defined by self-maps. In particular, we
have omitted the natural and important variants apply-
ing to flows, e.g., evolutions defined by ordinary dif-
ferential equations but we refer to the textbooks (see,
e.g,[15,128,148]) for these.

Elementary Chaos: A Simple Example

We start with a toy model: the full tent map T of Fig. 1.
Observe that for any point x € [0, 1], T~"(x) = {(o(k,
mx+k)27": k=0.1,..., 2" =1}, whereo(k.n) = £1.

0 1

Chaos and Ergodic Theory, Figure 1
The graph of the full tent map f(x) = 1 — |1 — 2x| over [0, 1]

Hence |J,~, T7"(x) is dense in [0, 1]. It easily follows
that T exhibits sensitive dependence to initial conditions.
Even worse in this example, the qualitative asymptotic be-
havior can be completely changed by this arbitrarily small
perturbation: x may have a dense orbit whereas y is even-
tually mapped to a fixed point! This is Devaney chaos [94].

This kind of unstability was first discovered by
J. Hadamard [126] in his study of the geodesic flow (i.e.,
the frictionless movement of a point mass constrained to
remain on a surface). At that time, such an unpredictabil-
ity was considered a purely mathematical pathology, nec-
essarily devoid of any physical meaning [Duhem quali-
fied Hadamard’s result as “an example of a mathemat-
ical deduction which can never be used by physics” (see
pp. 206-211 in [103])1].

Returning to out tent map, we can be more quanti-
tative. At any point x € [0, 1] whose orbit never vis-
its 1/2, the Lyapunov exponent lim, o0 %log|(T”)’(x)|
is log2. (See the glossary.) Such a positive Lyapunov ex-
ponent corresponds to infinitesimally close orbits getting
separated exponentially fast. This can be observed in Fig. 2.
Note how this exponential speed creates a rather sharp
transition.

It follows in particular that experimental or numerical
errors can grow very quickly to size 1, [For simple precision
arithmetic the uncertainty is 1071 which grows to size I in
38 iterations of T.] 1. e, the approximate orbit may contain
after a while no information about the true orbit. This casts
a doubt on the reliability of simulations. Indeed, a sim-
ulation of T on most computers will suggest that all or-
bits quickly converge to 0, which is completely false [Such
a collapse to 0 does really occurs but only for a countable
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Chaos and Ergodic Theory, Figure 2

IT"(x) = T"(y)| for T(x) = 1= |1 —=2x|, [x—y| = 107" and
0 < n =< 100. The vertical red line is at n = 28 and shows when
|T"x = T"y| = 0.5 10~ for the first time

subset of initial conditions in [0, 1] whereas the points with
dense orbit make a subset of [0. 1] with full Lebesgue mea-
sure (see below). This artefact comes from the way num-
bers are represented - and approximated - on the computer:
multiplication by even integers tends to “simplify” binary
representations. Thus the computations involved in draw-
ing Fig. 2 cannot be performed too naively.]. Though some-
what atypical in its dramatic character, this failure illus-
trates the unpredictability and unstability of individual or-
bits in chaotic systems.

Does this mean that all quantitative predictions about
orbits of T are to be forfeited? Not at all, if we are ready
to change our point of view and look beyond a single orbit.
This can be seen easily in this case. Let us start with such
a global analysis from the topological point of view. Asso-
of Os
and lsaccording to iy = 0if Tkx < 1/2, i = 1 otherwise.
One can check that [Up te a countable set of exceptions.]
{i(x): x € [0, 1]} is the set X, := {0, l}N of all infinite
sequences of Os and 1s and that at most one x € [0, 1] can
realize a given sequence as i(x).

Notice how the transformation f becomes trivial in this
representation:

ciate to x € [0, 1], a sequence i(x) = i = igiyia...

i(f(x))zfligig... iff(x)zfoflizfg...

Thus f is represented by the simple and universal “left-
shift” on sequences, which is denoted by . This repre-
sentation of a rather general dynamical system by the left-
shift on a space of sequences is called symbolic dynamics
(» Symbolic Dynamics), [171].

This can be a very powerful tool. Observe for instance
how here it makes obvious that we have complete combi-
natorial freedom over the orbits of T: one can easily build
orbits with various asymptotic behaviors: if a sequence of
X, contains all the finite sequences of Os and s, then the
corresponding point has a dense orbit; if the sequence is
periodic, then the corresponding point is itself periodic, to
give two examples of the richness of the dynamics.

More quantitatively, the number of distinct subse-
quences of length » appearing in sequences i(x), x €
[0, 1], is 2". It follows that the topological entropy (» En-
tropy in Ergodic Theory) of T is hip(T) = log2. [For
the coincidence of the entropy and the Lyapunov exponent
see below.] The positivity of the topological entropy can
be considered as the signature of the complexity of the
dynamics and considered as the definition, or at least the
stamp, of a topologically chaotic dynamics.

Let us move on to a probabilistic point of view. Pick
x € [0,1] randomly according to, say, the uniform law
in [0,1]. It is then routine to check that i(x) follows
the (1/2.1/2)-Bernoulli law: the probability that, for any
given k, it (x) = 01is 1/2 and the i;s are independent. Thus
i(x), seen as a sequence of random 0 and | when x is sub-
ject to the uniform law on [0, 1], is statistically undistin-
guishable from coin tossing! This important remark leads
to quantitative predictions. For instance, the strong law
of large numbers implies that, for Lebesgue-almost every
x € [0,1] (i.e, forall x € [0, 1] except in a set of Lebesgue
measure zero), the fraction of the time spent in any dyadic
interval I = [k-27N £.27N] c [0.1], k. £, N € N, by the
orbit of x,

lim i#{o <k<n: T'xel} (1)

n—s00 M
exists and is equal to the length, 27V, of that interval.
[Eq. (1) in fact holds for any interval I. This implies that
the orbit of almost every x € [0, 1] visits all subintervals of
[0. 1], i. e., the orbit is dense: in complete contradiction with
the above mentioned numerical simulation!] More gener-
ally, we shall see that, if ¢: [0, 1] — R is any continuous
function, then, for Lebesgue almost every-x,

n—1
1 k . )
r!lll‘mw - kz_o ¢(T"x) exists and is equal to f P(x)dx.

)
Using strong mixing properties (» Ergodicity and Mix-
ing Properties) of the Lebesgue measure under T, one can
prove further properties, e. g., sensitivity on initial condi-
tions in the sense of Guckenheimer [The Lebesgue mea-
sure is weak-mixing: Lebesgue-almost all couples of points
(x,y) € [0.1]* get separated. Note that it is not true
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of every couple off the diagonal: Counter-examples can be
found among couples (x, y) with T"x = T"y arbitrar-
ily close to 1.] and study the fluctuations of the averages
L Zz;b ¢(Tx) by the way of limit theorems.

The above analysis relied on the very special structure
of T but, as we shall explain, the ergodic theory of dif-
ferentiable dynamical systems shows that all of the above
(and much more) holds in some form for rather general
classes of chaotic systems. The different chaotic properties
are independent in general (e.g., one may have topolog-
ical chaos whereas the asymptotic behavior of almost all
orbits is periodic) and the proofs can become much more
difficult. We shall nonetheless be rewarded for our efforts
by the discovery of unexpected links between chaos and
stability, complexity and simplicity as we shall see.

Picking an Invariant Probability Measure

One could think that dynamical systems, such as those de-
fined by self-maps of manifolds, being completely deter-
ministic, have nothing to do with probability theory. There
are in fact several motivations for introducing various in-
variant probability measures.

Statistical Descriptions

An abstract goal might be to enrich the structure: a smooth
self-map is a particular case of a Borel self-map, hence
one can canonically attach to this map its set of all in-
variant Borel probability measures [From now on all mea-
sures will be Borel probability measures except if it is ex-
plicitly stated otherwise.], or just the set of ergodic [A mea-
sureisergodic if all measurable invariant subsets have mea-
sure 0 or 1. Note that arbitrary invariant measures are
averages of ergodic ones, so many questions about invari-
ant measures can be reduced to ergodic ones.] ones. By
the Krylov-Bogoliubov theorem (see, e. g., [148]), this set
is non-empty for any continuous self-map of a compact
space.

By the following fundamental theorem » Ergodic The-
orems, each such measure is the statistical description of
some orbit:

Birkhoff Pointwise Ergodic Theorem Let (X, F, i) be
a space with a o-field and a probability measure. Let
f: X — X be a measure-preserving map, i.e., f '(F) C
Fand o [T = u. Assume ergodicity of u (See the glos-
sary.) and (absolute) integrability of ¢: X — R with re-
spect to . Then for p-almost every x € X,

H—=0Q N

n—1
1
lim —Zqﬁ(ka) exists and is ]qﬁd;,t.
k=0

This theorem can be interpreted as saying that “time aver-
ages” coincide almost surely with “ensemble averages” (or
“phase space average”), i. e., that Boltzmann’s Ergodic Hy-
pothesis of statistical mechanics [ 1 10] holds for dynamical
systems that cannot be split in a measurable and non triv-
ial way. [ This indecomposability is however often difficult fo
establish. For instance, for the hard ball model of a gas it is
known only under some generic assumption (see [238] and
the references therein).] We refer to [161] for background.

Remark 2 One should observe that the existence of the
above limit is not at all obvious. In fact it often fails from
other points of view. One can show that for the full tent
map T(x) = 1 — |1 — 2x| analyzed above and many func-
tions ¢, the set of points for which it fails is large both from
the topological point of view (it contains a dense G4 set) and
[from the dimension point of view (it has Hausdorff dimen-
sion 1 [28]). This is an important point: the introduction of
invariant measures allows one to avoid some of the wilder
pathologies.

To illustrate this let us consider the full tent map T(x) =
1 — |1 —2x]|again and the two ergodic invariant measures:
8y (the Dirac measure concentrated at the fixed point 0)
and the Lebesgue measure dx. In the first case, we obtain
a complex proof of the obvious fact that the time average
at x = 0 (some set of full measure!) and the ensemble
average with respect to 8y are both equal to f(0). In the
second case, we obtain a very general proof of the above
Eq. (2).

Another type of example is provided by the contract-
ing map S: [0.1] — [0, 1], S(x) = x/2. S has a unique in-
variant probability measure, §;. For Birkhoff theorem the
situation is the same as that of T and J: it asserts only that
the orbit of 0 is described by &y.

One can understand Birkhoff theorem as a (first and
rather weak) stability result: the time averages are inde-
pendent of the initial condition, almost surely with respect

to pL.

Physical Measures

In the above silly example S, much more is true than the
conclusion of Birkhoff Theorem: all points of [0. 1] are de-
scribed by §;. This leads to the definition of the basin of
a probability measure p for a self-map f of a space M:

B(p) =4 xe€ M: Ve

n—l1
. .1 ko
M — R continuous ﬂlew - kE_O(?){f x) = f‘ﬁ dp



70

Chaos and Ergodic Theory

The classical approach to the uniformly hyperbolic dy-
namics [52,222,232] is through symbolic dynamics and
coding. Under the above hypothesis one can build a finite
partition of M which is tailored to the dynamics (a Markov
partition) so that the corresponding symbolic dynamics
has a very simple structure: it is a full shift {1,..., Nz,
like in the example of the full tent map, or a subshifts of
finite type. The above problems can then be solved using
the thermodynamical formalism inspired from the statisti-
cal mechanics of one-dimensional ferromagnets [217]: er-
godic properties are obtained through the spectral proper-
ties of a suitable transfer operator acting on some space of
regular functions, e.g., the Hélder-continuous functions
defined over the symbolic dynamics with respect to the
distance d(x.y) := Y ,cp 27"y, #y, Where 12, is 1 if
s # t, 0 otherwise.

A recent development [24,43,116] has been to find
suitable Banach spaces to apply the transfer operator tech-
nique directly in the smooth setting, which not only avoids
the complication of coding (or rather replace them with
functional analytic preliminaries) but allows the use of the
smoothness beyond Hélder-continuity which is important
for finer ergodic properties.

Uniform expansion or hyperbolicity can easily be ob-
structed in a given system: a “bad” point (a critical point or
a periodic point with multiplier with an eigenvalue on the
unit circle) is enough. This leads to the study of other sys-
tems and has motivated many works devoted to relaxing
the uniform hyperbolicity assumptions [51].

Pesin Theory

The most general such approach is Pesin theory. Let f be
a C'"*t¥_diffcomorphism [It is an important open problem
to determine to which extent Pesin theory could be general-
ized to the C' setting.] f with an ergodic invariant mea-
sure jt. By Oseledets Theorem » Smooth Ergodic The-
ory, for almost every x with respect to any invariant mea-
sure, the behavior of the differential T, f" for n large is
described by the Lyapunov exponents A, ..., Ag, at x.
Pesin is able to build charts around almost every orbit in
which this asymptotic linear behavior describes that of f
at the first iteration. That is, there are diffeomorphisms
@ U € M — Vi C R? with a “reasonable depen-
dence on x” such that the differential of @puy 0 f" 0 @ at
any point where it is defined is close to a diagonal matrix

with entries (e(t1F€)n elAaEeln elhatelny

In this full generality, one already obtains significant
results:

e The entropy is bounded by the expansion: h(f. u) <
AT 219]

i=1

e At almost every point x, there are strong stable resp.
unstable manifolds W*(x), resp. W"(x), coinciding
with the sets of points y such that d(T"x, T"y) — 0
exponentially fast when n — o0, resp. n — —o0.
The corresponding holonomies are absolutely contin-
uous (see, e.g., [59]) like in the uniform case. This
allows Ledrappier’s definition of Sinai-Ruelle-Bowen
measures [166] in that setting.

e Equality in the above formula holds if and only if p
is a Sinai-Ruelle-Bowen measure [167]. More gener-
ally the entropy can be computed as ZLI Vi (u)k?‘ (1)
where the y; are some fractal dimensions related to the
exponents.

Under the only assumption of hyperbolicity (i. e., no zero
Lyapunov exponent almost everywhere), one gets further
properties:

e Existence of an hyperbolic measure which is not peri-
odic forces hyp(f) > 0 [However h(f, jt) can be zero.]
by [147].

e L is exact dimensional [29,256]: the limit lim,_g
log p(B(x, r))/log r exists jt-almost everywhere and is
equal to the Hausdorff dimension of p (the infimum of
the Hausdorff dimension of the sets with full p-mea-
sure). This is deduced from a more technical “asymp-
totic product structure” property of any such measure.

For hyperbolic Sinai-Ruelle-Bowen measures /t, one can
then prove, e. g.,:

e local ergodicity [202]: j¢ has at most countably many
ergodic components and p-almost every point has
a neighborhood whose Lebesgue-almost every point
are contained in the basin of an ergodic component
of u.

e Bernoulli [198]: Each ergodic component of y is con-
jugate in a measure-preserving way, up to a period,
to a Bernoulli shift, that is, a full shift {I,..., N }Z
equipped with a product measure. This in particular
implies mixing and sensitivity on initial conditions for
a set of positive Lebesgue measure.

However, establishing even such a weak form of hyper-
bolicity is rather difficult. The fragility of this condition
can be illustrated by the result [44,15] that the topolog-
ically generic area-preserving surface C'-diffeomorphism
is either uniformly hyperbolic or has Lebesgue almost ev-
erywhere vanishing Lyapunov exponents, hence is never
non-uniformly hyperbolic! (but this is believed to be very
specific to the very weak C! topology). Moreover, such
weak hyperbolicity is not enough, with the current tech-
niques, to build Sinai-Ruelle-Bowen measures or ana-
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lyze maximum entropy measures only assuming non-zero
Lyapunov exponents. Let us though quote two conjec-
tures. The first one is from [251] [We slightly strengthened
Viana’s statement for expository reasons.]:

Conjecture 1 Let f be a C'T¢-diffeomorphism of a com-
pact manifold. If Lebesgue-almost every point x has well-
defined Lyapunov exponents in every direction and none of
these exponents is zero, then there exists an absolutely con-
tinuous invariant o -finite positive measure.

The analogue of this conjecture has been proved for C*
interval maps with unique critical point and negative
Schwarzian derivative by Keller [150], but only partial re-
sults are available for diffeomorphisms [168].

We turn to measures of maximum entropy. As we said,
C® smoothness is enough to ensure their existence but
this is through a functional-analytic argument (allowed
by Yomdin theory [254]) which says nothing about their
structure. Indeed, the following problem is open:

Conjecture 2 Let f be a C'T¢-diffeomorphism of a com-
pact surface. If the topological entropy of f is nonzero then f
has at most countably many ergodic invariant measures
maximizing entropy.

The analogue of this conjecture has been proved for C'+¢
interval maps [64,66,70]. In the above setting a classical re-
sult of Katok shows the existence of uniformly hyperbolic
compact invariant subsets with topological entropy arbi-
trarily close to that of f implying the existence of many
periodic points:

1
limsup —log#{x € M: f"(x) = x} = hip(f).
n—oo M
The previous conjecture would follow from the follow-
ing one:

Conjecture 3 Let f be a C'T¢-diffeomorphism of a com-
pact manifold. There exists an invariant subset X C M,
carrying all ergodic measures with maximum entropy, such
that the restriction f|X is conjugate to a countable state
topological Markov shift (See the glossary.).

Systems with Discontinuities

We now consider stronger assumptions to be able to build
the relevant measures.

The simplest step beyond uniformity is to allow dis-
continuities, considering piecewise expanding maps. The
discontinuities break the rigidity of the uniformly expand-
ing situation. For instance, their symbolic dynamics are
usually no longer subshifts of finite type though they still
retain some “simplicity” in good cases (see [68]).

To understand the problem in constructing the abso-
lutely continuous invariant measures, it is instructive to
consider the pushed forwards of a smooth measure. Ex-
pansion tends to keep the measure smooth whereas dis-
continuities may pile it up, creating non-absolute conti-
nuity in the limit. One thus has to check that expansion
wins. In dimension 1, a simple fact resolves the argument:
under a high enough iterate, one can make the expansion
arbitrarily large everywhere, whereas a small interval can
be chopped into at most two pieces.

Lasota and Yorke [165] found a suitable framework.
They considered C? interval maps with |f'(x)| > const >
1 except at finitely many points. They used the Ruelle
transfer operator directly on the interval. Namely they
studied

(4%2)
|T"(»)

(L)(x) =

yET_‘x

acting on functions ¢: [0, 1] — R with bounded variation
and obtained the invariant density as the eigenfunction as-
sociated to the eigenvalue 1. One can then prove a Lasota-
Yorke inequality (which might more accurately be called
Doeblin-Fortet since it was introduced in the theory of
Markov chains much earlier):

Loy = ||dllsv + Blldlh 3)

where || - ||gv, || - |1 are a strong and a weak norm, respec-
tivelyand @ < 1 and B < 0o. One can then apply general
theorems [143] or [196] (see [21] for a detailed presenta-
tion of this approach and its variants). Here « can essen-
tially be taken as 2 (reflecting the locally simple discon-
tinuities) divided by the minimum expansion: so ¢ < 1,
perhaps after replacing T with an iterate. In particular,
the existence of a finite statistical description then follows
(see [61] for various generalizations and strengthenings of
this result on the interval).

The situation in higher dimension is more complex
for the reason explained above. One can obtain inequal-
ities such as (3) on suitable if less simple functional spaces
(see, e.g., [231]) but proving @ < 1 is another mat-
ter: discontinuities can get arbitrarily complex under it-
eration. [67,241] show that indeed, in dimension 2 and
higher, piecewise uniform expansion (with a finite num-
ber of pieces) is not enough to ensure a finite statistical de-
scription if the pieces of the map have only finite smooth-
ness. In dimension 2, resp. 3 or more, piecewise real-ana-
lytic, resp. piecewise affine, is enough to exclude such ex-
amples [65,240], resp. [242]. [82] has shown that, for any
r > 1, an open and dense subset of piecewise C" and ex-
panding maps have a finite statistical description.
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Piecewise hyperbolic diffeomorphisms are more dif-
ficult to analyze though several results (conditioned on
technical assumptions that can be checked in many cases)
are available [22,74,230,257].

Interval Maps with Critical Points

A more natural but also more difficult situation is a map

for which the uniformity of the expansion fails because of

the existence of critical points. [Note that, by a theorem
of Mané a circle map without critical points or indifferent
periodic point is either conjugate to a rotation or uniformly

expanding [181].]

A class which has been completely analyzed at the
level of the above conjecture is that of real-analytic fam-
ilies of maps of the interval f;: [0,1] — [0,1],t € I,
with a unique critical point, the main example being the
quadratic family Q;(x) = tx(1 — x) for0 < t < 4.

It is not very difficult to find quadratic maps with the
following two types of behavior:

(stable) the orbit of Lebesgue-almost every x € [0, 1]
tends to an attracting periodic orbit;

(chaotic) there is an absolutely continuous invariant
probability measure jt whose basin contains Lebesgue-
almost every x € [0, 1].

To realize the first it is enough to arrange the critical point

to be periodic. One can easily prove that this stable behav-

ior occurs on an open set of parameters - thus it is sta-
ble with respect to the parameter or the dynamical system.

The second occurs for Q4 with p = dx//7x(1 — x). It is

much more difficult to show that this chaotic behavior oc-

curs for a set of parameters of positive Lebesgue measure.

This is a theorem of Jakobson [145] for the quadratic fam-

ily (see for a recent variant [265]). Let us sketch two main

ingredients of the various proofs of this theorem. The first

is inducing: around Lebesgue-almost every point x € [0, 1]

one tries to find a time 7(x) and an interval J(x) such that

fr("}: J(x) — fﬂ")(f{x)) is a map with good expansion
and distortion properties. This powerful idea appears in
many disguises in the non-uniform hyperbolic theory (see
for instance [133,262]). The second ingredient is parame-
ter exclusion: one removes the parameters at which a good
inducing scheme cannot be built. More precisely one pro-
ceeds inductively, performing simultaneously the induc-
ing and the exclusion, the good properties of the early stage
of the inducing allowing one to control the measure of the

parameters that need to be excluded to continue [30,145].

Indeed, the expansion established at a given stage allows to

transfer estimates in the dynamical space to the parameter

space.

Using methods from complex analysis and renormal-
ization theory one can go much further and prove the fol-

lowing difficult theorems (actually the product of the work
of many people, including Avila, Graczyk, Kozlovski, Lyu-
bich, de Melo, Moreira, Shen, van Strien, Swiatek), which
in particular solves Palis conjecture in this setting;

Theorem 2 [117,160,178] Stable maps (that is, such that
Lebesgue almost every orbit converges to one of finitely
many periodic orbits) form an open and dense set among
C" interval maps, for any r > 2, [In fact this is even true for
polynomials.].

The picture has been completed in the unimodal case (that
is, with a unique critical point):

Theorem 3 [19,20,117,159,178] Let f;: [0,1] — [0, 1],
t € [ty 1], be a real-analytic family of unimodal maps.
Assume that it is not degenerate [f;, and f;, are not conju-
gate]. Then:

o The set of t such that f, is chaotic in the above sense has
positive Lebesgue measure;
The set of t such that fy is stable is open and dense;
The remaining set of parameters has zero Lebesgue mea-
sure. [This set of “strange parameters” of zero Lebesgue
measure has however positive Hausdor[f dimension ac-
cording to work of Avila and Moreira. In particular each
of the following situations is realized on a set of param-
eters t of positive Hausdorff dimension: non-existence of
the Birkhoff limit at Lebesgue-almost every point, the
physical measure is 6, for p a repelling fixed point, the
physical measure is non-ergodic.]

We note that the theory underlying the above theorem
yields much more results, including a very paradoxical
rigidity of typical analytic families as above. See [19].

Non-uniform Expansion/Contraction

Beyond the dimension 1, only partial results are available.
The most general of those assume uniform contraction or
expansion along some direction, restricting the non-uni-
form behavior to an invariant sub-bundle often one-di-
mensional, or “one-dimensional-like”.

A first, simpler situation is when there is a dominated
decomposition with a uniformly expanding term: there is
a continuous and invariant splitting of the tangent bundle,
TAM = E"™ & E, over some A an attracting set: for all
unit vectors v € E", v¢ € E,

I ()" = CA" and
G () || < Cum (7Y ()|

Standard techniques (pushing the Riemannian volume of
a piece of unstable leaf and taking limits) allow the con-
struction of Gibbs u-states as introduced by [205].
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Theorem 4 (Alves-Bonatti-Viana [8]) [A slightly differ-
ent result is obtained in [49].] Let f: M — M be a C* dif-
feomorphism with an invariant compact subset A. Assume
that there is a dominated splitting TAM = E* @ E® such
that, for some ¢ > 0,

n—1

1 .
lim sup — log ]_[ IS UDNES| =—c<0
n—oc H k=0

on a subset of A of positive Lebesgue measure. Then this
subset is contained, up to a set of zero Lebesgue measure, in
the union of the basins of finitely many ergodic and hyper-

bolic Sinai — Ruelle - Bowen measures.

The non-invertible, purely expansive version of the above
theorem can be applied in particular to the following maps
of the cylinder (d = 16, a is properly chosen close to 2
and o is small):

£(0. x) = (dx mod 27, a — x* + € sin(6))

which are natural examples of maps with multidi-
mensional expansion and critical lines considered by
Viana [249]. A series of works have shown that the above
maps fit in the above non-uniformly expanding setting
with a proper control of the critical set and hence can be
thoroughly analyzed through variants of the above theo-
rem [4,249] and the references in [5]. For a, b properly
chosen close to 2 and small ¢, the following maps should
be even more natural examples:

f(x,y):(a—x2+sy.b—y2+€x]. (4)

However the inexistence of a dominated splitting has pre-
vented the analysis of their physical measures. See [66,70]
for their maximum entropy measures.

Cowieson and Young have used completely differ-
ent techniques (thermodynamical formalism, Ledrappier—
Young formula and Yomdin theory on entropy and
smoothness) to prove the following result (see [13] for re-
lated work):

Theorem 5 (Cowieson-Young [33]) Let f: M — M
be a C* diffeomorphism of a compact manifold. Assume
that f admits an attractor A C M on which the tan-
gent bundle has an invariant continuous decomposition
TAM = E* @ E~ such that all vectors of E* \ {0}, resp.
E™\ {0}, have positive, resp. negative, Lyapunov exponents.
Then any zero-noise limit measure . of f is a Sinai-Ruelle-
Bowen measure and therefore, if it is ergodic and hyperbolic,
a physical measure.

One can hope, that typically, the latter ergodicity and hy-
perbolicity assumptions are satisfied (see, e. g., [27]).

By pushing classical techniques and introducing new
ideas for generic maps with one expanding and one weakly
contracting direction, Tsujii has been able to prove the fol-
lowing generic result (which can be viewed as a 2-dimen-
sional extension of some of the one-dimensional results
above: one adds a uniformly expanding direction):

Theorem 6 (Tsujii [243]) Let M be a compact surface.
Consider the space of C?° self-maps f: M — M which
admits directions that are uniformly expanded [More pre-
cisely, there exists a continuous, forward invariant cone
field which is uniformly expanded under the differential
of ]

Then existence of a finite statistical description is both
topologically generic and prevalent in this space of maps.

Hénon-Like Maps and Rank One Attractors

In 1976, Hénon [130] observed that the diffeomorphism of
the plane

H,p(x.y) = (1 — ax® + y. bx)

seemed to present a “strange attractor” for 4 = 1.4 and
b = 0.3, that is, the points of a numerically simulated or-
bit seemed to draw a set looking locally like the product
of a segment with a Cantor set. This attractor seems to
be supported by the unstable manifold W*(P) of the hy-
perbolic fixed point P with positive absciss. On the other
hand, the Plykin classification [207] excluded the existence
of a uniformly hyperbolic attractor for a dissipative surface
diffeomorphism.

For almost twenty years the question of the existence
of such an attractor (by opposition to an attracting peri-
odic orbit with a very long period) remained open. Indeed,
one knew since Newhouse that, for many such maps, there
exist infinitely many such periodic orbits which are very
difficult to distinguish numerically. But in 1991 Benedicks
and Carleson succeeded in proposing an argument refin-
ing (with considerable difficulties) their earlier proof of
Jakobson one-dimensional theorem and established the
first part of the following theorem:

Theorem 7 (Benedicks-Carleson [31]) Foranye = 0,
for |b| small enough, there is a set A with Leb(A) > 0 satis-
fying: for all a € A, there exists z € W"(P) such that

e Theorbit of z is dense in WY(P);
o liminf, o0 Llog [(f") )] > 0.

Further properties were then established, especially by
Benedicks, Viana, Wang, Young [32,34,35,264]. Let us
quote the following theorem of Wang and Young which
includes the previous results:
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Theorem 8 [264] Let Ty,: S' x[—1,1] — S! x[—1,1] be
such that

o Tu(S'x[—1,1]) C S' x {0}
e Forb >0, Ty is a diffcomorphism on its image with

¢ 'b < |det Typ(x, )| < c-b

for some ¢ = 1 and all (x,y) € S % [—1,1] and all
(a, b).

Let f,: S' — S! be the restriction of Tyq. Assume that f =
fo satisfies:

Non-degenerate critical points: f'(c)=0= f"(c)#0;

e Negative Schwarzian derivative: for all x € S' non-crit-
ical, f""(x)1f'(x) = 3/2(f"(x)/f'(x))* < 0;

e No indifferent or attracting periodic point, i.e., x such
that f"(x) = x and |(f) (x)] < L;

e Misiurewicz condition: d(f"c,d) > ¢ > 0 foralln = 1
and all critical points c. d.

Assume the following transversality condition on f at a =
0: for every critical point ¢, (d/da)(fa(ca) — pa) # 0
if cq is the critical point of f, near ¢ and p, is the
point having the same itinerary under f, as f(c) under c.
Assume the following non-degeneracy of T: fi(c) =0 =
BTU[}(C.O)fay 75 0.

e T, restricted to a neighborhood of S! x {0} has a finite
statistical description by a number of hyperbolic Sinai-
Ruelle-Bowen measures bounded by the number of crit-
ical points of f;

e There is exponential decay of correlations and a Central
Limit Theorem (see below) — except, in an obvious way,
if there is a periodic interval with period > 1;

e There is a natural coding of the orbits that remains for
ever close to S' x {0} by a closed invariant subset of a full
shift.

Very importantly, the above dynamical situation has been
shown to occur near typical homoclinic tangencies: [190]
proved that there is an open and dense subset of the set of
all C? families of diffeomorphisms unfolding a first homo-
clinic tangency such that the above holds. However [201]
shows that the set of parameters with a Henon-like attrac-
tor has zero Lebesgue density at the bifurcation itself, at
least under an assumption on the so-called stable and un-
stable Hausdorff dimensions. [95] establishes positive den-
sity for another type of bifurcation. Furthermore [191] has
related the Hausdorff dimensions to the abundance of uni-
formly hyperbolic dynamics near the tangency.

[248] is able to treat situations with more than one
contracting direction. More recently [266] has proposed

a rather general framework, with easily checkable assump-
tions in order to establish the existence of such dynamics
in various applications. See also [122,252] for applications.

Statistical Properties

The ergodic theorem asserts that time averages of inte-
grable functions converge to phase space averages for any
ergodic system. The speed of convergence is quite arbi-
trary in that generality [161] (only upcrossing inequalities
seem to be available [38,132]), however many results are
available under very natural hypothesis as we are going to
explain in this section. The underlying idea is that for suf-
ficiently chaotic dynamics T and reasonably smooth ob-
servables ¢, the time averages

n—1
A= =Y poT W)
k=0

should behave as averages of independent and identically
distributed random variables and therefore satisfy the clas-
sical limit theorems of probability theory.

The dynamical systems which are amenable to current
technology are in a large part [But other approaches are
possible. Let us quote the work [98] on partially hyperbolic
systems, for instance.] those that can be reduced to the fol-
lowing type:

Definition 1 Let T: X — X be a nonsingular map on
a probability, metric space (X, B, st. d) with bounded di-
ameter, preserving the probability measure gt. This map is
said to be Gibbs-Markov if there exists a countable (mea-
surable) partition « of X such that:

1. Forall @ € @, T is injective on a and T(a) is a union of
elements of @.

2. Thereexists A > 1such that, forall a € a, for all points
x.y € a,d(Tx, Ty) = Ad(x, y).

3. Let Jac be the inverse of the Jacobian of T. There exists
C > 0 such that, for all @ € «, for all points x, y € a,
|1 = Jac(x)/Jac(y)| < Cd(Tx. Ty).

4. The map T has the “big image property™: infeq
p(Ta) = 0.

Some piecewise expanding and C? maps are obviously
Gibbs-Markov but the real point is that many dynam-
ics can be reduced to that class by the use of inducing
and tower constructions as in [262], in particular. This in-
cludes possibly piecewise uniformly hyperbolic diffeomor-
phisms, Collet-Eckmann maps of the interval [21] (typical
chaotic maps in the quadratic family), billiards with con-
vex scatterers [262], the stadium billiard [71], Hénon-like
mappings [266].
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diffeomorphisms for which the set of the entropies of er-
godic invariant measures is always the interval [0, hyop(f)]
as a consequence of [147].

Local Complexity

Recall that the topological entropy can be computed as:
hmp(f) = lime g htop(f, €) where:

1
hiop(f . €) := lim_ - logs(8, n, X)

where s(3, n, E) is the maximum cardinality of a subset S
of E such that:

x#y = 0<k<nd(fxffy)>¢

(see Bowen’s formula of the topological entropy » En-
tropy in Ergodic Theory). Likewise, the measure-theoretic
entropy h(T. u) of an ergodic invariant probability mea-
sure ft is lime—so h(f. i, €) where:

1
h(T.€) := nangQ;logr(S, n. )

where (8, n, p) is the minimum cardinality of C C X
such that

,u({xEX: dy € C  such that

VO < k < nd(ffx f5y) < e}) > 1/2.

One can ask at which scales does entropy arise for a given
dynamical system?, i. e.,, how the above quantities h(T, €),
h(T. jt, €) converge when € — 0.

Ananswer is provided by the local entropy. [ This quan-
tity was introduced by Misiurewicz [186] under the name
conditional topological entropy and is called tail entropy
by Downarowicz [100].] For a continuous map f of a com-
pact metric space X, it is defined as:

hloc(f) = eh—IB} hloc(f‘ €) with

hloc(f~ €):

sup hioo(f, €, x) and

xeX

1
hioe(f, €. x) := lim limsup—logs(ﬁ,n.{ye X:

§—0 p—oo N

Vk=0d(ffy, ffx) < E})
Clearly from the above formulas:

htopu) = htop(f- 6) + h]oc(f- 8) and
h(fv ,U.) = h(f ‘LL,S) + h]oc(f- 8) .

Thus the local entropy bounds the defect in unifor-
mity with respect to the measure of the pointwise limit

h(f.p) = limg_qh(f, n.d8). An exercise in topology
shows that the local entropy therefore also bounds the de-
fect in upper semicontinuity of p + h(f, ). In fact, by
a result of Downarowicz [100] (extended by David Bur-
guet to the non-invertible case), there is a local variational
principle:

hioe(f) = ,}l_n;lu (Slip h(f. p) = h(f. pu, 5))

= sup limsup h(f.v) — h(f.p)
I
for any continuous self-map f of a compact metric space.
The local entropy is easily bounded for smooth maps
using Yomdin’s theory:

Theorem 10 ([64]) For any C" map f of a compact mani-

fold, hioo(f) < %logsupx [LF ). In particular, hio(f) =
0ifr = oo.

Thus C* smoothness implies the existence of a maximum
entropy measure (this was proved first by Newhouse) and
the existence of symbolic extension: a subshift over a fi-
nite alphabet 0: ¥ — X and a continuous and onto map
m: ¥ — M such that w o 0 = f o . More precisely,

Theorem 11 (Boyle, Fiebig, Fiebig [56]) Given a homeo-
morphism f of a compact metric space X, there exists a prin-
cipal symbolic extensiono: £ — X, i.e., asymbolic exten-
sion such that, for every a-invariant probability measure v,
h(o,v) = h(f,vonx™Y), ifand only if hio(f) = 0.

We refer to [55,101] for further results, including a real-
ization theorem showing that the continuity properties of
the measured entropy are responsible for the properties of
symbolic extensions and also results in finite smoothness.

Global Simplicity

One can marvel at the power of mathematical analysis to
analyze such complex evolutions. Of course another way
to look at this is to remark that this analysis is possible once
this evolution has been fitted in a simple setting: one had to
move focus away from an individual, unpredictable orbit,
of, say, the full tent map to the set of all the orbits of that
map, which is essentially the set of all infinite sequences
over two symbols: a very simple set indeed corresponding
to full combinatorial freedom [[253] describes a weakening
of this which holds for all positive entropy symbolic dynam-
ics.]. The complete description of a given typical orbit re-
quires an infinite amount of information, whereas the set
of all orbits has a finite and very tractable definition. The
complexity of the individual orbits is seen now as coming
from purely random choices inside a simple structure.
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The classical systems, namely uniformly expanding
maps or hyperbolic diffeomorphisms of compact spaces,
have a simple symbolic dynamics. It is not necessarily a full
shift like for the tent map, but it is a subshift of finite
type, i.e., a subshift obtained from a full shift by forbid-
ding finitely many finite subwords. What happens outside
of the uniform setting?

A fundamental example is provided by piecewise
monotone maps, i. e., interval maps with finitely many crit-
ical points or discontinuities. The partition cut by these
points defines a symbolic dynamics. This subshift is usu-
ally not of finite type. Indeed, the topological entropy tak-
ing arbitrary finite nonnegative values [For instance, the
topological entropy of the S-transformation, x — Bx mod
1, islog B for B = 1.], a representation that respects it has
to use an uncountable class of models. In particular mod-
els defined by finite data, like the subshifts of finite type,
cannot be generally adequate. However there are tractable
“almost finite representations” in the following senses:

Most symbolic dynamics X(T) of piecewise mono-
tone maps T can be defined by finitely many infinite se-
quences, the kneading invariants of Milnor and Thurston:
K(T, :{1_..'{1'" ..... Ky €40, dN if d is the number of
critical/discontinuity points. [The kneading invariants are
the suitably defined (left and right) itineraries of the criti-
cal/discontinuity points and endpoints.] Namely,

(M) ={aeefo,....d}N:¥n>0

+ n -
Ka, = 0"a X kg 41

where < isatotal orderon {0, ..., d}N making the coding
x + « non-decreasing, Observe how the kneading invari-
ants determine X' (T) in an effective way: knowing their
first n symbols is enough to know the sequences oflength n
which begin sequences of ¥ (T). We refer to [21] for the
wealth of information that can be extracted from these
kneading invariants following Milnor and Thurston [184].

This form of global simplicity can be extended to other
classes of non-uniformly expanding maps, including those
like Eq. (4) using the notions of subshifts and puzzles of
quasi-finite type [68,69]. This leads to the notion and anal-
ysis of entropy-expanding maps, a new open class of non-
uniformly expanding maps admitting critical hypersur-
faces, defined purely in terms of entropies including the
otherwise untractable examples of Eq. (4).

A generalization of the representation of uniform sys-
tems by subshifts of finite type is provided by strongly pos-
itive recurrent countable state Markov shifts, a subclass of
Markov shifts (see glossary.) which shares many properties
with the subshifts of finite type [57,123,124,224,229].

These “simple” systems admit a classification result
which in particular identifies their measures with entropy
close to the maximum [57]. Such a classification general-
izes [164]. The “ideology” here is that complexity of indi-
vidual orbits in a simple setting must come from random-
ness, but purely random systems are classified by their en-
tropy according to Ornstein [197].

Stability

By definition, chaotic dynamical systems have orbits
which are unstable and numerically unpredictable. It is
all the more surprising that, once one accepts to consider
their dynamics globally, they exhibit very good stability

properties.

Structural Stability

A simple form of stability is structural stability: a sys-
tem f: M — M is structurally C"-stable if any system g
sufficiently C"-close to f is topologically the same as f,
formally: g is topologically conjugate, i.e., there is some
homeomorphism [If h were C, the conjugacy would im-
ply, among other things, that for every p-periodic point:
det((f?)(x)) = det((g?) (h(p))), a much too strong re-
quirement.] h: M — M mapping the orbits of f to those
ofg,ie,goh=hof.

Andronov and Pontryaguin argued in the 1930’s that
only such structurally stable systems are physically rele-
vant. Their idea was that the model of a physical system
is always known only to some degree of approximation,
hence mathematical model whose structure depends on
arbitrarily small changes should be irrelevant.

A first question is: What are these structurally stable
systems? The answer is quite striking:

Theorem 12 (Mafé [182]) Let f: M — M be a C! dif-
feamarphism of a compact manifold.

£ is structurally stable among C' -diffeomorphisms of M
if and only iff is uniformly hyperbolic on its chain recurrent
sel. [A point x is chain recurrent if, for all € > 0, there exists
a finite sequence xp, x1, . . ., Xy such that xo = x, = x and
d(f(xk), xx41) < €. The chain recurrent set is the set of all

chain recurrent points.|

A basic idea in the proof of the theorem is that failure
of uniform hyperbolicity gives the opportunity to make
an arbitrarily small perturbation contradicting the struc-
tural stability. In higher smoothness the required pertur-
bation lemmas (e. g., the closing lemma [14,148,180]) are
not available.

‘We note that uniform hyperbolicity without invertibil-
ity does not imply C!-stability [210].
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A second question is: are these stable systems dense? (So
that one could offer structurally stable models for all phys-
ical situations). A deep discovery around 1970 is that this
is not the case:

Theorem 13 (Abraham-Smale, Simon [3,234]) For any
r = 1 and any compact manifold M of dimension = 3,
the set of uniformly hyperbolic diffeomorphisms is not dense
in the space of C" diffeomorphisms of M. [They use the
phenomenon called “heterodimensional homoclinic inter-
sections”.]

Theorem 14 (Newhouse [194]) For any r = 2, for any
compact manifold M of dimension = 2, the set of uniformly
hyperbolic diffeomorphisms is not dense in the space of C"
diffeomorphisms of M. More precisely, there exists a non-
empty open subset in this space which contains a dense
Gg subset of diffeomorphisms with infinitely many periodic
sinks. [So these diffeomorphisms have no finite statistical
description. |

Observe that it is possible that uniform hyperbolicity could
be dense among surface C'-diffeomorphisms (this is the
case for C! circle maps by a theorem of Jakobson [145]).
In light of Mafi¢ C!-stability theorem this implies that
structurally stable systems are not dense, thus one can ro-
bustly see behaviors that are topologically modified by ar-
bitrarily small perturbations (at least in the C'-topology)!
So one needs to look beyond these and face that topologi-
cal properties of relevant dynamical system are not deter-
mined from “finite data”. It is natural to ask whether the
dynamics is almost determined by “sufficient data”.

Continuity Properties of the Topological Dynamics

Structural stability asks the topological dynamics to re-
main unchanged by a small perturbation. It is probably at
least as interesting to ask it to change continuously. This
raises the delicate question of which topology should be
put on the rather wild set of topological conjugacy classes.
Tt is perhaps more natural to associate to the system a topo-
logical invariant taking value in a more manageable set and
ask whether the resulting map is continuous.

A first possibility is Zeeman’s Tolerance Stability Con-
jecture. He associated to each diffeomorphism the set of all
the closures of all of its orbits and he asked whether the re-
sulting map is continuous on a dense G subset of the class
of C"-diffeomorphisms for any » = 0. This conjecture re-
mains open, we refer to [85] for a discussion and related
progress.

A simpler possibility is to consider our favorite topo-
logical invariant, the topological entropy, and thus ask
whether the dynamical complexity as measured by the

entropy is a stable phenomenon. f + hip(f) is lower
semicontinuous for f among C” maps of the interval [On
the set of interval maps with a bounded number of critical
points, the entropy is continuous [188]. Also t = hyp(Qy)
is non-decreasing by complex arguments [91], though it
is a non-smooth function.] [187] and for f among clte.
diffeomorphisms of a compact surface [147]. [It is an im-
portant open question whether this actually holds for C'-
diffeomorphisms. It fails for homeomorphisms [214].] In
both cases, one shows the existence of structurally stable
invariant uniformly expanding or hyperbolic subsets with
topological entropy close to that of the whole dynamics.
On the other hand [+ h,(f) is upper semi-continuous
for C®° maps [195,254].

Statistical Stability

Statistical stability is the property that deterministic pertur-
bations of the dynamical system cause only small changes
in the physical measures, usually with respect to the weak
star topology on the space of measures. When the physi-
cal measure j1; is uniquely defined for all systems g near f,
statistic stability is the continuity of the map g > ¢ thus
defined.

Statistical stability is known in the uniform setting and
also in the piecewise uniform case, provided the expansion
is strong enough [25,42,151] (otherwise there are counter-
examples, even in the one-dimensional case).

It also holds in some non-uniform settings without
critical behavior, in particular for maps with dominated
splitting satisfying robustly a separation condition be-
tween the positive and negative Lyapunov exponents [247]
(see also [7]).

However statistical unstability occurs in dynamics
with critical behaviors [18]:

Theorem 15 Consider the quadratic family Q;(x) =
tx(1 — x), t € [0.4]. Let I C [0.4] be the full measure
subset of [0.4] of good parameters t such that in particu-
lar Q; admits a physical measure (necessarily unique). For
t € I, let jt; be this physical measure.

Lebesgue almost every t € 1 such that pu is not car-
ried by a periodic orbit [At such parameters, statistical
stability is easily proved.], is a discontinuity point of the
map t — ; [M([0,1]) is equipped with the vague topol-
ogy.]. However, for Lebesgue almost every t, there is a sub-
set Iy C I for which t is a Lebesgue density point [t is
a Lebesgue density point if for all r > 0, the Lebesgue
measure m(I; N [t — r.t 4+ r]) > 0 and lime_q m(I; N
[t—e€,t+€])/2e = 1.] and such that . I; — M([0,1]) is
continuous at t.
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Stochastic Stability

A physically motivated and a technically easier approach
is to study stability of the physical measure under stochas-
tic perturbations. For simplicity let us consider a diffeo-
morphism of a compact subset of R? allowing for a direct
definition of additive noise. Let Y (x)dx be an absolutely
continuous probability law with compact support. [Some-
times additional properties are required of the density, e. g.,
Y(x) = ¢(x)1z where 1y is the characteristic function of
the unit ball and C™' < ¢(x) = C for some C < 0.] For
€ > 0, consider the Markov chain f, with state space M
and transition probabilities:

Pe(x,A)=f w(%ﬂ’”) f—f.
A

The evolution of measures is given by: (feu)(A) =
f  Pe(x, A) dpe. Under rather weak irreducibility assump-
tions on f, fe has a unique invariant measure jie (con-
trarily to f) and ¢ is absolutely continuous. When f has
a unique physical measure jt, it is said to be stochastically
stable if lim¢ o fte = [t in the appropriate topology (the
weak star topology unless otherwise specified).

It turns out that stochastic stability is a rather common
property of Sinai-Ruelle-Bowen measures. It holds not
only for uniformly expanding maps or hyperbolic diffeo-
morphisms [153,258], but also for most interval maps [25],
for partially hyperbolic systems of the type E* & E® or
Hénon-like diffeomorphisms [6,13,33,40]. We refer to the
monographs [21,41] for more background and results.

Untreated Topics

For reasons of space and time, many important topics have
been left out of this article. Let us list some of them.

Other phenomena related to chaotic dynamics have
been studied: entrance times [77,79], spectral properties
and dynamical zeta functions [21], escape rates [104], di-
mension [204], differentiability of physical measures with
respect to parameters [99,223], entropies and volume or
homological growth rates [118,139,254].

As far as the structure of the setting is concerned, one
can go beyond maps or diffeomorphisms or flows and
study: more general group actions [128]; holomorphic and
meromorphic structures [72] and the references therein;
symplectic or volume-preserving [90,137] and in partic-
ular the Pugh-Shub program around stable ergodicity of
partially hyperbolic systems [211]; random iterations [17,
154,155].

A number of important problems have motivated the
study of special forms of chaotic dynamics: equidistribu-
tion in number theory [105,109,138] and geometry [236];

quantum chaos [10,125]; chaotic control [227]; analysis of
algorithms [245].

We have also omitted the important problem of ap-
plying the above results. Perhaps because of the lack of
a general theory, this can often be a challenge (see for in-
stance [244] for the already complex problem of verify-
ing uniform hyperbolicity for a singular flow). Liverani has
shown how theoretical results can lead to precise and ef-
ficient estimates for the toy model of piecewise expand-
ing interval maps [176]. Ergodic theory implies that, in
some settings at least, adding noise may make some esti-
mates more precise (see [157]). We refer to [106] and the
reference therein.

Future Directions

We conclude this article by a (very partial) selection of
open problems.

General Theory

In dimension 1, we have seen that the analogue of the
Palis conjecture (see above) is established (Theorem 2).
However the description of the typical dynamics in Kol-
mogorov sense is only known in the unimodal, non-de-
generate case by Theorem 3. Indeed, results like [63] sug-
gest that the multimodal picture could be more complex.

In higher dimensions, our understanding is much
more limited. As far as a general theory is concerned,
a deep problem is the paucity of results on the generic
dynamics in C" smoothness with » > 1. The remarkable
current progress in generic dynamics (culminating in the
proof of the weak Palis conjecture, see [34], the references
therein and [51] for background) seems restricted to the
C! topology because of the lack of fundamental tools (e. g.,
closing lemmas) in higher smoothness. But Pesin theory
requires higher smoothness at least technically. This is
not only a hard technical issue but generic properties of
physical measures, when they have been analyzed are of-
ten completely different between the C! case and higher
smoothness [45].

Physical Measures

In higher dimensions, Benedicks and Carleson analysis of
the Hénon map has given rise to a rather general theory
of Hénon-like maps and more generally of the dynami-
cal phenomena associated to homoclinic tangencies. How-
ever, the proofs are extremely technical. Could they be
simplified? Current attempts like [266] center on the in-
troduction of a simpler notion of critical points, possibly
a non-inductive one [212].
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Can this Hénon theory be extended to the weakly dis-
sipative situation? to the conservative situation (for which
the standard map is a well-known example defying analy-
sis)? In the strongly dissipative setting, what are the typ-
ical phenomena on the complement of the Benedicks—
Carleson set of parameters?

From a global perspective one of the main questions is
the following:

Can infinitely many sinks coexist for a large set of
parameters in a typical family or is Newhouse phe-
nomenon atypical in the Kolmogorov or prevalent
sense?

This seems rather unlikely (see however [11]).

Away from such “critical dynamics”, there are many
results about systems with dominated splitting satisfy-
ing additional conditions. Can these conditions be weak-
ened so they would be satisfied by typical systems satisfy-
ing some natural conditions (like robust transitivity)? For
instance:

Could one analyze the physical measures of volume-
hyperbolic systems?

A more specific question is whether Tsujii’s striking
analysis of surface maps with one uniformly expand-
ing direction can be extended to higher dimensions? can
one weaken the uniformity of the expansion? The same
questions for the corresponding invertible situation is
considered in [83].

Maximum Entropy Measures
and Topological Complexity

As we explained, C°° smoothness, by a Newhouse theo-
rem, ensures the existence of maximum entropy measures,
making the situation a little simpler than with respect to
physical measures. This existence results allow in particu-
lar an easy formulation of the problem of the typicality of
hyperbolicity:

Are maximum entropy ergodic measures of systems
with positive entropy hyperbolic for most systems?

A more difficult problem is that of the finite multiplicity of
the maximum entropy measures. For instance:

Do typical systems possess finitely many maximum
entropy ergodic measures?

More specifically, can one prove intrinsic ergodicity (ie,
uniqueness of the measure of maximum entropy) for an

isolated homoclinic class of some diffeomorphisms (per-
haps C!-generic)? Can a generic C'-diffeomorphism carry
an infinite number of homoclinic classes, each with topo-
logical entropy bounded away from zero?

A perhaps more tractable question, given the recent
progress in this area: Is a C'-generic partially hyperbolic
diffeomorphisms, perhaps with central dimension 1 or 2,
intrinsically ergodic?

We have seen how uniform systems have simple sym-
bolic dynamics, i. e., subshifts of finite type, and how in-
terval maps and more generally entropy-expanding maps
keep some of this simplicity, defining subshifts or puzzles
of quasi-finite type [68,69]. [264] have defined symbolic
dynamics for topological Hénon-like map which seems
close to that of that of a one-dimensional system.

Can one describe Wang and Young symbolic dynam-
ics of Hénon-like attractors and fit it in a class in
which uniqueness of the maximum entropy measure
could be proved?

More generally, can one define nice combinatorial de-
scriptions, for surface diffcomorphisms? Can one for-
mulate variants of the entropy-expansion condition
[For instance building on our “entropy-hyperbolicity”.]
of [66,70], that would be satisfied by a large subset of the
diffeomorphisms?

Another possible approach is illustrated by the prun-
ing front conjecture of [87] (see also [88,144]). It is an
attempt to build a combinatorial description by trying to
generalize the way that, for interval maps, kneading invari-
ants determine the symbolic dynamics by considering the
bifurcations from a trivial dynamics to an arbitrary one.

We hope that our reader has shared in our fascination
with this subject, the many surprising and even paradoxi-
cal discoveries that have been made and the exciting cur-
rent progress, despite the very real difficulties both in the
analysis of such non-uniform systems as the Henon map
and in the attemps to establish a general (and practical)
ergodic theory of chaotic dynamical systems.
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Glossary

Controllability A control system is controllable if for ev-
ery pair of points (states) p and g there exists an ad-
missible control such that the corresponding solution
curve that starts at p ends at q. Local controllability
about a point means that all states in some open neigh-
borhood can be reached.

Pontryagin Maximum Principle of optimal control
Optimality of a control-trajectory pair geometrically is
a property dual to local controllability in the sense that
an optimal trajectory (endpoint) lies on the boundary
of the reachable sets (after possibly augmenting the
state of the system by the running cost). The maxi-
mum principle is a necessary condition for optimality.
Geometrically it is based on analyzing the effect of
families of control variations on the endpoint map.
The chronological calculus much facilitates this analy-
sis.

E(M) = C®(M) The algebra of smooth functions on
a finite dimensional manifold M, endowed with the
topology of uniform convergence of derivatives of all
orders on compact sets.

I'*®(M) The space of smooth vector fields on the mani-
fold M.

Chronological calculus An approach to systems theory
based on a functional analytic operator calculus, that
replaces nonlinear objects such as smooth manifolds
by infinite dimensional linear ones, by commutative
algebras of smooth functions.

Chronological algebra A linear space with a bilinear
product ¥ that satisfies the identity a x (b * ¢) — b
(axc)= (axb)*c—(bxa)xc Thisstructure arises

naturally via the product (f » g); = fat[fs.g;]ds of
time-varying vector fields f and g in the chronological
calculus. Here [ , ] denotes the Lie bracket.

Zinbiel algebra A linear space with a bilinear product

that satisfies the identity a * (b * ¢) = (a * b) %
¢ + (b * a) * ¢. This structure arises naturally in the
special case of affine control systems for the product
(U V)(t) = fot U(s)V'(s)ds of absolutely continuous
scalar valued functions U and V.
The name Zinbiel is Leibniz read backwards, reflecting
the duality with Leibniz algebras, a form of noncom-
mutative Lie algebras. There has been some confusion
in the literature with Zinbiel algebras incorrectly been
called chronological algebras.

21 F (‘U%) Tor a suitable space U of time-varying scalars,
e. g. the space of locally absolutely continuous real-val-
ued functions defined on a fixed time interval, and an
indexing set Z, 77 F (‘U#) denotes the space of iterated
integral functionals from the space of Z-tuples with
values in ‘U to the space U.

Definition of the Subject

The chronological calculus is a functional analytic oper-
ator calculus tool for nonlinear systems theory. The cen-
tral idea is to replace nonlinear objects by linear ones, in
particular, smooth manifolds by commutative algebras of
smooth functions. Aside from its elegance, its main virtue
is to provide tools for problems that otherwise would ef-
fectively be untractable, and to provide new avenues to in-
vestigate the underlying geometry. Originally conceived to
investigate problems in optimization and control, specifi-
cally for extending Pontryagin’s Maximum Principle, the
chronological calculus continues to establish itself as the
preferred language of geometric control theory, and it is
spawning new sets of problems, including its own set of al-
gebraic structures that are now studied in their own right.

Introduction, History, and Background

This section starts with a brief historical survey of some
landmarks that locate the chronological calculus at the in-
terface of systems and control theory with functional anal-
ysis. It is understood that such brief survey cannot possi-
bly do justice to the many contributors. Selected references
given are meant to merely serve as starting points for the
interested reader.

Many problems in modern systems and control theory
are inherently nonlinear and e. g., due to conserved quan-
tities or symmetries, naturally live on manifolds rather
than on Euclidean spaces. A simple example is the problem
of stabilizing the attitude of a satellite via feedback con-
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the desired properties. For the reverse direction, suppose
¥: E(M) — F(M) is an automorphism. Then for every
p € Mthe map po ¥: T(M) +— R is a nontrivial lin-
ear multiplicative functional, and hence equals § for some
q € M. It is easy to see that the map @: M — M is indeed
a diffeomorphism, and ¥ = &.

In the sequel we shall omit the hats, and simply write,
say, p for the linear functional p. The role of each object is
usually clear from the order. For example, for a point p,
a smooth function ¢, smooth vector fields f, g, h, with
flow e/ and its tangent map (e”’)*, what in traditional
format might be expressed as ((c'h)* 2pe™ (p)) is sim-
ply written as pe™ ge @, not requiring any parentheses.

Frechet Space and Convergence

The usual topology on the space £ (M) is the one of uni-
form convergence of all derivatives on compact sets, i.e.,
a sequence of functions {¢;}7e, € (M) converges to
¢ € E(M) if for every finite sequence f1, fa, ..., fs of
smooth vector fields on M and every compact set K £ M
the sequence {f ... f2figx };- , converges uniformly on K
to fs... Lhig.

This topology is also obtained by a countable family of
semi-norms || - |5,k defined by

1@lls.x = supl |pfs... 2N1g] :
peK, fie ™M), seZt} (4)
where K ranges over a countable collection of compact

subsets whose union is all of M. In an analogous way de-
fine semi-norms of smooth vector fields f € I"*°(M)

Iflls.x = supt [l fe

Finally, for every smooth diffecomorphism & of M,s € Z
and K € M compact there exist C; ¢ € R such that for
allp € (M)

sk I fells+Lx =1}, (5)

[P¢lsx = Cok.ollellser) - (©)

Regularity properties of one-parameter families of vec-
tor fields and diffeomorphisms (“time-varying vector fields
and diffeomorphisms”) are understood in the weak sense,
In particular, for a family of smooth vector fields f; €
' (M), its integral and derivative (if they exist) are de-
fined as the operators that satisfy for every ¢ € (M)

d d
(afr) $=73 (fig) and

(fabfrdf)‘ﬁ = ]: (frp)dt. (7)

The convergence of series expansions of vector fields and
of diffeomorphisms encountered in the sequel are to be in-
terpreted in the analogous weak sense.

The Chronological Exponential

This section continues to closely follow [5] which contains
full details and complete proofs. On a manifold M con-
sider generally time-varying differential equations of the
form %qt = f¢(q:). To assure existence and uniqueness
of solutions to initial value problems, make the typical reg-
ularity assumptions, namely that in every coordinate chart
UC M, x: U R" the vector field (x4 f;) is (i) measur-
able and locally bounded with respect to 1 for every fixed x
and (ii) smooth with locally bounded partial derivatives
with respect to x for every fixed t. For the purposes of this
article and for clarity of exposition, also assume that vec-
tor fields are complete. This means that solutions to ini-
tial value problems are defined for all times ¢ € [R. This is
guaranteed if, for example, all vector fields considered van-
ish identically outside a common compact subset of M.

As in the previous sections, for each fixed t interpret
q¢: T(M) — R as alinear functional on (M), and note
that this family satisfies the time-varying, but linear differ-
ential equation, suggestively written as

e =qrofr. (8)

on the space of linear functionals on Z(M). It may be
shown that under the above assumptions it has a unique
solution, called the right chronological exponential of the
vector field f; as the corresponding flow. Formally, it sat-
isfies for almostall t € R

% (e_’“;[niffdf) = (abpfuffrdt) o fi. (9

Analogously the left chronological exponential satisfies

% (éﬁp[ﬂtftdr) = fio (éx_p/;tf,dr) . (10)

Formally, one obtains a series expansion for the chrono-
logical exponentials by rewriting the differential equation
as an integral equation and solving it by iteration

t
qf=q::+fo q(7) o frdt (11)

=q0+fo (qU+L q(o) o fo dcf)oftdr (12)
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to eventually, formally, obtain the expansion

ot el topty t

exp[ frdt~Id+fo f

0 = o Jo 0
-f.rkO---fozoftldfk...dfzdfl {13)

and analogously for the left chronological exponential

— [t o0 b opty t
& [ gear~tav Y [T
xp’/; fr kZ:;: 0 Jo 0
“Jy o fry o0 frdrg .. dadr . (14)

While this series never converges, not even in a weak
sense, it nonetheless has an interpretation as an asymptotic
expansion. In particular, for any fixed function ¢ € (M)
and any semi-norm as in the previous section, on any com-
pact set one obtains an error estimate for the remainder
after truncating the series at any order N which establishes
that the truncation error is of order O(t")as t — 0. When
one considers the restrictions to any f;-invariant normed
linear subspace L C F(M), i.e. forall t, fi(L) € L, on
which f; is bounded, then the asymptotic series converges
to the chronological exponential and it satisfies for every
peL

l‘ t
‘ (e""ﬂ f'df) "" < elolelde g (15)

In the case of analytic vector fields f; and analytic func-
tions ¢ one obtains convergence of the series for suffi-
ciently small ¢.

While in general there is no reason why the vector
fields f; should commute at different times, the chronolog-
ical exponentials nonetheless still share some of the usual
properties of exponential and flows, for example the com-
position of chronological exponentials satisfies for all ¢;
R

exp [ fedr)o(exp [ fede) = (exp [ fede).
tlfz r:s tlfa

(16)

Moreover, the left and right chronological exponentials
are inverses of each other in the sense that forall ty, t; € R

L =1 ., [t
(exp f f,dr) = exp frdt
ty 3}

- Il
= exp (7f.,)d'f .
ty

(17)

Variation of Parameters
and the Chronological Logarithm

In control one rarely considers only a single vector field,
and, instead, for example, is interested in the interaction
of a perturbation or control vector field with a reference or
drift vector field. In particular, in the nonlinear setting, this
is where the chronological calculus very much facilitates
the analysis. For simplicity consider a differential equation
defined by two, generally time varying, vector fields (with
the usual regularity assumptions)

q = filg) + g:(q) - (18)

The objective is to obtain a formula for the flow of the field
(fe + g¢) as a perturbation of the flow of f,. Writing

t [
@, :e_x{;f fedr and @,:exp[ (fet+ge)dr. (19)
0 0

this means one is looking for a family of operators ¥ such
that for all ¢

@t = 'pf o @g . (20)

Differentiating and using the invertibility of the flows one
obtains a differential equation in the standard form

Y(t) = Wiodogiod, ! = W,0(AdD)) g
t
=y, 0 (expf adfrdt) g, (21)
[}

which has the unique solution

f T
Y, = expf (expf adfs da) grdr, (22)
0 0

and consequently one has the variations formula

¢ —_— ¢ —_— T
eXPfo (fr+gz)dr=(e)41pfn (expfo adfado)
t
cgedt)oexp | fedr). (3
g-dr) (CXPfOf r) (23)

This formula is of fundamental importance and used ubiq-
uitously for analyzing controllability and optimality: One
typically considers f; as defining a reference dynamical
system and then considers the effect of adding a control
term g;. A special application is in the theory of averaging
where g; is considered a perturbation of the field f;, which
in the most simple form may be assumed to be time-peri-
odic. The monograph [31] by Sanders and Verhulst is the



Chronological Calculus in Systems and Control Theory

93

classical reference for the theory and applications of aver-
aging using traditional language. The chronological calcu-
lus, in particular the above variations formula, have been
used successfully by Sarychev [83] to investigate in par-
ticular higher order averaging, and by Bullo [13] for av-
eraging in the context of mechanical systems and its in-
terplay with mechanical connections. Instrumental to the
work [83] is the notion of the chronological logarithm,
which is motivated by rewriting the defining Eqs. (9)
and (10) [2,80] as

fi= (gl;futf:dr)_lo % (‘;I;](;Ifrdf)
= %(éprotf,dr) o (é?pfotfrdr)_] )

While in general the existence of the logarithm is a del-
icate question [62,83], under suitable hypotheses it is in-
strumental for the derivation of the nonlinear Floquet the-
orem in [83].

Theorem 1 (Sarychev [83]) Suppose fi = fi41 is a pe-
riod-one smooth vector field generating the flow @, and
A = log @y, then there exists a period-one family of diffeo-
morphisms W = W,y such that for all t @; = e'4 o W,.

The logarithm of the chronological exponential of a time-
varying vector field £f; may be expanded as a formal
chronological series

1 o0
log;p ([ sf,dt) = ZejAj. (25)
0

j=1

The first three terms of which are given explicitly [83] as

Alzj;]frdr. A2=%£I[ergdc.ft} dr,

1
and A= —E[AI_AZ]

1 1 T
+§f0 adz(./o fgdo)f,dr. (26)

Aside from such applications as averaging, the main use
of the chronological calculus has been for studying the
dual problems of optimality and controllability, in par-
ticular controllability of families of diffeomorphisms [4].
In particular, this approach circumvents the limitations
encountered by more traditional approaches that use
parametrized families of control variations that are based
on a finite number of switching times. However, since [52]
it is known that a general theory must allow also, e. g., for
increasing numbers of switchings and other more general
families of control variations. The chronological calculus
is instrumental to developing such general theory [4].

Chronological Algebra

When using the chronological calculus for studying con-
trollability, especially when differentiating with respect to
a parameter, and also in the aforementioned averaging
theory, the following chronoelogical product appears almost
everywhere: For two time-varying vector fields f; and g,
that are absolutely continuous with respect to t, define
their chronological product as

(f % @) = fo [fo gl)ds 27)

where [-. -] denotes the Lie bracket. It is easily verified that
this product is generally neither associative nor satisfies
the Jacobi identity, but instead it satisfies the chronolog-
ical identity

xx(yxz)—yx(xxz)=(x*y)xz—(y*xx)*z. (28)

One may define an abstract chronological algebra (over
a field k) as a linear space that is equipped with a bilin-
ear product that satisfies the chronological identity (28).
More compactly, this property may be written in terms
of the left translation A that associates with any element
x € A of a not-necessarily associative algebra A the map
Ax: y = xy. Using this A, the chronological identity (28)
is simply

Ale,y) = [Ax. Ayl (29)

i.e., the requirement that the map x + A, is a homo-
morphism of the algebra A with the commutator prod-
uct (x, y) — xy — yx into the Lie algebra of linear maps
from A into A under its commutator product.

Basic general properties of chronological algebras have
been studied in [2], including a discussion of free chrono-
logical algebras (over a fixed generating set S). Of par-
ticular interest are bases of such free chronological alge-
bras as they allow one to minimize the number of terms
in series expansions by avoiding redundant terms. Us-
ing the graded structure, it is shown in [2] that an or-
dered basis of a free chronological algebra over a set S
may be obtained recursively from products of the form
Ap Ap, === Ay, s wheres € Sisa generatorand b; < by <

- < by are previously constructed basis elements. Ac-
cording to [2], the first elements of such a basis over the
single-element generating set S = {s} may be chosen as
(using juxtaposition for multiplication)

by =s, bzzlblszsz. b3=lbls=s2s,

by = Ay Ay s = ss?, bs = Ap,s = (s%s)s
b = Ap,s = (ss¥)s, by = Apy Ap,s = s(s%s),

by = Ap,Ap, s = s(ss?),... (30)
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Using only this algebraic and combinatorial structure, one
may define exponentials (and logarithms) and analyze the
group of formal flows [2]. Of particular interest systems
and control is an explicit formula that allows one to ex-
press products (compositions) of two or more exponen-
tials (flows) as a single exponential. This is tantamount to
a formula for the logarithm of a product of exponentials
of two noncommuting indeterminates X and Y. The clas-
sical version is known as the Campbell-Baker-Hausdorff
formula [16], the first few terms being

oXiol — XYY S IX=Y, (X Y= 5 XV, [X Y]] =o.

€3]

A well-known short-coming of the classical formula is that
the higher-order iterated Lie brackets appearing in this
formula are always linearly dependent and hence the coef-
ficients are never well-defined. Hence one naturally looks
for more compact, minimal formulas which avoid such re-
dundancies. The chronological algebra provides one such
alternative and has been developed and utilized in [2]. The
interested reader is referred to the original reference for
technical details.

Systems That Are Affine in the Control
Separating Time-Varying Control and Geometry

The chronological calculus was originally designed for
work with nonstationary (time-varying) families of vec-
tor fields, and it arguably reaps the biggest benefits in that
setting where there are few other powerful tools available.
Nonetheless, the chronological calculus also much stream-
lines the analysis of autonomous vector fields., The best
studied case is that of affine control systems in which the
time-varying control can be separated from the geometry
determined by autonomous vector fields. In classical nota-
tion such control systems are written in the form

X = ul(t)fl(x)'i'""i' “m(t)fm(x)* (32)

where f; are vector fields on a manifold M and u is a mea-
surable function of time taking values typically in a com-
pact subset U € R™. This description allows one to also
accommodate physical systems that have an uncontrolled
drift term by simply fixing u; = 1. For the sake of clarity,
and for best illustrating the kind of results available, as-
sume that the fields f; are smooth and complete. Later we
specialize further to real analytic vector fields. This set-up
does not necessarily require an interpretation of the u; as
controls: they may equally well be disturbances, or it may
simply be a dynamical system which splits in this conve-
nient way.

As a starting point consider families of piecewise con-
stant control functions u: [0.T] — U < R™ On
each interval [t;,t;4,] on which the control is constant
Ut b, = u, the right hand side of (32) is a fixed vector

field g; = u?)fl +... us,’?fm. The endpoint of the solution
curve starting from x(0) = p is computed as a directed
product of ordinary exponentials (flows) of vector fields

peth—tn}gl oellr=hg o . o(T—tm1)gs (33)
But even in this case of autonomous vector fields the
chronological calculus brings substantial simplifications.
Basically this means that rather than considering the ex-
pression (33) as a point on M, consider this product as
a functional on the space F (M) of smooth functions on M.
To reiterate the benefit of this approach [5,57] consider
the simple example of a tangent vector to a smooth curve
y: (—e&, &) = M which one might want to define as
. .

7(0) = lim —(y() = y(0)). )
Due to the lack ofa linear structure on a general manifold,
with a classical interpretation this does not make any sense
at all. Nonetheless, when interpreting y(t), y(0). ¥'(0),
and %(y[t)fy({))) as linear functionals on the space F (M)
of smooth functions on M this is perfectly meaningful. The
meaning of the limit can be rigorously justified as indi-
cated in the preceding sections, compare also [1].

A typical example to illustrate how this formalism
almost trivializes important calculations involving Lie
brackets is the following, compare [57]. Suppose f and g
are smooth vector fields on the manifold M, p € M,
and t € R is sufficiently small in magnitude. Using that
% pe'l = pe'/ f and so on, one immediately calculates

% (perferge_tfe_tg)
= perff«:fge_U(e_x'g + peIfe’g‘_c;re_”re_r‘gr

— pelelfe et — pelfelle e g (35)

In particular, at t = 0 this expression simplifies to pf +
pg — pf — pg = 0. Analogously the second derivative is
calculated as

RE
el (pe‘fe’ge_rfe_’g)

= pe'lfe8e™e™'8 4 pe'l f

. Cfgge-rfe—rg — Peffferge—fffe—fg — pe‘ffefge‘ff
ce g 4 pe'l felfgeT eI 4 pelle8gPe 18
— petlel8ge™/ fem18 — pellel8ge e g — pell f
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e8! fe18 _ pelfel8ge™! fe!8 4 petfelse™!f
f2eT8 4 pefele™! feT!8g — pelf felfeT! T8 g
— pe'le'8ge™" e 8 g 4 pe'le'Se™/ feT g + pe!/
'8 eTi8g? (36)

which at t = 0 evaluates to

pfP+pfg—pfP—pfg+pfg+pe —psf—pg
—pf*—pgf+pfP+pfe—pfg—pg +pfg+ g
=2pfg—2pgf =2plf.gl.

While this simple calculation may not make sense on
a manifold with a classical interpretation in terms of points
and vectors on a manifold, it does so in the context of
the chronological calculus, and establishes the familiar for-
mula for the Lie bracket as the limit of a composition of
flows

pelelée™ ™8 = p4 Pplf.g]+O(?) as t — 0. (37)

Similar examples may be found in [5] (e. g. p. 36), as well
as analogous simplifications for the variations formula for
autonomous vector fields ([5] p. 43).

Asymptotic Expansions for Affine Systems

Piecewise constant controls are a starting point. But a gen-
eral theory requires being able to take appropriate limits
and demands completeness. Typically, one considers mea-
surable controls taking values in a compact subspace U C
R™, and uses L'([0, t], U) as the space of admissible con-
trols. Correspondingly the finite composition of exponen-
tials as in (33) is replaced by continuous formulae. These
shall still separate the effects of the time-varying con-
trols from the underlying geometry determined by the au-
tonomous vector fields. This objective is achieved by the
Chen-Fliess series which may be interpreted in a number
of different ways. Its origins go back to the 1950s when
K. T. Chen [18], studying geometric invariants of curves in
R", associated to each smooth curve a formal noncommu-
tative power series. In the early 1970s, Fliess [30,31] recog-
nized the utility of this series for studying control systems.
Using a set X, X5, .... X, of indeterminates, the Chen-
Fliess series of a measurable control u € L'([0, t]. U) as
above is the formal power series

r fs—1 ts
Scr(T, u) = XI:fG ui,(fs)fo fn ui,(ta)
f2

‘f ui](rl)dtl"'dts 'Xfl"'Xis (38)

0

where the sum ranges over all multi-indices I = (i},...,
is),s = Owith i; € {1.2... m}. This series gives rise to an
asymptotic series for solution curves of the system (32).
For example, in the analytic setting, following [91], one
has:

Theorem 2 Suppose f; are analytic vector fields on
R" ¢: R" — R is analyticand U C R"™ is compact. Then
for every compact set K € RR", there exists T > 0 such that
the series

T ts—1 £}
Scr,f(T.u.P)(@)=Z[ ws(rst f i (£2)
T Jo 0 0

tz
f u, (t)dty ... dts - pfi, ... fi,e  (39)
1]

converges uniformly to the solution of (32) for initial condi-
tions x(0) = p € K and u: [0, T] + U measurable.

Here the series Scr (T, u, p) is, for every fixed triple
(f.u.p), interpreted as an element of the space of linear
functionals on Z (M). But one may abstract further. In par-
ticular, for each fixed multi-index I as above, the iterated
integral coefficient is itself a functional that takes as in-
put a control function ¥ € ‘U™ and maps it to the cor-
responding iterated integral. It is convenient to work with
the primitives U;: t f; u;(s) ds of the control functions
uj rather than the controls themselves. More specifically, if
e.g. U = AC([0, T].[—1.1]) then for every multi-index
I = (ij..... is) € {1..... m}*® as above one obtains the
iterated integral functional 77: ‘U™ +— ‘U defined by

T ti—1 t3
T U|—>[ U, (rs)f f U, (t2)
o ' 0 0

5]
f Ul () dtdty .. dte . (40)
0

Denoting by 77 F (U#) the lincar space of iterated integral
functionals spanned by the functionals of the above form,
the map 7" maps multi-indices to 77 F (‘U#). The algebraic
and combinatorial nature of these spaces and this map will
be explored in the next section.

On the other side, there is the map F that maps
a multi-index (i}, i,..., i) to the partial differential op-
erator f; ... fi,: T(M) v (M), considered as a linear
transformation of E(M). In the analytic case one may go
further, since as a basic principle, the relations between the
iterated Lie brackets of the vector fields f; completely de-
termine the geometry and dynamical behavior [90,91]. In-
stead of considering actions on E(M), it suffices to con-
sider the action of these partial differential operators, and
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(iii) Suppose t.v.w,(u,v) € H . Then (. (t". ")) € H
iﬂ' t]”’ E t_f S (tﬂ'f' tffff) and t,f < (t.f' (t”’. t””)),

There are natural mappings 8: T (Z) — L(Z) C A(Z)
and ¥: T(Z) +> A(Z) (the foliage map) that map la-
beled binary trees to Lie polynomials and to words, and
which are defined for a € Z, (¢, ") € T(Z) by 6(a) =
#(a) = a and recursively 6((t', t")) = [6(t'), (t")] and
D((¢, 1)) = #(£)P(¢"). The image of a Hall set under the
map 6 is a basis for the free Lie algebra L(Z). Moreover, the
restriction of the map ¥ to a Hall-set is one-to-one which
leads to a fundamental unique factorization property of
words into products of Hall-words, and a unique way of
recovering Hall trees from the Hall words that are their
images under ¥ [101]. This latter property is very conve-
nient as it allows one to use Hall words rather than Hall
trees for indexing various objects.

The construction of Hall sets, as well as the proof that
they give rise to bases of free Lie algebras, rely in an essen-
tial way on the process of Lazard elimination [9] which is
intimately related to the solution of differential Egs. (32)
or (46) by a successive variation of parameters [93]. As
aresult, using Hall sets it is possible to obtain an extremely
simple and elegant recursive formula for the coefficients &,
in (51), whereas formulas for the £, are less immediate, al-
though they may be computed by straightforward formu-
las in terms of natural maps of the Hopf algebra structure
on A(Z) [33]. Up to a normalization factor p in terms of
multi-factorials, the formula for the &), is extremely simple
in terms of the Zinbiel product on A(Z). For letters a € Z
and Hall words h, k, hk € 7 one has

Eo=a and &= i Ep v &g (52)

Using completely different notation, this formula ap-
peared originally in the work of Schiitzenberger [84], and
was later rediscovered in various settings by Grayson and
Grossman [38], Melancon and Reutenauer [69] and Suss-
mann [93]. In the context of control, it appeared first
in [93].

To illustrate the simplicity of the recursive formula,
which is based on the factorization of Hall words, con-
sider the following normal form for a free nilpotent sys-
tem (of rank r = 5) using a typical Hall set over the al-
phabet Z = {0.1}. This is the closest nonlinear analogue
to the Kalman controller normal form of a linear system,
which is determined by Kronecker indices that classify the
lengths of chains of integrators. For practical computa-
tions nilpotent systems are commonly used as approxima-
tions of general nonlinear systems — and every nilpotent
system (that is, a system of form (32) whose vector fields
fa generate a nilpotent Lie algebra) is the image of a free

nilpotent system as below under some projection map. For
convenience, the example again uses the notation x, in-
stead of &,.

X = up
X = u
Xo1 = Xp X = Xg Uy
Xoo1 = Xg + Xo1 = X Uy
using ¥ 71(001) = (0(01))
X191 = X1+ X1 = X1X0 U}
using #71(101) = (1(01))
X0001 = X0 - Xoo1 = X U)
using 71 (0001) = (0(0(01)))
X101 = X1 - Xog1 = xlxﬁul
using ¥ ~'(1001) = (1(0(01)))
K1101 = X1 - X101 = X7 %0 Uy
using ¥ ' (1101) = (1(1(01)))
X00001 = Xo + Xoo1 = Xg U)
using ' (00001) = (0(0(0(01))))
X10001 = X1 - Xooo1 = X1Xp Uy
using 7' (10001) = (1(0(0(01))))
X11001 = X1 - K101 = X] %G Uy
using ¥ 71 (11001) = (1(1(0(01))))
X01001 = X01 X001 = X01%7 U)
using ' (01001) = ((01)(0(01)))
Xo1101 = Xo * X101 = X01 X1 Xo U
using @ ~1(01101) = ((01)(1(01))) .
This example may be interpreted as a system of form (32)
with the xj, being a set of coordinate functions on the man-
ifold M, or as the truncation of the lifted system (46) with
the xj, being a basis for a finite dimensional subspace of

the linear space F(M). For more details and the technical
background see [56,57].

Future Directions

The chronological calculus is still a young methodology.
Its intrinsically infinite dimensional character demands
a certain sophistication from its users, and thus it may take
some time until it reaches its full potential. From a differ-
ent point of view this also means that there are many op-
portunities to explore its advantages in ever new areas of
applications. A relatively straightforward approach simply
checks classical topics of systems and control for whether
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they are amenable to this approach, and whether this will
be superior to classical techniques. The example of [70]
which connects the chronological calculus with discrete
time systems is a model example for such efforts. There are
many further opportunities, some more speculative than
others.

Control The chronological calculus appears ideally suited
for the investigation of fully nonlinear systems — but in
this area there is still much less known than in the case
of nonlinear control systems that are affine in the con-
trol, or the case of linear systems. Specific conditions
for the existence of solutions, controllability, stabiliz-
ability, and normal forms are just a few subjects that,
while studies have been initiated [1,2,1], deserve fur-
ther attention.

Computation In recent years much effort has been de-
voted to understanding the foundations of numeri-
cal integration algorithms in nonlinear settings, and to
eventually design more efficient algorithms and even-
tually prove their superiority. The underlying mathe-
matical structures, such as the compositions of non-
commuting flows are very similar to those studies in
control, as observed in e. g. [23], one of the earlier pub-
lications in this area. Some more recent work in this
direction is [17,46,72,73,74]. This is also very closely
related to the studies of the underlying combinatorial
and algebraic structures — arguably [27,28,29,76] are
some of the ones most closely related to the subject
of this article. There appears to be much potential for
a two-way exchange of ideas and results.

Geometry Arguably one of the main thrusts will continue
to be the use of the chronological calculus for studying
the differential geometric underpinnings of systems
and control theory. But it is conceivable that such stud-
ies may eventually abstract further - just like after the
1930s - to studies of generalizations of algebras that
stem from systems on classical manifolds, much in the
spirit of modern noncommutative geometry with [19]
being the best-known proponent.

Algebra and combinatorics In general very little is

known about possible ideal and subalgebra struc-

tures of chronological and Zinbiel algebras. This work
was initiated in [2], but relatively little progress has
been made since. (Non)existence of finite dimensional

(nilpotent) Zinbiel algebras has been established, but

only over a complex field [25,26]. Bases of free chrono-

logical algebras are discussed in [2], but many other
aspects of this algebraic structure remain unexplored.

This also intersects with the aforementioned efforts in

foundations of computation — on one side there are

Hopf-algebraic approaches to free Lie algebras [75]
and nonlinear control [33,40,41], while the most re-
cent breakthroughs involve dendriform algebras and
related subjects [27,28,29]. This is an open field for un-
covering the connections between combinatorial and
algebraic objects on one side and geometric and sys-
tems objects on the other side. The chronological cal-
culus may well serve as a vehicle to elucidate the corre-
spondences.
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Glossary

R denotes the real line, R” the n-dimensional Euclidean
space, x - y stands for the Euclidean scalar product of
x,y € R",and |x| for the norm of x.

State variables quantities describing the state of a system;
in this note they will be denoted by u; in the present
setting, u will be either a function defined on a subset
of R x [R", or a function of time taking its values in an
Hilbert space H.

Space domain the subset of R” on which state variables
are defined.

Partial differential equation a differential equation con-
taining the unknown function as well as its partial
derivatives.

State equation a differential equation describing the evo-
lution of the system of interest.

Control function an external action on the state equa-
tion aimed at achieving a specific purpose; in this note,
control functions they will be denoted by f; f will be
used to denote either a function defined on a subset of
R x R”, or a function of time taking its values in an
Hilbert space F. If the state equation is a partial dif-
ferential equation of evolution, then a control function
can be:

1. distributed if it acts on the whole space domain;

2. locally distributed if it acts on a subset of the space
domain;

3. boundary if it acts on the boundary of the space do-
main;

4. optimal if it minimizes (together with the corre-
sponding trajectory) a given cost;

5. feedback if it depends, in turn, on the state of the
system.

Trajectory the solution of the state equation u that cor-
responds to a given control function f.

Distributed parameter system a system modeled by an
evolution equation on an infinite dimensional space,
such as a partial differential equation or a partial in-
tegro-differential equation, or a delay equation; un-
like systems described by finitely many state vari-
ables, such as the ones modeled by ordinary differential
equations, the information concerning these systems is
“distributed” among infinitely many parameters.

14 denotes the characteristic function of a set A C R",
that is,

1 x€A
Lalx) =

0 xeR"\A

d¢ . dy, denote partial derivatives with respect to t and x;,
respectively.

L2(£2) denotes the Lebesgue space of all real-valued square
integrable functions, where functions that differ on
sets of zero Lebesgue measure are identified.

H(l)(.(?) denotes the Sobolev space of all real-valued func-
tions which are square integrable together with their
first order partial derivatives in the sense of distribu-
tions in §2, and vanish on the boundary of £2; simi-
larly H?(£2) denotes the space of all functions which
are square integrable together with their second order
partial derivatives.

H™'(£2) denotes the dual of H}(£2).

"1 denotes the (# — 1)-dimensional Hausdorff mea-
sure.

H denotes a normed spaces over R with norm || - ||, as well
as an Hilbert space with the scalar product (-.-) and
norm || - ||.

L2(0, T; H) is the space of all square integrable functions
f:10.T] — H; C([0,T]; H) (continuous functions)
and H'(0, T; H) (Sobolev functions) are similarly de-
fined .

Given Hilbert spaces F and H, £(F. H) denotes the (Ba-
nach) space of all bounded linear operators A: F — H
with norm ||A| = sup =1 Il Ax| (when F = H, we
use the abbreviated notation £(H)); A*: H — F de-
notes the adjoint of A given by {A*u. @) = (u. Ap)
forallu € H,¢ € F.

Definition of the Subject

Control theory (abbreviated, CT) is concerned with sev-
eral ways of influencing the evolution of a given system
by an external action. As such, it originated in the nine-
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has a unique mild solution uy € C([0. T]; H) given by
f
up(t) = eug +f e=94Bf(s) Vt=0 (13)
0

Note1 Boundary control problems can be reduced to the
same abstract form as above. In this case, however, B in
(12) turns out to be an unbounded operator related to suit-
able fractional powers of —A, see, e. g., [22].

Forany ¢ = 0 let us denote by A;: L*(0. ; F) — H the
bounded linear operator

Af = [ MBras Ve 0P, ()
1]

The attainable (or reachable) set from uy at time {,
A(ug, t) is the set of all points in H of the form uy(t) for
some control function f, that is

A(ug, t) = e"Yug + AL*0,  F).

We introduce below the main notions of controllability for
(7). Let T > 0.

Definition 1 System (7) is said to be:

e exactly controllable in time T if A(uy, T) = H for all
uy € M, that is, if for all uy, u; € H there is a control
function f € L*(0. T; F) such that u ((T) = uy;

e nullcontrollable in time T if 0 € A(up, T) forall ug €
H, that is, if for all uy € H there is a control function
f € L*(0. T; F) such that up(T) =05

e approximately controllable in time T if A(ug. T) is
dense in H for all uy € H, that is, if for all ug, u; € H
and for any ¢ > 0 there is a control function f €
L*(0. T; F) such that [|us(T) — uy|| < e.

Clearly, if a system is exactly controllable in time T,
then it is also null and approximately controllable in
time T. Although these last two notions of controllability
are strictly weaker than strong controllability, for specific
problems—like when A generates a strongly continuous
group—some of them may coincide.

Since controllability properties concern, ultimately,
the range of the linear operator Ar defined in (14), it is
not surprising that they can be characterized in terms of
the adjoint operator A¥: H — L*(0. T; F), which is de-
fined by

T
f (AFu(s). f(s))ds = (uo. Arf)
0
Yue H, Vfe L*0. T;F).

Such a characterization is the object of the following theo-
rem. Notice that the above identity and (14) yield

ATu(s) = B*e ™94y vse (o, T].
Theorem 1 System (7) is:

o exactly controllable in time T if and only if there is
a constant C > 0 such that

T
f |B*e'" u|dt > Cllu|)* Yue H; (15)
0

o null controllable in time T if and only if there is a con-
stant C > 0 such that

T
f [B* e u|Pdt = Cle™ ul> VueH; (16)
0

e approximately controllable in time T if and only if, for
everyu € H,

B¢ u=0 te (0.T] ae. = u=0. (17)

To benefit the reader who is more familiar with optimiza-
tion theory than abstract functional analysis, let us explain,
by a variational argument, why estimate (16) implies null
controllability. Consider, for every £ > 0, the penalized
problem

min {J:(f) : f € L*(0. T H)}
where
ey =4 [ i ans L
= - —||u
) =5 | IO de+ S lugD]
Yf e L*0.T; H).
Since J¢ is strictly convex, it admits a unique minimum

point fe. Set uz = uy,. Recalling (13) we have, By Fermat’s
rule,

T
0= g = [ (ft0.g0) ar
0
1
+ g(ug(T}. Arg) VYge L*(0,T;H). (18)
Therefore, passing to the adjoint of A,

T 1
f (fE(t)+ —( a'ius{T))(t).g(t})dt:o
0
Vg e L*(0. T; H),
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whence, owing to (14),

fult) = —é(A’;ue(r))(r) — B*w(1)

Yte [0, T]. (19)

where v(t) = ée(T_')""x ug(T) is the solution of the dual
problem

vV +AYY =0
w(T) = tue(T).

telo T

It turns out that

I 1
3 [ 1+ D < O’
0

Ve >0 (20)

for some positive constant C. Indeed, observe that, in view
of (19),

(u:; — Aug + BB*v, . vs) =0,
(vi+ A*ve. ug) =0,

ug(0) = uo
ve(T) = %HE(T)'

So,

T d . N
ﬁ I:a(us. ve) + ||B v€|| i|dt=0,

hence

1 2 r * 2
gnua(r)” +f0 |B*ve | dt = (ug. ve(0)). (21)

ug(T)

Now, apply estimate (16) with u = =2~ and note that

ve(T — t) = e @ to obtain

T
f [B=ve(n]” dt > C v @)’
a

for some positive constant C. Hence, (20) follows from
(21)and (19).

Finally, from (20) one deduces the existence of
a weakly convergent subsequence fg; in L2(0, T; F). Then,
called f the weak limit of fs,-, ug;(t) — ug/(t) for all
t € [0, T]. So, owing to (20), uz, (T) = 0.

Heat Equation

It is not hard to see that the heat equation (9) with Dirich-
let boundary conditions (2) fails to be exactly controllable.
On the other hand, one can show that it is null controllable
in any time T > 0, hence approximately controllable. Let
@ be an open subset of £2 such that w C £2.

Taking
H=1*2)=F, Bf=1,f VYfel*Q)

and A as in (8), one obtains that, for any u, € L?(£2) and
f € L*(Qy), the initial-boundary value problem

deu=Au+1,f in Qr
u=0 on Xy (22)
u(0, x) = wug(x) xeR

has a unique mild solution uy € C([0, T1; L2(£2)). More-
over, multiplying both sides of equation (9) by u and inte-
grating by parts, it is easy to see that

d,uelX(Qr) Vi=1,.... n. (23)
Notice that the above property already suffices to explain
why the heat equation cannot be exactly controllable: it is
impossible to attain a state «; € L?(£2) which is not com-
patible with (23).

On the other hand, null controllability holds true in
any positive time.

Theorem 2 Let T > 0 and let w be an open subset of 2
such thatw C $2. Then the heat equation (9) with homoge-
neous Dirichlet boundary conditions is null controllable in
time T, i.e., for every initial condition uy € L>(£2) there is
a control function f € L*(Qr) such that the solution ug of
(22) satisfies u ¢(T'.-) = 0. Moreover,

ff |f|2dxdr5CTf |uo |Pdx
Qr 2

for some positive constant Cr.

The above property is a consequence of the abstract result
in Theorem 1 and of concrete estimates for solutions of
parabolic equations. Indeed, in order to apply Theorem 1
one has to translate (16) into an estimate for the heat op-
erator. Now, observing that both A and B are self-adjoint,
one promptly realizes that (16) reduces to

T
f f v(t, x)|*dxdt > cf [v(T, x))*dx (24)
0 @ o
for every solution v of the problem
d;v = Av in Qr (25)
v=20 on Y.

Estimate (24) is called an observability inequality for the
heat operator for obvious reasons: problem (25) is not
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well-posed since the initial condition is missing. Neverthe-
less, if, “observing” a solution v of such a problem on the
“small” cylinder (0, T) x w, you find that it vanishes, then
you can conclude that v(T, -) = 0 in the whole domain £2.
Thus, v(0, -) = 0 by backward uniqueness.

In conclusion, as elegant as the abstract approach to
null controllability may be, one is confronted by the dif-
ficult task of proving observability estimates. In fact, for
the heat operator there are several ways to prove inequality
(24). One of the most powerful, basically due to Fursikov
and Imanuvilov [65], relies on global Carleman estimates.
Compared to other methods that can be used to derive ob-
servability, such a technique has the advantage of applying
to second order parabolic operators with variable coeffi-
cients, as well as to more general operators.

Global Carleman estimates are a priori estimates in
weighted norms for solutions of the problem

a[V:AV"'f
v=20

in Qr

(26)
on Xrp.

regardless of initial conditions. The weight function is usu-
ally of the form
Vr(t. x) = 0()(e¥1¥loe.2 @) (1 x) € Qr. (27)

where r is a positive constant, ¢ is a given function in
C2(2) such that

Vp(x) #£0 Vxe 2, (28)
and

a(t)it(T—t) 0<t<T.
Note that

>0, 6(t)—>o00 t—=0,T

Y, >0, Y(t,x)—>o00 t[0,t1T.

Using the above notations, a typical global Carleman esti-
mate for the heat operator is the following result obtained
in [65]. Let us denote by v(x) the outword unit normal to
I' atapoint x € I",and by

3—¢(X) = Vg(x)-v(x)
v

the normal derivative of ¢ at x.

Theorem 3 Let 2 be a bounded domain of R" with
boundary of class C2, let f € L*(Qr), and let ¢ be a func-
tion satisfying (28). Let v be a solution of (26). Then there

are positive constants r, sy and C such that, for any s > s,

53f B2 (0)|v(t. x)Pe =V rdxdt

Qr
T
< cff If (. x)[2e =V dxdt + C‘f a(t)dt
Qr 0

¢
X fl’ a—v(x)

It is worth underlying that, thanks to the singular behavior

2
g—:(t.x) VA (%) (29)

of 6 near 0 and T, the above result is independent of the
initial value of v. Therefore, it can be applied, indifferently,
to any solution of (26) as well as to any solution of the
backward problem

3;v+ AV:f

v=20

in Qr

on Xr.

Moreover, inequality (29) can be completed adding first
and second order terms to its left-hand side, each with its
own adapted power of sand 6.

Instead of trying to sketch the proof of Theorem 3,
which would go beyond the scopes of this note, it is in-
teresting to explain how it can be used to recover the ob-
servability inequality (24), which is what is needed to show
that the heat equation is null controllable. The reason-
ing—not completely straightforward—is based on the fol-
lowing topological lemma, proved in [65].

Lemma 1l Let £2 C R" be a bounded domain with bound-
ary I' of class CX, for some k > 2, and let @ C $2 be an
open set such thatw C £2.

Then there is function ¢ € CX(£2) such that

() ¢(x)=0 and ¥(x)<0 Vxer 0)
(i) {xe€e2|Ve(x)=0} Cw.

Now, given a solution v of (25) and an open set @ such that

W C 2,letw’ CC w” CC @ be subdomains with smooth

boundary. Then the above lemma ensures the existence of

a function ¢ such that

{(x € Q|Vp(x) =0} C .
“Localizing” problem (25) onto £2' = 2\ o' by a cutoff
function n € C*°(R") such that

!

0<n<l, =1 onR™"\w", =0 on o,

that is, taking w = nv, gives

dw=Aw+h in Q. =(0.T)x 2’

31
w(t.s) =0 on 02" =2 U dw’, 61
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with h := —vAn + 2V5 - Vu. Since Vi # 0 on 2, The-
orem 3 can be applied to w on Q. to obtain

53,[ 93|w|ze_2“‘”dxdt

Qr
< Cff |h|Pe™ >V dxdt
Qr

T a 9 2
+ Csj Bdtf _qb o e BV garn!
0 r Bu 8v
T 2
+ Csf thf B_qb B_w e BV gg ]
0 de’ OV | dV

< cff |h|%e 2V dxdt
Qy

for s sufficiently large. On the other hand, forany0 < Ty <
T] < T,

53[[ 93|w|2e_2”‘”fdxdr
Q7
T
> 53f dt/ 3|wre 2 Vrdxdt
Ty 2\w
T
> f dt f |v|>dx
Tn .Q\w

Therefore, recalling the definition of h,

T
f dtf [v|?dx < cff |h|?e 2V dxdt
Ty 2\w Q-‘T

T
< cf df[ [IV2n)** + [V Vv ] e 2V dx
0 w.ﬁ!\w:

T T
< cf dtf |v\2dx+Cf dt
0 @ 0
x f |VvPe >Vrdx.
wﬂ\w!

Now, fix Ty = T/3. T, = 2T/3 and use Caccioppoli’s
inequality (a well-known estimate for solution of elliptic
and parabolic PDE’s)

,
f dtf |Vv|2e 2V dx
0 o\’

T
< cf dtf [v|Pe™>¥rdx,
1] w
to conclude that

2T/3 T
dtj [v|*dx < c[ dtf |v)? dx
T/3 2\w 0 w

or

2T/3 T
drf [v[*dx < (1+ C)f drf |v|* dx
T/3 2 0 [

for some constant C. Then, the dissipativity of the heat op-
erator (that is, the fact that fﬂ |v(t. x)|2dx is decreasing
with respect to f) implies that

3 2T/3
f V(T x)dx < —f dt[ V(£ x)dx
I T Jrps 2

3 T
5(1+C)—f dr] vi(t x)dx,
T 0 @

which is exactly (24).

Wave Equation

Compared to the heat equation, the wave equation (5) ex-
hibits a quite different behavior from the point of view of
exact controllability. Indeed, on the one hand, there is no
obstruction to exact controllability since no regularizing
effect is connected with wave propagation. On the other
hand, due to the finite speed of propagation, exact control-
lability cannot be expected to hold true in arbitrary time,
as null controllability does for the heat equation.

In fact, a typical result that holds true for the wave
equation is the following, where a boundary control of
Dirichlet type acts on a part I} C I, while homogeneous
boundary conditions are imposed on I = I" \ I}

afu = Au in Qr
u=flp, on Xy (32)
u(0,x) = ug(x) . d;u(0.x) = u1(x) x € 2

Observe that problem (32) is well-posed taking

ug €L*(2), u; e HY(N)
fel?*0. T, L*(IM))
u €C([0, T); L2 (2)) N C'(jo, T; H1(2)).

Theorem 4 Let §2 be a bounded domain of R" with
boundary of class C? and suppose that, for some point x; €
R",

(x —xp)-v(x) >0 Vxel
(x —xg)-v(x)<0 Vxelp.

Let

R = sup |x — xp|.
xER
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If T > 2R, then, for all (1g, 1)), (vo. v1) € L*(2) x H1(2)
there is a control function f € L*(0, T; L*(I")) such that
the solution uy of (32) satisfies

r.cf(T.x] = vy(x). aruf(T. x) = vi(x).

As we saw for abstract evolution equations, the above ex-
act controllability property is proved to be equivalent to
an observability estimate for the dual homogeneous prob-
lem using, for instance, the Hilbert Uniqueness Method
(HUM) by J.-L. Lions [86].

Bibliographical Comments

The literature on controllability of parabolic equations and
related topics is so huge, that no attempt to provide a com-
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liographical research.

The theory of exact controllability for parabolic equa-
tions was initiated by the seminal paper [58] by Fattorini
and Russell. Since then, it has experienced an enormous
development. Similarly, the multiplier method to obtain
observability inequalities for the wave equation was devel-
oped in [17,73,74,77,86]. Some fundamental early contri-
butions were surveyed by Russell [108]. The next essen-
tial progress was made in the work by Lebeau and Rob-
biano [83] and then by Fursikovand Imanuvilov in a series
of papers. In [65] one can find an introduction to global
Carleman estimates, as well as applications to the con-
trollability of several ODE’s. In particular, the presenta-
tion of this paper as for observability inequalities and Car-
leman estimates for the heat operator is inspired by the
last monograph. General perspectives for the understand-
ing of global Carleman estimates and their applications to
unique continuation and control problems for PDE’s can
be found in the works by Tataru [113,114,115,116]. Usu-
ally, the above approach requires coefficients to be suffi-
ciently smooth. Recently, however, interesting adaptations
of Carleman estimates to parabolic operators with discon-
tinuous coeflicients have been obtained in [21,52].

More recently, interest has focussed on control prob-
lems for nonlinear parabolic equations. Different ap-
proaches to controllability problems have been proposed
in [57] and [44]. Then, null and approximate controlla-
bility results have been improved by Fernandez—Cara and
Zuazua [61,62]. Techniques to produce insensitizing con-
trols have been developed in [117]. These techniques have
been successfully applied to the study of Navier-Stokes
equations by several authors, see e. g. [63].

Fortunately, several excellent monographs are now
available to help introduce the reader to this subject. For
instance, the monograph by Zabczyk [121] could serve as
a clean introduction to control and stabilization for finite-
and infinite-dimensional systems. Moreover, [22,50,51],as
well as [80,81] develop all the basic concepts of control and
system theory for distributed parameter systems with spe-
cial emphasis on abstract formulation. Specific references
for the controllability of the wave equation by HUM can be
found in [86] and [74]. More recent results related to series
expansion and Ingham type methods can be found in [75].
For the control of Navier-Stokes equations the reader is
referred to [64], as well as to the book by Coron [43], which
contains an extremely rich collection of classical results
and modern developments.

Stabilization

Stabilization of flexible structures such as beams, plates,
up to antennas of satellites, or of fluids as, for instance, in
aeronautics, is an important part of CT. In this approach,
one wants either to derive feedback laws that will allow
the system to autoregulate once they are implemented, or
study the asymptotic behavior of the stabilized system i.e.
determine whether convergence toward equilibrium states
as times goes to infinity holds, determine its speed of con-
vergence if necessary or study how many feedback controls
are required in case of coupled systems.

Different mathematical tools have been introduced to
handle such questions in the context of ODE’s and then
of PDE’s. Stabilization of ODE’s goes back to the work of
Lyapunov and Lasalle. The important property is that tra-
jectories decay along Lyapunov functions. If trajectories
are relatively compact in appropriate spaces and the sys-
tem is autonomous, then one can prove that trajectories
converge to equilibria asymptotically. However, the con-
struction of Lyapunov functions is not easy, in general.

This section will be concerned with some aspects of
the stabilization of second order hyperbolic equations, our
model problem being represented by the wave equation
with distributed damping

dpett — Au+ a(x)uy =0 in 2 xR,
=0 on ¥ =(0,00) x I (33)
(. 9,u)(0) = (1%, u) on 2,

in a bounded domain 2 C R" with a smooth bound-
ary I'. For n = 2, u(t, x) represents the displacement
of point x of the membrane at time f. Therefore, equa-
tion (33) describes an elastic system. The energy of such
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Using once again (38) with ¢ = 0 in this last inequality and
the definition of ¢, one has

oc
f E(s)ds < cE(0)exp(—tic) Yt=0.
t
Since E is a nonnegative and nonincreasing function

t o0
cE(t)f[ E(s)dsff E(s)ds

—C
< cE(0)exp(—(f — ¢)/c).
so that (39) is proved.

An alternative method is to introduce a modified (or
perturbed) energy E. which is equivalent to the natural
one for small values of the parameter £ as in Komornik and
Zuazua [76]. Then one shows that this modified energy
satisfies a differential Gronwall inequality so that it decays
exponentially at infinity. The exponential decay of the nat-
ural energy follows then at once. In this case, the modified
energy is indeed a Lyapunov function for the PDE. The
natural energy cannot be in general such a Lyapunov func-
tion due to the finite speed of propagation (consider initial
data which have compact support compactly embedded in
2\w).

There are also very interesting approaches using the
frequency domain approach, or spectral analysis such as
developed by K. Liu [87] Z. Liu and S. Zheng [28]. In the
sequel, we concentrate on the integral inequality method.
This method has been generalized in several directions and
we present in this note some results concerning extensions
to

e nonlinear feedback
e indirect or single feedback for coupled system

e memory type feedbacks

Generalizations to Nonlinear Feedbacks Assume now
that the feedback term a(x)u; in (33) is replaced by a non-
linear feedback a(x)p(u¢) where p is a smooth, increasing
function satisfying vp(v) = 0 for v € R, linear at oo and
with polynomial growth close to zero, that is: p(v) = |v|?
for |[v| < 1 where p € (1.00).

Assume moreover that w satisfies Zuazua’s multiplier
geometric condition (MGC) or Liu’s piecewise multiplier
method (PWMGC). Then using multipliers of the space
and time variables defined as E(s)?~1"2 Mu(x) where
Mu(x) are multipliers of the form described in section 5.1
and integrating by parts expressions of the form

T
f E(s)(p—l)ﬂ
t

X f (07u — Au + a(x)p(u,))Mu(x)dxds = 0.
§2

one can prove that the energy E of solutions satisfies the
following inequality forall0 < t < T

.
f EP+D2(5)dy

t

T
< cEPTVR2(py 4 ¢ f E@12()

t

(f s [ o)

One can remark than an additional multiplicative weight
in time depending on the energy has to be taken. This
weight is E?~1/2, Then as in the linear case, but in a more
involved way, thanks to the dissipation relation

E'(n) = —fg a(x)up(u), (40)

one can prove that E satisfies the following nonlinear inte-
gral inequality

T
f EPTU2(9)ds < ¢cE(), Yo<t<T.

f

Thanks to the fact that E is nonincreasing, a well-
known result by Komornik [74] shows that E is polyno-
mially decaying, as t—2/(P~1) at infinity. The above type re-
sults have been obtained by many authors under weaker
form (see also [40,11,71,98,122]).

Extensions to nonlinear feedbacks without growth
conditions close to zero have been studied by Lasiecka and
Tataru [78], Martinez [93], W. Liu and Zuazua [29], Eller
Lagnese and Nicaise [56] and Alabau-Boussouira [5]. We
present the results obtained in this last reference since they
provide optimal decay rates.

The method is as follows. Define respectively the linear
and nonlinear kinetic energies

fw |Mr|2 dx,
Jo lax)p(ue)|* dx .

and use a weight function in time f (E(s)) which is to be de-
termined later on in an optimal way. Integrating by parts
expressions of the form

T
j f(E(s))f (0fu—Au+a(x)p(u,))Mu(x)dxds = 0,
t 2

one can prove that the energy E of solutions satisfies the
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following inequality forall0 < r < T

T T
j: E(s)f(E(s))ds = cf(E(1)) + Cf, J(E(s))

x(fﬂ|a(x)p(m|2+[m|uf|2)- (41)

The difficulty is to determine the optimal weight un-
der general growth conditions on the feedback close to 0,
in particular for cases for which the feedback decays to 0
faster than polynomials.

Assume now that the feedback satisfies

g(v]) = o) = Cg7 (). Y] = 1. (42)

where g is continuously differentiable on R strictly in-
creasing with g(0) = 0 and

ge C2(0, ry]) ., rg sufficiently small |,
H() = /g(,/) is strictly convex on [OT ré] .
gisodd.

Moreover, p is assumed to have a linear growth at infinity.
We define the optimal weight function f as follows.
We first extend H to a function H define on all R

H(x)if x € [0. rﬁ] .

H(x) =
+o0 otherwise ,

then, define a function F as follows:

H*(y)

if y € (0.400).
F(y) = 4
0 if y=0,

where H* stands for the convex conjugate of H, that is

H*(y) = sup{x y — H(x)}.
x€R
Then the optimal weight function f is determined in the
following way

f(s)=F'(s2B) se[0.28r3) .

where B is of the form max(7,, 7,E(0)), m and 7, being
explicit positive constants.

One can prove that the above formulas make sense,
and in particular that F is invertible and smooth. More
precisely, F is twice continuously differentiable strictly in-
creasing, one-to-one function from [0, +0c0) onto [0, ré)
Note that since the feedback is supposed to be linear at
infinity, if one wants to obtain results for general growth

types of the feedback, one can assume convexity of H only
in a neighborhood of 0.

One can prove from (41) that there exists an (explicit)
Ty > 0 such that for all initial data, E satisfies the following
nonlinear integral inequality

T
f EOf(EGE)ds < TE(®) YO<t<T.  (13)
t

This inequality is proved thanks to convexity argu-
ments as follows. Thanks to the convexity of H, one can
use Jensen’s inequality and (42), so that

fg la(x)p(un) P dx < yy(DH™!

1
X (m]g a(x)utp(ut)dx)

In a similar way, one proves that

1
f lue?dx < ya()(~! (}’ ) La(x)ufp(u:)dx)
Wy 2

where 2 and @ are time-dependent sets of respective
Lebesgue measures y, () and y,(f) on which the velocity
u¢(t, x)is sufficiently small. Using the above two estimates,
together with the linear growth of p at infinity, one proves

T
ft f(E(S))(fQIa(x)p(u:)|2+fm|u:|2)
T
< f FEE)H™ (l f a(x)uf,o(us)dx)
t cJp

Using then Young's inequality, together with the dis-
sipation relation (40) in the above inequality, one obtains

T
f f(E(S)}([ Ia(x)p(u:)|2+f qulz)
t 2 @
T

< Cl] I* (f(E(s)) ds + CLE(1),

t

(44)

where C; > 0i = 1,2 is a constant independent of the
initial data. Using the dissipation relation (40) in the above
inequality, this gives forall0 <t < T

Combining this last inequality with (41) gives

T T
f E(s)f(E(s))ds < ﬁ] ()" (f(E(s)) ds + CE(1)

where 8 is chosen of the form max(n,, 1, E(0)), 7, and
12 being explicit positive constants to guarantee that the
argument E of f stays in the domain of definition of f.
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Thus (43) is proved, thanks to the fact that the weight func-
tion has been chosen so that

BI(f(E() = SEE(EE) YO<s.

Therefore E satisfies a nonlinear integral inequality with
a weight function f(E) which is defined in a semi-explicit
way in general cases of feedback growth.

The last step is to prove that a nonincreasing and
nonnegative absolutely continuous function E satisfying
a nonlinear integral inequality of the form (43) is decay-
ing at infinity, and to establish at which rate this holds. For
this, one proceeds as in [5].

Let 7 > O and T; > O be fixed given real numbers and
F be a strictly increasing function from [0, +o0) on [0, 17),
with F(0) = Oand limy— 4 oc F(¥) = 1.

Foranyr € (0. 7), we define a function K, from (0, r]
on [0, +o0c) by

T dy
K(t)= | ——
i /; yF'(y)

and a function ¥, which is a strictly increasing function
from [P+(r)' +oc) onto [F,l—,m. +00) by

(45)

V@) =z+ Kr(Fté)) >z Vz> (46)

1
,FT(?_)‘

One can prove that if E is a nonincreasing, absolutely
continuous function from [0, +00) on [0, +00), satisfying
0 < E(0) < nand the inequality

T
[ E(s)F~Y(E(s))ds < TLE(S), Yo0<t<T, (47)
t
then E satisfies the following estimate:

1 Ty
E(t)<F|——|. Vt= s
0= (w:'(;o)) e

where r is any real such that

(48)

1 +o0

— E()F Y (E(x))dt <r<7.
Ty Jo

Thus, one can apply the above result to E with 5 = rﬁ
and show that lim f — +00E(f) = 0, the decay rate being
given by estimate (48).

1f g is polynomial clo_sg to zero, one gets back that the
energy E(t) decays as t7-7 at infinity. If g(v) behaves as
exp(—1/|v|) close to zero, then E(t) decays as 1/(In(£))? at
infinity.

The usefulness of convexity arguments has been first
pointed out by Lasiecka and Tataru [78] using Jensen’s

inequality and then in different ways by Martinez [93]
(the weight function does not depend on the energy)
and W. Liu and Zuazua [89] and Eller Lagnese and
Nicaise [56]. Optimal decay rates have been obtained
by Alabau-Boussouira [5,6] using a weight function de-
termined through the theory of convex conjugate func-
tions and Young’s (named also as Fenchel-Moreau’s) in-
equality. This argument was also used by W. Liu and
Zuazua [39] in a slightly different way and combined
to a Lyapunov technique. Optimality of estimates in [5]
is proved in one-dimensional situation and for bound-
ary dampings applying optimality results of Vancosteno-
ble [119] (see also Martinez and Vancostenoble [118]).

Indirect Damping for Coupled Systems

Many complex phenomena are modeled through coupled
systems. In stabilizing (or controlling) energies of the vec-
tor state, one has very often access only to some compo-
nents of this vector either due to physical constraints or
to cost considerations. In this case, the situation is to sta-
bilize a full system of coupled equation through a reduced
number of feedbacks. This is called indirect damping. This
notion has been introduced by Russell [109] in 1993.
Asan example, we consider the following system:

Bfu—Au+Hru+av=0
v —Av+oau=0

in xR, u=0=v on d2xR. (49)
Here, the first equation is damped through a linear dis-
tributed feedback, while no feedback is applied to the sec-
ond equation. The question is to determine if this coupled
system inherits any kind of stability for nonzero values of
the coupling parameter « from the stabilization of the first
equation only.

In the finite dimensional case, stabilization (or control)
of coupled ODE’s can be analyzed thanks to a powerful
rank type condition named Kalman’s condition. The situ-
ation is much more involved in the case of coupled PDE’s.

One can show first show that the above system fails to
be exponentially stable (see also [66] for related results).

More generally, one can study the stability of the system

W +Aju+ By Fav=0

50
Vi Ay Foau =0 (>0)

in a separable Hilbert space H with norm |- |, where A, A,
and B are self-adjoint positive linear operators in H. More-
over, B is assumed to be a bounded operator. So, our anal-
ysis applies to systems with internal damping supported
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in the whole domain £2 such as (49); the reader is referred
to [1,2] for related results concerning boundary stabiliza-
tion problems (see also Beyrath [23,24] for localized indi-
rect dampings).

In light of the above observations, system (50) fails to
be exponentially stable, at least when H is infinite dimen-
sional and A, has a compact resolvent as in (49). Indeed
it is shown in Alabau, Cannarsa and Komornik [8] that
the total energy of sufficiently smooth solutions of (50) de-
cays polynomially at infinity whenever |«| is small enough
but nonzero. From this result we can also deduce that any
solution of (50) is strongly stable regardless of its smooth-
ness: this fact follows by a standard density argument since
the semigroup associated with (50) is a contraction semi-
group.

A brief description of the key ideas of the approach de-
veloped in [2,8] is as follows. Essentially, one uses a finite
iteration scheme and suitable multipliers to obtain an esti-
mate of the form

T i
f Eu(t), v(t)dt < ¢ Y E®(0), v (0))

0 k=0

YT >0, (51)

where j is a positive integer and E denotes the total energy
of the system

E(u,v) = —(|A‘;'2:,¢|2 + [&'])

[3S]

(\A”zv|2 + VP) + afu,v).

Once (51) is proved, an abstract lemma due to Alabau [ 1,2]
shows that E(u(t), v(t)) decays polynomially at co. This
abstract lemma can be stated as follows.

Let A be the infinitesimal generator of a continuous
semi-group exp(tA) on an Hilbert space 71, and D(A) its
domain. For UY in #{ we set in all the sequel U(t) =
exp(tA)U0 and assume that there exists a functional E de-
fined on C([0, +00). H{) such that for every U in 34,
E(exp(.A)) is a non-increasing, locally absolutely contin-
uous function from [0, +00) on [0, +00). Assume more-
over that there exist an integer k € N* and nonnegative
constants ¢ for p = 0,... k such that

T k
[RECICTED SPECLISY
s =0

Vo <S<T.vU"e DAY, (52)

Then the following inequalities hold for every U’ in
D{A"”’) andall 0 = § = T where n is any positive inte-

ger:

T (t — S)n 1 kn (
E(U(1)—————— E(UP(s
j; W g (5). (53)
and
kn
E(U(t) < c Y E(UP )"
p=0
¥i>0, e D(A"),

where c is a constant which depends on n.

First (53) is proved by induction on n. For n = 1, it re-
duces to the hypothesis (52). Assume now that (53) holds
for nand let U° be given in D(A*U" 1)) Then we have

f f E(U(T}) 0 D

< ch E(UP)(1))dt
p=0"3

Vo <=S$=T,VU®eD(A™).

drdt

Since UY is in D(A¥("+ D) we deduce that U (0) = APU?
is in D(AF) for p € {0.... kn}. Hence we can apply the
assumption (52) to the initial data UP)(0). This together
with Fubini’s Theorem applied on the left hand side of the
above inequality give (53) for n + 1. Using the property
that E(U(¢)) is non increasing in (53) we easily obtain the
last desired inequality.

Applications to wave-wave, wave-Petrowsky equations
and various concrete examples hold.

The above results have been studied later on by Batkai,
Engel, Priiss and Schnaubelt [18] using very interesting
resolvent and spectral criteria for polynomial stability of
abstract semigroups. The above abstract lemma in [2]
has also been generalized using interpolation theory. One
should note that this integral inequality involving higher
order energies of solutions is not of differential nature,
unlike Haraux’s and Komornik’s integral inequalities. An-
other approach based on decoupling techniques and for
slightly different abstract systems have been introduced by
Ammar Khodja Bader and Ben Abdallah [12].

Spectral conditions have also been studied by Z.
Liu [88] and later on by Z. Liu and Rao [90], Loreti and
Rao [92] for peculiar abstract systems and in general for
coupled equations only of the same nature (wave-wave for
instance), so that a dispersion relation for the eigenvalues
of the coupled system can be derived. Also these last re-
sults are given for internal stabilization only. Because of
the above limitations, Z. Liu—Rao and Loreti-Rao’s results
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are less powerful in generality than the ones given by Al-
abau, Cannarsa and Komornik [2¢] and Alabau [2]. More-
over results through energy type estimates and integral
inequalities can be generalized to include nonlinear indi-
rect dampings as shown in [7]. On the other side spectral
methods are very useful to obtain optimal decay rates pro-
vided that one can determine at which speed the eigenval-

ues approach the imaginary axis for high frequencies.

Memory Dampings

We consider the following model problem

upe(t, x) — Au(t, x) + ﬁ; Bt —s)Au(s. x)ds =
[u(t, )Y u(t, x)
u(t.)jap =0
(14(0,-), ut(0.-)) = (uo. uy)
(54)

where0 < y < ﬁ holds. The second member is a source
term. The damping

t
f Bt —s)Au(s, x)ds
0

is of memory type.
The energy is defined by

1
Eu(t) = (0] 72(g) 4

t
+! (1 -/ ﬁ(s)dS) NCCIE

1
y+2
— MO

1 t
43 [ BT = Va0l g e

The damping term produces dissipation of the energy, that
is (for strong solutions)

, 1
E, (0 = =ZB®]Vu®)?
t
+ %f B'(8)]|Vu(s) — Vu(t)|*ds < 0
0

One can consider more general abstract equations of the
form

t
u” (1) + Au(t) — f Bt —s)Au(s)ds = VF(u(t))
0

t € (0,00) (55)

in a Hilbert space X, where A: D(A) C X — X is an ac-
cretive self-adjoint linear operator with dense domain, and
VF denotes the gradient of a Gateaux differentiable func-
tional F: D(A'?) — R. In particular, equation (54) fits
into this framework as well as several other classical equa-
tions of mathematical physics such as the linear elasticity
system.

We consider the following assumptions.

Assumptions (H1)

1. A is a self-adjoint linear operator on X with dense do-
main D(A), satisfying

(Ax,x) = M||x||* Vx € D(A) (56)

for some M > 0,
2. B:[0,00) = [0,00) is a locally absolutely continuous
function such that

fooﬁ(t)dt <1p(0)>0 B()=<0
0

forae. t=>0.

: D(A'?) — R is a functional such that

1. Fis Gateaux differentiable at any point x € D(A'?);
2. forany x € D(A"?) there exists a constant ¢(x) > 0
such that

IDF(x)(y)| < e(x)||y||. forany y € D(A'?).

where DF(x) denotes the Géiteaux derivative of F in
x; consequently, DF(x) can be extended to the whole
space X (and we will denote by VF(x) the unique
vector representing DF(x) in the Riesz isomorphism,
that is, (VF(x), y) = DF(x)(y), for any y € X);

3. for any R > 0 there exists a constant Cp > 0 such
that

[VEF(x) — VE(y)|| < Cr[|AM?x — A"y
forall x, y € D(AY?) satisfying | A2 x|, [[AY2y| <

R.

Assumptions (H2)

1. There exist p € (2, 00] and k > 0 such that

B(t) < —kB'TH (1) forae. t>0

(here we have set IE = 0for p = oc0).
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and h. For further reading, one may consult the mono-
graphs [22,85], and [79], for problems where the running
and final costs are given by quadratic forms (the so-called
Linear Quadratic problem), or [84] and [59] for more gen-

eral optimal control problems.

Necessary Conditions

Once the existence of a solution to problem (60)-(61) has
been established, the next important step is to provide
conditions to detect a candidate solution, possibly show-
ing that it is, in fact, optimal. By and large the optimality
conditions of most common use are the ones known as
Pontryagin’s Maximum Principle named after the Russian
mathematician L.S. Pontryagin who greatly contributed to
the development of control theory, see [100,101].

So, suppose {ux, f«}, where uyx = uy,_is a candidate
optimal pair and consider the so-called adjoint system

—p' (1) = A*p(t) + D, L(t. us (1), f« (1)) = 0
te [0, T] ae.
p(T) = al(ux(T)) .

where @, L(t, u, ¢p) and d£(u) denote the Fréchet gradients
of the maps L(t, -, ¢) and £ at u, respectively. Observe that
the above is a backward linear Cauchy problem with ter-
minal condition, which can obviously be reduced to a for-
ward one by the change of variable t — T —t. So, it admits
a unique mild solution, labeled py, which is called the ad-
joint state associated with {uy. fi}.

Pontryagin’s Maximum Principle states that, if {u,,
f+} is optimal, then

(ps(t), Bfe(t)) + L{t. us(t). fu(t)) =

glei? [(p«(). Bp) + L(t. ux(). §)]

1€ [0, T] ae. (65)

The name Maximum Principle rather than Minimum
Principle, as it would be more appropriate, is due to the
fact that, traditionally, attention was focussed on the max-
imization—instead of minimization—of the functional in
(61). Even today, in most models from economics, one is
interested in maximizing payoffs, such as revenues, utility,
capital and so on. In that case, (65) would still be true, with
a “max” instead ofa “min”.

At first glance, it might be hard to understand the rev-
elance of (65) to problem (61). To explain this, introduce
the function, called the Hamiltonian,

H(t,u,p) = glei? [(p. Bo) + L(t, u. ¢)]

(t,u,p) € [0.T]x Hx H. (66)

Then, Fermat’s rule yields B* p 4+ d4 L(t, u, ¢p) = O atevery
¢ € F at which the minimum in (66) is attained. There-
fore, from (65) it follows that

B*pa(t)+ 0Lt us(t). f(t) =0 t€[0.T] ae. (67)

which provides a much-easier-to-use optimality condi-
tion.

There is a vast literature on necessary conditions for
optimality for distributed parameter systems. The set-up
that was considered above can be generalized in several
ways: one can consider nonlinear state equations as in
(62), nonsmooth running and finals costs, constraints on
both state and control, problems with infinite horizon or
exit times. Further reading and useful references on most
of these extensions can be found in the aforementioned
monographs [22,79,84,85], and in [59] which is mainly
concerned with time optimal control problems.

Dynamic Programming

Though useful as it may be, Pontryagin’s Maximum Prin-
ciple remains a necessary condition. So, without further
information, it does not suffice to prove the optimality of
a give trajectory/control pair. Moreover, even when the
map ¢ > dgL(t u.¢) turns out to be invertible, the
best result identity (67) can provide, is a representation of
f+(#) in terms of w4 (t) and p+ (#): not enough to determine
fs(#), in general.

This is why other methods to construct optimal con-
trols have been proposed over the years. One of the most
interesting ones is the so-called dynamic programming
method (abbreviated, DP), initiated by the work of R. Bell-
man [20]. Such a method will be briefly described below in
the set-up of distributed parameter systems.

Fix T > 0,ssuch that 0 < s < T, and consider the
optimal control problem

to minimize
T
Prn = [ n (o s0) ar e ()
(68)

over all control functions f € L*(s. T, F), where u}‘v(t) is

the solution of the controlled system

%u’(t) = Au(t) + Bf (1)

u(s) =v.

tels, T (69)

The value function U associated to (68)-(69) is the real-
valued function defined by

U(s,v) = inf  J*'(f)

fE€L(s,T;F)

V(s.v) € [0, T] x H. (70)
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A fundamental step of DP is the following result, known
as Bellman’s optimality principle.

Theorem 5 For any (s.v) € [0.T] x H and any f €
L(s. T; F)

Us,v) < [r L (r, uj;”(r).f(:)) dt+ U (r. u;:“(r))

Yrels T].

Moreover, f*(-) is optimal if and only if

Us, v) = fr L(t. uj;“(r).f(t)) dt+U (r. uj;”(r})

Vrels T].

The connection between DP and optimal control is based
on the properties of the value function. Indeed, applying
Bellman’s optimality principle, one can show that, if U is
Fréchet differentiable, then

dsU(s,v) + {Av. 0, U(s,v)) + H (s,v, 3, U(s.v)) = 0
(s.v) € (0, T) x D(A)

U(T.v)={(v) veH

where # is the Hamiltonian defined in (66). The above
equation is the celebrated Hamilton-Jacobi equation of
DP. To illustrate its connections with the original opti-
mal control problem, a useful formal argument—that can,
however, be made rigorous—is the following. Consider
a sufficiently smooth solution W of the above problem and
let (s, v) € (0, T) x D(A). Then, for any trajectory/control
pair {u. f},

%W(f. u(t)) = o, W(t, u(t)) + (9, W(t, u(t)), Au(t)
+ Bf(1)
= (3, W(t. u(1)). B (1))
— H (t,u(t), d, W(t u(t)))

> —L(t u(t), f(1)) (71)

by the definition of #{ . Therefore, integrating from sto T,

T
(1)) = W(s.v) = —f L(t, u(1), f(0)dt.

whence J*"(f) = W(s, v). Thus, taking the infimum over
all f € L*(s, T, F),
Wis,v) = U(s,v)

Y(s.v) € (0. T) x D(A). (72)

Now, suppose there is a control function fx € L%(s, T; F)
such that, forall t € [s, T,

(0, W(t, ux (1)), Bfo (1)) + L(£, ux(1). fu(1))

= H (t. ux(t), 0, W(t, us(0)). (73)

where uy(-) = uj::(-}. Then, from (71) and (73) it follows
that

%W(f- ux (1)) = —L(t.u(1). f(1)).

whence
Ws.v) = J*'(fi) = Uls. ).

From the above inequality and (72) it follows that
Wi(s,v) = U(s,v) forall (s,v) € (0.T) x D(A), hence
for all (s, v) € (0, T) x H since D(A) is dense in H. So, f
is an optimal control.

Note 2 The above considerations lead to the following
procedure to obtain optimal an optimal trajectory:

e find a smooth solution of the Hamilton-Jacobi equa-
tion;
e for every (t,v) € (0,T) x D(A) provide a feedback
f(¢t.v) such that
(0, W(t,v), Bf(t,v)) + L(t, v, f(t.v))
= H(t,v.0, W(t,v))

e solve the so-called closed loop equation

u'(t) = Au(t) + Bf(t.u(t)) te[s.T)

u(s) =v

Notice that not only is trajectory u optimal, but the
corresponding control f is given in feedback form as well.

Linear Quadratic Optimal Control

One of the most successful applications of DP is the so-
called Linear Quadratic optimal control problem. Con-
sider problem (68)-(69) with costs L and ¢ given by

L(tou. @) = (M(Hu,u) + (N(t)p. P)
V(T u, ) € [0.T] x Hx F

and

{(u) = (Du.u) VYueH,

where

e M: [0,T] — L(H) is continuous, M(t) is symmetric
and (M (f)u, u) = 0 for every (t,u) € [0. T] x H;
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e N:[0,T] — F is continuous, N(t) is symmetric and
(N(t)p., p) = ¢o|¢|? for every (t.¢) € [0, T] x F and
some constant ¢y > 0;

e D e L£(H)is symmetric and (Du,u) = 0 for every
ueH.

Then, assumptions (63) and (64) are satisfied. So, a solu-
tion to (68)-(69) does exist. Moreover, it is unique because
of the strict convexity of functional J*".

In order to apply DP, one computes the Hamiltonian

A (t,u.p) = min (p. BE) + (M(Du. 4} + (N()$.9)

= (M(t)u, u) 4(BN_1{t)B*p.p).

where the above minimum is attained at

1
Pt p) = —EN‘I(HB*p. (74)

Therefore, the Hamilton-Jacobi equation associated to the
problem is

dsWi(s.v) + (Av, 0, W(s.v)) + (M(s)v,v)
—1(BNT'(s)B*3, W(s.v). 9, W(s.v)) = 0
Y(s,v) € (0, T) x D(A)

w(T.v) = (Dv.v) VYvel

It is quite natural to search a solution of the above problem
in the form

Wi(s,v) = (P(s)v.v) V(s.v)e[0.T] x H.

with P: [0, T] — £(H) continuous, symmetric and such
that (P(f)u, u) > 0. Substituting into the Hamilton-Jacobi
equation yields

(P'(s)v.v) + {[A*P(s) + P(s)A]v,v) + (M(s)v.v)
—(BNTY(s)B*P(s)v, P(s)v) = 0
V(s.v) € (0. T) x D(A)

(P(T)v.v) = (Dv.v) VveH

Therefore, P must be a solution of the so-called Riccati
equation

P'(s) + A*P(s) + P(s)A + M(s)
—P(s)BN~!(s)B*P(s) = 0
P(T)=D

Vs e (0, T)

Once a solution P(-) of the Riccati equation is known, the
procedure described in Note 2 can be applied. Indeed, re-
calling (74) and the fact that @, W (t, v) = 2P(t)v, one con-
cludes that f(t,v) = —N"'(£)B*P(t)v is a feedback law.

So, solving the closed loop equation
} W' (f) = [A — BNTY()B*P()]u(t) te (s, T)

u(s) =v

one obtains the unique optimal trajectory of problem
(68)-(69).

In sum, by DP one reduces the original Linear
Quadratic optimal control problem to the problem of find-
ing the solution of the Riccati equation, which is easier to
solve than the Hamilton-Jacobi equation.

Bibliographical Comments

Different variants of the Riccati equation have been suc-
cessfully studied by several authors in connection with
different state equations and cost functionals, including
boundary control problems and problems for other func-
tional equations, see [22,79] and the references therein.
Sometimes, the solution of the Riccati equation related to
alinearized model provides feedback stabilization for non-
linear problems as in [104].

Unfortunately, the DP method is hard to implement
for general optimal control problems, because of several
obstructions: nonsmoothness of solutions to Hamilton-
Jacobi equations, selection problems that introduce dis-
continuities, unboundedness of the coefficients, numer-
ical complexity. Besides the Linear Quadratic case, the
so-called Linear Convex case is the other example that
can be studied by DP under fairly general conditions,
see [14]. For nonlinear optimal control problems some
of the above difficulties have been overcome extending
the notion of viscosity solutions to infinite dimensional
spaces, see [415,16,47,48,49], see also [28,29,30,31,32,33]
and [112]. Nevertheless, finding additional ideas to make
a generalized use of DP for distributed parameter systems
possible, remains a challenging problem for the next gen-
erations.

Future Directions

In addition to all considerations spread all over this arti-
cle on promising developments of recent—as well as es-
tablished—research lines, a few additional topics deserve
to be mentioned.

The one subject that has received the highest atten-
tion, recently, is that of numerical approximation of con-
trol problems, from the point of view of both controlla-
bility and optimal control. Here the problem is that, due
to high frequency spurious numerical solutions, stable al-
gorithms for solving initial-boundary value problems do
not necessarily yield convergent algorithms for computing
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controls. This difficulty is closely related to the existence
of concentrated numerical solutions that escape the obser-
vation mechanisms. Nevertheless, some interesting results
have been obtained so far, see, e. g., [124,125].

Several interesting results for nonlinear control prob-
lems have been obtained by the return method, devel-
oped initially by Coron [42] for a stabilization problem.
This and other techniques have then been applied to
fluid models ([68,69]), the Korteweg-de Vries equation
([105,106,107]), and Schrédinger type equations ([19]),
see also [43] and the references therein. It seems likely that
these ideas, possibly combined with other techniques like
Carleman estimates as in [70], will lead to new exiting re-
sults in the years to come.

A final comment on null controllability for degener-
ate parabolic equations is in order. Indeed, many prob-
lems that are relevant for applications are described by
parabolic equation equations in divergence form

diu = V-(A(x)Vu)+b(x)-Vu+c(t,x)u+f in Qp,
or in the general form
dyu = Tr [A(x)Vzu]—l—b(x)-Vu—i—c(t.x)u+f in Qr,

where A(x) is a symmetric matrix, positive definite in
£2 but possibly singular on I". For instance, degenerate
parabolic equations arise in fluid dynamics as suitable
transformations of the Prandtl equations, see, e. g., [94].
They can also be obtained as Kolmogorov equations of
diffusions processes on domains that are invariant for
stochastic flows, see, e.g., [52]. The latter interpretation
explains why they have been applied to biological prob-
lems, such as gene frequency models for population genet-
ics (see, €. g., the Wright-Fischer model studied in [111]).

So far, null controllability properties of degenerate
parabolic equations have been fully understood only in di-
mension one: for some kind of degeneracy, null controlla-
bility holds true (see [36] and [9]), but, in general, one can
only expect regional null controllability (see [35]). Since
very little is known on null controllability for degenerate
parabolic equations in higher space dimensions, it is con-
ceivable that such a topic will provide interesting problems
for future developments.
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Glossary

Dynamical system Let W C RY be an open set and
f: W xR — RY be a smooth function. The ordi-
nary differential equation x = f(x,t) on W defines
a continuous dynamical system. A discrete dynamical
system on W is defined by a map x — x/ = F(x), with
F depending smoothly on x.

Hamiltonian system Let A C R? be an open set and
H: AxRY xR — R be asmooth function (A x R
is called the phase space). Consider the system of or-
dinary differential equations qx, = 9H (q, p. 1)/9pk,
pr = —i0H(q.p.t)dqy, for k = 1...., d. The
equations are called Hamilton equations, and #H is
called a Hamiltonian function. A dynamical system de-
scribed by Hamilton equations is called a Hamiltonian
system.

Integrable system A Hamiltonian system is called inte-
grable if there exists a system of coordinates (@, A) €
T4 x R4, called angle-action variables, such that in
these coordinates the motion is (@, A) — (o +
w(A)t, A), for some smooth function @(A). Hence in
these coordinates the Hamiltonian function H de-
pends only on the action variables, H = H(A).

Invariant torus Given a continuous dynamical system we
say that the motion occurs on an invariant d-torus if it
takes place on a d-dimensional manifold and its posi-
tion on the manifold is identified through a coordinate
in T In an integrable Hamiltonian system all phase
space is filled by invariant tori. In a quasi-integrable

system the KAM theorem states that most of the in-
variant tori persist under perturbation, in the sense
that the relative Lebesgue measure of the fraction of
phase space filled by invariant tori tends to 1 as the per-
turbation tends to disappear. The persisting invariant
tori are slight deformations of the unperturbed invari-
ant tori.

Quasi-integrable system A quasi-integrable system is

a Hamiltonian system described by a Hamiltonian
function of the form H = FHy(A) + £f(x, A), with
(o, A) angle-action variables, & a small real parameter
and f periodic in its arguments ¢.

Quasi-periodic motion Consider the motion &« — o +

wton T2, with = (w1, ®,). If @, /@, is rational, the
motion is periodic, that is there exists T > 0 such that
o1 T = @, T = 0 mod 2x. If @/w, is irrational, the
motion never returns to its initial value. On the other
hand it densely fills T2, in the sense that it comes arbi-
trarily close to any point of T2. We say in that case that
the motion is quasi-periodic. The definition extends to
T4 d > 2:a linear motion @ — « + wton T9 is
quasi-periodic if the components of @ are rationally
independent, thatisif v = @ v+ -+wyv; = 0 for
ve Z%ifand onlyif v = 0 (a - b is the standard scalar
product between the two vectors a, b). More generally
we say that a motion on a manifold is quasi-periodic if,
in suitable coordinates, it can be described as a linear
quasi-periodic motion. The vector @ is usually called
the frequency or rotation vector.

Renormalization group By renormalization group one

denotes the set of techniques and concepts used to
study problems where there are some scale invariance
properties. The basic mechanism consists in consid-
ering equations depending on some parameters and
defining some transformations on the equations, in-
cluding a suitable rescaling, such that after the trans-
formation the equations can be expressed, up to irrel-
evant corrections, in the same form as before but with
new values for the parameters.

Torus The 1-torus T is defined as T = R/2x 7, that is

the set of real numbers defined modulo 27 (this means
that x is identified with y if x — y is a multiple of 27).
So it is the natural domain of an angle. One defines the
d-torus T asa product of d 1-tori, that is T4 =T x
«++x T. For instance one can imagine T? as a square
with the opposite sides glued together.

Tree A graph is a collection of points, called nodes, and of

lines which connect the nodes. A walk on the graph is
a sequence of lines such that any two successive lines
in the sequence share a node; a walk is nontrivial if it
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contains at least one line. A tree is a planar graph with
no closed loops, that is, such that there is no nontrivial
walk connecting any node to itself. An oriented tree
is a tree with a special node such that all lines of the
tree are oriented toward that node. If we add a further
oriented line connecting the special node to another
point, called the root, we obtain a rooted tree (see Fig. |
in Sect. “Trees and Graphical Representation”).

Definition of the Subject

Recursive equations naturally arise whenever a dynam-
ical system is considered in the regime of perturbation
theory; for an introductory article on perturbation theory
see B Perturbation Theory. A classical example is provided
by Celestial Mechanics, where perturbation series, known
as Lindstedt series, are widely used; see Gallavotti [21] and
» Perturbation Theory in Celestial Mechanics.

A typical problem in Celestial Mechanics is to study
formal solutions of given ordinary differential equations
in the form of expansions in a suitable small parameter,
the perturbation parameter. In the case of quasi-periodic
solutions, the study of the series, in particular of its con-
vergence, is made difficult by the presence of the small
divisors — which will be defined later on. Under some
non-resonance condition on the frequency vector, one can
show that the series are well-defined to any order. The first
proof of such a property was given by Poincaré [53], even
if the convergence of the series remained an open prob-
lem up to the advent of KAM theory - an account can be
found in Gallavotti [17] and in Arnold et al. [2]; see also
» Kolmogorov-Arnold-Moser (KAM) Theory. KAM is
an acronym standing for Kolmogorov [47], Arnold [1] and

Moser [51], who proved in the middle of last century the
persistence of most of invariant tori for quasi-integrable
systems.

Kolmogorov and Arnold proofs apply to analytic
Hamiltonian systems, while Moser’s approach deals also
with the differentiable case; the smoothness condition
on the Hamiltonian function was thereafter improved by
Poschel [54]. In the analytic case, the persisting tori turn
out to be analytic in the perturbation parameter, as explic-
itly showed by Moser [52]. In particular, this means that
the perturbation series not only are well-defined, but also
converge. However, a systematic analysis with diagram-
matic techniques started only recently after the pioneering,
fundamental works by Eliasson [16] and Gallavotti [18],
and were subsequently extended to many other problems
with small divisors, including dynamical systems with in-
finitely many degrees of freedom, such as nonlinear par-
tial differential equations, and non-Hamiltonian systems.

Some of these extensions will be discussed in Sect. “Gen-
eralizations”.

From atechnical point of view, the diagrammatic tech-
niques used in classical perturbation theory are strongly
reminiscent of the Feynman diagrams used in quantum
field theory: this was first pointed out by Gallavotti [18].
Also the multiscale analysis used to control the small divi-
sors is typical of renormalization group techniques, which
have been successfully used in problems of quantum field
theory, statistical mechanics and classical mechanics; see
Gallavotti [20] and Gentile & Mastropietro [38] for some
reviews.

Note that there exist other renormalization group ap-
proaches to the study of dynamical systems, and of KAM-
like problems in particular, different from that outlined
in this article. By confining ourselves to the framework
of problems of KAM-type, we can mention the paper
by Bricmont et al. [11], which also stressed the similar-
ity of the technique with quantum field theory, and the
so called dynamical renormalization group method - see
MacKay [50] - which recently produced rigorous proofs
of persistence of quasi-periodic solutions; see for instance
Koch [46] and Khanin et al. [45].

Introduction

Consider the ordinary differential equation on R¥
Du = G(u) + eF(u) ., (1

where D is a pseudo-differential operator and G, F are
real analytic functions. Assume that (1) admits a solution
ul9 (1) for ¢ = 0, that is Du”) = G(u'®). The problem we
are interested in is to investigate whether there exists a so-
lution of (1) which reduces to u'®) as ¢ — 0. For simplicity
assume G = 0 in the following.

The first attempt one can try is to look for solutions in
the form of power series in &,

u(t) = Zsku(k)(t), (2)
k=0

which, inserted into (1), when equating the left and right
hand sides order by order, gives the list of recursive equa-
tions Dul® = 0, Du® = Fu®), Du® = 3§, F(u )M,
and so on. In general to order k = | one has

k—1
1
(k) — _as (0) (k1) (ks)
Du *E SIBuF(u ) E ut ™ ut o (3)
s=0

kitetk=k=1
ki=1

where @3 F, the sth derivative of F, is a tensor with
s + 1 indices (s must be contracted with the vectors
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uko oo u“‘*)),and the term with s = 0 in the sum has to
be interpreted as F(u”)) and appears only for k = 1.
For instance for F(u) = u° the first orders give

Dyt = 3 s

Du® = 3,©2,0)
(4)
Du®) = 3,02,@ 4 3,0,02

Du® — 3,02, 4 6,0 0, @ 4 m3

as is casy to check.

If the operator D can be inverted then the recursions
(3) provide an algorithm to compute the functions u® ),
In that case we say that (2) defines a formal power series:
by this we mean that the functions u®)(£) are well-defined
for all k = 0. Of course, even if this can be obtained, there
is still the issue of the convergence of the series that must

be dealt with.

Examples

In this section we consider a few paradigmatic examples of
dynamical systems which can be described by equations of
the form (1).

A Class of Quasi-integrable Hamiltonian Systems

Consider the Hamiltonian system described by the Hamil-
tonian function

H(e. A) = 1A% + ef (@), (5)

where (a, A) € T4 x R4 are angle-action variables, with
T = R/2xZ, [ is a real analytic function, 27 -periodic in
each of its arguments, and A = A . A, if (here and hence-
forth) - denotes the standard scalar product in R4, that is
a-b=ab +---+ ayb,. Assume also for simplicity that
[ is a trigonometric polynomial of degree N.

The corresponding Hamilton equations are (we
shorten d, = d/d,)

=0 H(a A) = A,
A=—0pgH (@ A) = —dyf(a) .

which can be written as an equation involving only the an-
gle variables:

@ = —edof(@). (6)

which is of the form (1) with u = a, G = 0, F = —d,f,
and D = d*/d¢%.
Fore = 0,a®(t) = ag+wtisasolution of (6) for any

choice of ¢y € T4 and w € R¥. Take for simplicity oy =

0: we shall see that this choice makes sense. We say that for
& = 0 the Hamiltonian function (5) describes a system of
d rotators.

We call @ the frequency vector, and we say that  is ir-
rational if its components are rationally independent, that
isifw-v = 0forv e Z% if and only if v = 0. For ir-
rational @ the solution &(?)(f) describes a quasi-periodic
motion with frequency vector @, and it densely fills T¢.

Then (3) becomes

k) — _ [Sf{a}](k}

k—1

1
::—Z—Tafx""f(wt) Z alk

s!

s=0

Kyt kg=k—1
k>l

alks) (7)

We look for a quasi-periodic solution of (6), that is a solu-
tion of the form a(f) = wt + h(wt), with h(wt) = O(z).
We call h the conjugation function, as it “conjugates” (that
is, maps) the perturbed solution «(f) to the unperturbed
solution wt. In terms of the function h (6) becomes

h = —edaf(@t+h), (8)

where d,, denotes derivative with respect to the argument.
Then (8) can be more conveniently written in Fourier
space, where the operator D acts as a multiplication op-
erator.

If we write

o0
hy =Y n, (9

k=1

hwt) = ) ehy,

veZd

and insert (9) into (8) we obtain

(@ v)*hY) = [eda f(@)]))
k-

S OD YD VR

5=0 ki et ky=k—1 Vp+v;+tuv,=v
ki>1 v, EEL"

< (ivo) T fuogh) L R

1

(10)

These equations are well-defined to all orders provided
[Baaf(a}]i,k) = 0 for all vsuch thatw -v = 0. If @ is an
irrational vector we need [saaf{a)}gk) = 0 for the equa-
tions to be well-defined. In that case the coefficients hék)
are left undetermined, and we can fix them arbitrarily to
vanish (which is a convenient choice).

We shall see that under some condition on @ a quasi-
periodic solution «(t) exists, and densely fills a d-dimen-
sional manifold. The analysis carried out above for ap = 0
can be repeated unchanged for all values of g € T: ag
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represents the initial phase of the solution, and by vary-
ing &y we cover all the manifold. Such a manifold can be
parametrized in terms of ¢, so it represents an invariant
torus for the perturbed system.

A Simplified Model with No Small Divisors

Consider the same equation as (8) with D = d?/de? re-
placed by —1, that is

h = gdy f(wt+ h). (11)

Of course in this case we no longer have a differential equa-
tion; still, we can look again for quasi-periodic solutions
h(wt) = O(g) with frequency vector w. In such a case in
Fourier space we have

W = [eda f(@)]"

k—1
=Y X Yo

$=0 k)44 k;=k—1vo+v +--+v,=v
ki=1 v, EL"

< fo h$ L h) (12)
For instance if d = 1 and f(@) = cosa the equation,

which is known as the Kepler equation, can be explicitly
solved by the Lagrange inversion theorem [55], and gives

71.(7]);(4-(1;—&)12 |v| =k,
R = L 2% ((k— v)2)!((k + v)12)! " v + k even,
0. otherwise .
(13)

We shall show in Sect. “Small Divisors” that a different
derivation can be provided by using the forthcoming di-
agrammatic techniques.

The Standard Map

Consider the finite difference equation
Da = —¢sina (14)
on T, where now D is defined by
Da(y):=2a(y) —a(y + ) —a(¥ —w). (15)
By writing @ = ¥ + h(y), (14) becomes
Dh = —esin(yr + h) , (16)

which is the functional equation that must be solved by the
conjugation function of the standard map

¥ =x+ y+esinx,
, ’ (17)
y =y+esinx.

In other words, by writing x = ¥ + h(yr)and y = @ +
h(yr)—h(yr—w), with (¢, @) solving (17) for ¢ = 0, that is
(v'.@") = (Y + w,w), we obtain a closed-form equation
for h, which is exactly (16).

In Fourier space the operator D acts as D: e¢/"V —
4sin*(wv/2)e™Y, so that, by expanding h according to (9),
we can write (16) as

k—1
1 |
(k) _ _
hy' = 4sin2(m\JlZ) Z Z Z 5!
s=0 ky+-+k,=k—1vo+vi$=Fv=v
kizl Vi€

(ivo) ! fu,hG Lk (18)

where vy = £1and f4; = 1/2.

Note that (17) is a discrete dynamical system. How-
ever, when passing to Fourier space, (18) acquires the same
form as for the continuous dynamical systems previously
considered, simply with a different kernel for D. In partic-
ular if we replace D with 1 we recover the Kepler equation.

The number w is called the rotation number. We say
that w is irrational if the vector (2, w) is irrational ac-
cording to the previous definition.

Trees and Graphical Representation

Take @ to be irrational. We study the recursive equations

WP = gw-v) [sdaf@]P . Vo0,
[ai)af{a)]gk) =0, V=10,

where the form of g depends on the particular model we

(19)

are investigating. Hence one has either g(w-v) = (w-v) ™2
org(w-v) =1lorg(w-v) = (2 sin(wv/2)) ™2 according to
models described in Sect. “Examples”.

For v # 0 we have equations which express the co-
efficients h&,k}, v € Z4, in terms of the coefficients hs,k’),
ve Z4 with k' < k, provided the equations for v = 0
are satisfied for all k = 1. Recursive equations, such as
(19), naturally lead to a graphical representation in terms
of trees.

Trees

A connected graph G is a collection of points (nodes) and
lines connecting all of them. Denote with N(G) and L(G)
the set of nodes and the set of lines, respectively. A path
between two nodes is the minimal subset of L(G) connect-
ing the two nodes. A graph is planar if it can be drawn in
a plane without graph lines crossing.

A tree is a planar graph G containing no closed loops.
Consider a tree G with a single special node vy: this in-
troduces a natural partial ordering on the set of lines and
nodes, and one can imagine that each line carries an arrow
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pointing toward the node v5. We add an extra oriented line
{4 exiting the special node vy; the added line will be called
the root line and the point it enters (which is not a node)
will be called the root of the tree. In this way we obtain
a tree O defined by N(8) = N(G)and L(8) = L(G) U ;.
A labeled tree is a rooted tree 6 together with a label func-
tion defined on the sets L(#) and N(8).

We call equivalent two rooted trees which can be trans-
formed into each other by continuously deforming the
lines in the plane in such a way that the lines do not
cross each other. We can extend the notion of equivalence
also to labeled trees, by considering equivalent two labeled
trees if they can be transformed into each other in such
a way that the labels also match. In the following we shall
deal mostly with nonequivalent labeled trees: for simplic-
ity, where no confusion can arise, we call them just trees.

Given two nodes v, w € N(f), we say that w < vifvis
on the path connecting w to the root line. We can identify
aline £ through the node v it exits by writing £ = £,.

We call internal nodes the nodes such that there is
at least one line entering them, and end-points the nodes
which have no entering line. We denote with L(8), V(8)
and E(f) the set of lines, internal nodes and end-points,
respectively. Of course N(6) = V(8) U E(8).

The number of unlabeled trees with k nodes (and
hence with k lines) is bounded by 2%, which is a bound
on the number of random walks with 2k steps [38].

For each node v denote by S(v) the set of the lines en-
tering v and set s, = |S(v)|. Hence s, = 0 if v is an end-
node, and s, = 1if v is an internal node. One has

Z §y = Z sy, =k—1;
vev(d)

vEN(6)

(20)

this can be easily checked by induction on the order of the
tree. An example of unlabeled tree is represented in Fig, 1.

For further details on graphs and trees we refer to the
literature; cf. for instance Harary [43].

Labels and Diagrammatic Rules

We associate with each node v € N(#) a mode label v, €
74, and with each line £ € L(#) a momentum label v; €
74, with the constraint

vp, = E Vy = vy + E vy, (21)
WwEN(S) Les(v)
w=v

which represents a conservation rule for each node.

Call T,y the set of all trees # with k nodes and mo-
mentum v associated with the root line. We call k and v
the order and the momentum of #, respectively.

Diagrammatic Methods in Classical Perturbation Theory, Fig-
ure 1
An unlabeled tree with 17 nodes

(k)

Diagrammatic Methods in Classical Perturbation Theory, Fig-
ure 2
Graph element

(k1)

(k)
v I - v

Diagrammatic Methods in Classical Perturbation Theory, Fig-
ure 3
Graphical representation of the recursive equations

‘We want to show that trees naturally arise when study-
ing (19). Let hs,k) be represented with the graph element in
Fig. 2 as aline with label v exiting from a ball with label (k).

Then we can represent (19) graphically as depicted in
Fig. 3. Simply represent each factor hﬂf") on the right hand
side as a graph element according to Fig. 2. The lines of
all such graph eclements enter the same node vg. This is
a graphical expedient to recall the conservation rule: the
momentum v of the root line is the sum of the mode label
vy of the node v plus the sum of the momenta of the lines
entering vy.

The first few orders k < 4 are as depicted in Fig. 4. For
each node the conservation rule (21) holds: for instance for
k =2onehasv = v;+v,,fork =3 onehasv = vy + vy,
and vy = vy + v; in the first treeand v = vy + v; + vz in
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Diagrammatic Methods in Classical Perturbation Theory, Figure 6

Trees to be considered together to prove that [eaf(a]]g =0

ily provide an exact expression for the coefficients hg,k):
all the computational difficulties reduce to a combinato-
rial check, which can be found in Gentile & van Erp [42],
and the formula (13) is recovered.

However for the models where gy # 1, the situation
is much more involved: the propagators can be arbitrarily
close to zero for v large enough. This is the so-called small
divisor problem. The series (25) is formally well-defined,
assuming only an irrationality condition on @. But to
prove the convergence of the series, we need a stronger
condition. For instance one can require the standard Dio-
phantine condition

|w-v| > Yv#0, (29)

[v[*

for suitable positive constants y and 7. For fixed t > d—1,
the sets of vectors which satisfy (29) for some constant
¥ > 0 has full Lebesgue measure in R4 [17]. We can also
impose a weaker condition, known as the Bryuno condi-
tion, which can be expressed by requiring

o0

1
Bl(w) := Z Elog

k=0

1

_— < m .
Mg < |y| <2k |w : U|

(30)

We call Diophantine vectors and Bryuno vectors the vec-
tors satisfying (29) and (30), respectively. Note that any
Diophantine vector satisfies (30).

If we assume only analyticity on f - that is, we remove
the assumption that f be a trigonometric polynomial, —
then we need a Diophantine condition, such as (29) or
(30), also to show that the series (25) are well-defined as
formal power series: the condition is needed, as one can
easily check, in order to sum over the mode labels.

In the case of the standard map |w - v| must be replaced
with min ez [@v — p|, and the function B(w) can be ex-
pressed in terms of the best approximants of the number
w [15].

For the models with small divisors considered in
Sect. “Examples” convergence of the series (25) can be
proved for @ satisfying (29) or (30). But this requires more
work, and, in particular, a detailed discussion of the prod-
uct of propagators in (24). In the following we shall con-
sider the case of Diophantine vectors, by referring to the

V1

bibliography for the Bryuno vectors (cf. Sect. “Generaliza-
tions”).

Multiscale Analysis

Consider explicitly the case g(@-v) = (@w-v) 2 in (19)and
@ satisfying (29). We can introduce a label characterizing
the size of the propagator: we say that v € Z is on scale

n=1,
n=20,

where y is the constant appearing in (29), and we say that
aline £ has a scale label ny = n if vy is on scale n. If 9t,,(0)
denotes the number of lines £ € L(€) with scale ny = n,
then we can bound in (23)

‘ l—[ gg| < y—zk lo—o[ 221M,(8)
n=>0

fEL(#)

if 27"y < |w-v| <2707y
Y= |w- v Y (31)
if y<|w-v|,

(32)

so that the problem is reduced to bounding 9t ,,(9).

The product of propagators gives problems when the
small divisors “accumulate”. To make more precise the
idea of accumulation we introduce the notion of cluster.
Once all lines of a tree 6 have been given their scale labels,
for any n = 0 we can identify the maximal connected sets
of lines with scale not larger than ». If at least one among
such lines has scale equal to n we say that the set is a clus-
ter on scale n. For instance consider the tree in Fig. 1,and
assign the mode labels to the nodes: this uniquely fixes the
momenta, and hence the scale labels, of the lines. Suppose
that we have found the scales as in Fig. 7a. Then a cluster
decomposition as in Fig. 7b follows. Given a cluster T call
L(T) the set of lines of # contained in T, and denote by
N(T) the set of nodes connected by such lines. We define
k1 = |N(T)| the order of the cluster T.

Any cluster has either one or no exiting line, and can
have an arbitrary number of entering lines. We call self-
energy clusters the clusters which have one exiting line and
only one entering line and are such that both lines have
the same momentum. This means that if T is a self-energy
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a

Diagrammatic Methods in Classical Perturbation Theory, Figure 7
Example of clusters with their scales

cluster and £, and #; are the lines entering and exiting T,

respectively, then vy, = vy, , so that
Y vw=0 (33)
VEN(T)

By definition of scale, both lines £; and f, have the same
scale, say n, and that, by definition of cluster, one has ny <
nforall £ € L(T).

We define the value of the self-energy cluster T whose
entering line has momentum v as the matrix

Vrw-w=( ] #5)( TT ).

veEN(T) £eL(T)

(34)

where all the indices of the node factors must be con-
tracted except those associated with the line £; entering
T and with the line #; exiting T.

We can extend the notion of self-energy clusters also
to a single node, by saying that v is a self-energy cluster if
sy = 1 and the line entering v has the same momentum as
the exiting line. In that case (34) has to be interpreted as
Vr(w - v) = F,:in particular it is independent of @ - v.

The simplest self-energy cluster one can think of con-
sists of only one node v, but then (33) implies v, = 0,

Diagrammatic Methods in Classical Perturbation Theory, Figure 8
Self-energy clusters of order k = 2

so that F, = 0, see (22), hence the corresponding value
is zero. Thus the simplest non-trivial self-energy clusters
contain at least two nodes, and are represented by the
clusters Ty, T> and T3 of Fig. 8. In all cases one has
v +v; = 0. By using the definition (34) one has Vr, (x) =
(1912 oy (192 fung( - v2 + x) and Vi, (x) = Vi (x) =
(iv1)3fv1(iv2)f\,zg(m - v3)/2, with x = @ - v. Hence for
x = 0 the sum of the three values gives zero. It is not dif-
ficult to see that also the first derivatives of the values of
all self-energy clusters of order 2 sum up to zero, that is
the sum of the values of all possible self-energy clusters of
order k = 2 gives zero up to order x°. (The only caveat is
that, if we want to derive Vr(x), the sharp multiscale de-
composition in (31) can be a little annoying, hence it can
be more convenient to replace it with a smooth decom-
position through C*° compact support functions; we refer
to the literature for details). This property generalizes to
all orders k, and the underlying cancellation mechanism is
essentially the same that ensures the validity of the second
relation in (19).

The reason why it is important to introduce the self-
energy clusters is that if we could neglect them then the
product of small divisors would be controlled. Indeed, let
us denote by M, (#) the number of lines on scale n which
do exit a self-energy cluster, and set N () = N, (0) —
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R, (0). Then an important result, known as the Siegel-
Bryuno lemma, is that

N*O) < 27"k, (35)

for some constant ¢, where k is the order of # and 7 is the
Diophantine exponent in (29).

The bound (35) follows from the fact that if 0t *(0) # 0
then N*(A) < E(n, k) := 2Nk2~"=2/T _ 1 which can

be proved by induction on k as follows. Given a tree # let

Fq be its root line, let £,,..., £y, m = 0, be the lines on
scales = n which are the closest to £y, and let €, . . ., O
the trees with rootlines £, . . ., £, respectively (cf. Fig. 9 -

note that by construction all lines £ in the subgraph T have
scales ny < n, so that if ng, > n then T is necessarily
a cluster). If either £ is not on scale n or it is on scale n
but exits a self-energy cluster then N*(0) = N () +
--- 4+ N ¥(B,y) and the bound NF(O) < E(n, k) follows by
the inductive hypothesis. If £5 does not exit a self-energy
cluster and ng, = n then N3(0) = 1 + N;(6) + --- +
N*(Hy,), and the lines £y, ..., £,, enter a cluster T with
kr=k—(k 4+ -+ ky),where k..., k,, are the orders
of 8y,.... 0,,, respectively. If m = 2 the bound N} (0) <
E(n. k) follows once more by the inductive hypothesis. If
m = 0 then N} (#) = 1; on the other hand for £, to be
n+l ¥ (see
(31)), which, by the Diophantine condition (29), implies
Nk = |vg,| > 2"V hence E(n.k) > 1. If m = 1 call
v1 and v, the momenta of the lines £, and ¢, respectively.

on scale ny, = n one must have |w - vy | < 27

By construction T cannot be a self-energy cluster, hence
V] # vy, so that, by the Diophantine condition (29),

272y > w4 @] = @ - (v — V)

_r (36)
[vi = v2[*
because ng, = nand ny, > n. Thus, one has
Nky = Z [Vy| = [V} — vy| > 20027 (37)

VvEN(T)

Diagrammatic Methods in Classical Perturbation Theory, Fig-
ure9
Construction for the proof of the Siegel-Bryuno lemma

hence T must contain “many nodes”. In particular, one
finds also in this case Ni(F) = 1 + NJ(6) = 1 +
E(n. k) < 1+ E(n, k) — E(n, k) < E(n. k), where we
have used that E(n, kr) = 1 by (37).

The argument above shows that small divisors can ac-
cumulate only by allowing self-energy clusters. That accu-
mulation really occurs is shown by the example in Fig. 10,
where a tree # of order k containing a chain of p self-energy
clusters is depicted. Assume for simplicity that k/3 isan in-
teger: then if p = k/3 the subtree 6, with root line ¢ is of
order k/3. If the line £ entering the rightmost self-energy
cluster T has momentum v, also the lines exiting the p
self-energy clusters have the same momentum v. Suppose
that |[v| & Nk/3 and |@ - v| & p/|v|T (this is certainly
possible for some v). Then the value of the tree 6 grows
like ai‘(k!]“z, for some constants a; and a,: a bound of this
kind prevents the convergence of the perturbation series
(25).

If no self-energy clusters could occur (so that i, (4) =
0) the Siegel-Bryuno lemma would allow us to bound in
(32)

o0 o0
l_[ 221N, (6) I—[ 9219 (6)
n=0 n=0

o0
< exp (clk > nz‘"”) <ck, (38
n=0

for suitable constants C; and C,. In that case convergence
of the series for |¢| < &, would follow, with 2y defined
as in (26) with C; = y?/C,. However, there are self-
energy clusters and they produce factorials, as the example
in Fig. 10 shows, so that we have to deal with them.

Resummation

Let us come back to the Eq. (10). If we expand g(w -
\))[E:Haf(af)]g{) in trees according to the diagrammatic
rules described in Sect. “Trees and Graphical Representa-
tion”, we can distinguish between contributions in which
the root line exits a self-energy cluster T, that we can write
as

glw-v) Z Vir(w - v)hi,k_kr] .
leT<k

(39)

and all the other contributions, that we denote by
[F,Huf(a)]g‘)*. We can shift the contributions (39) to the
left hand side of (10) and divide by g(« - v), so to obtain

D(w - \J)hs,kj— Z Vo(w - \))hs,k_k”
T:ky<k

= [£daf(wt + W)™ (40)
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Diagrammatic Methods in Classical Perturbation Theory, Figure 10
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Example of accumulation of small divisors because of the self-energy clusters

where D(w - v) = l/g(w -v) = (@ - v)2, By summing over
k and setting

M(w-v;s):Zsk Z Vil(w - v) .

k=1 T: kr=k

(41)

then (40) gives

D(w - v)hy = [edof (@t + h)]5.

(42)
D(w-v):= D(w-v)— M(w-v;e).

The motivation for proceeding in this way is that, at the
price of changing the operator D into D, hence of chang-
ing the propagators, lines exiting self-energy clusters no
longer appear. Therefore, in the tree expansion of the right
hand side of the equation, we have eliminated the self-
energy clusters, that is the source of the problem of accu-
mulation of small divisors.

Unfortunately the procedure described above has
a problem: M(w-v; €) itselfis a sum of self-energy clusters,
which can still contain some other self-energy clusters on
lower scales. So finding a good bound for M(w - v; €) could
have the same problems as for the values of the trees.

To deal with such a difficulty we modify the prescrip-
tion by proceeding recursively, in the following sense. Let
us start from the momenta v which are on scale n = 0.
Since there are no self-energy clusters with exiting line on
scale n = 0, for such v one has M(w - v;&) = 0. Next,
we consider the momenta v which are on scale n = 1,
and we can write (42), where now all self-energy clusters T
whose values contribute to M(w - v; £) cannot contain any
self-energy clusters, because the lines { € T are on scale
ng = 0. Then, we consider the momenta v which are on
scale n = 2: again all the self-energy clusters contributing
to M(w - v; £) do not contain any self-energy clusters, be-
cause the lines on scale n = 0.1 cannot exit self-energy
clusters by the construction of the previous step, and so
on. The conclusion is that we have obtained a different ex-
pansion for h(wt), that we call a resummed series,

h(wt) = Z eV, hy = Zg"hg‘fl(s), (43)

veZ4d k=1

where the self-energy clusters do not appear any more in
the tree expansion and the propagators must be defined
recursively: the propagator gy of a line £ on scale ny = n
and momentum vy = v is the matrix

gt = g"(@-vie) = (D(@-v) — M- vie)) ", (a4)
with

M@ - vy e) = Z TV (w - v)

T:nr<n

(45)

where the value V(@ - v) is written in accord with (34),
with all the lines £’ € L(T) on scales nys < n and the cor-
responding propagators gg- expressed in terms of matrices
IMl”f’l(fu -vgr; €) as in (44). By construction, the new prop-
agators depend on €, so that the coefficients WM (e) depend
explicitly on &: hence (43) is not a power series expansion.
The coefficients h{,k]{s) still admit a tree expansion

W)= )" val(d), v#0k=1,

b, o
Val(0) :=( [1 Pv)( [ gl"ﬂl(w.uf;s)).
vEN(H) LeL(f)

which replaces (24). In particular ng,{\; is defined as the set
of renormalized trees of order k and momentum v, where
“renormalized” means that the trees do not contain any
self-energy clusters. Now the propagators are matrices: the
contractions of the indices in (46) yields that if £ connects
v to v/ the indices of F, and F, associated with £ must be
equal to the column and row indices of g, respectively.

Since for any tree 8 € va one has N, (0) =
9i*(6), we can bound the product of propagators accord-
ing to (36) provided the propagators on scale n can still be
bounded proportionally to 22", This is certainly not obvi-
ous, because of the extra term M!"/(w - v; ) appearing
in (44).

It is a remarkable cancellation that M) (x; £) vanishes
up to second order, that is M (x;8) = O(x?), so that, by
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taking into account also that Vr(x) # 0 requires kt > 2,
we can write, for some constant C,

M e) = T N we), Al < C.

(47)

where || - || denotes — say - the uniform norm. The can-
cellation leading to (47) can be proved as discussed in
Sect. “Multiscale Analysis” — where it has been explicitly
proved for k = 2 in the absence of resummation. Now the
propagators are matrices, but one can prove (by induction
on n) that MM (x;6) = (M (—x; )T = (M (x; )T,
with T and { denoting transposition and adjointness, re-
spectively, and this is enough to see that the same cancel-
lation mechanism applies [23].
Thus (47) implies that

||g["](x;e)|| = (x2 —szxzﬁm(x;s))_l % (48)

=
x

and the same argument as used in Sect. “Small Divisors”
implies that the series in (43) for hy converges for |¢| < &9,
where g is defined as in (26) with Cy = 2%/C,. Moreover
(47) also implies that h(wt) is analytic in & (notwithstand-
ing that the expansion is not a power expansion), so that
we can say a posteriori that the original power series (25)
also converges.

Generalizations

The case where the function G(u) in (1) does not vanish is
notationally more involved, and it is explicitly discussed in
Gentile [28].

Extensions of the results described above to Hamilto-
nian functions more general than (5) require only some
notational complications, and can be found in Gentile &
Mastropietro [37] for anisochronous systems and in Bar-
tuccelli & Gentile [3] for isochronous systems. The case (5)
with f a real analytic function was first discussed by using
trees in Chierchia & Falcolini [12].

Lower-Dimensional Tori

A tree formalism for hyperbolic lower-dimensional tori
was introduced and studied in Gallavotti [19], Gentile [26]
and Gallavotti, Gentile & Mastropietro [25], for systems
consisting of a set of rotators interacting with a pendu-
lum. In that case also the stable and unstable manifolds
(whiskers) of the tori were studied with diagrammatic
techniques.

For Hamiltonian functions of the form (5) solutions
of the form (43) describe quasi-periodic motions with

frequency vector @ on a d-dimensional manifold. If we
fix t, say t = 0, and keep ) as a parameter, we obtain
a parametrization of the manifold in terms of ey € T4,
hence the manifold is an invariant torus. We say that the
torus is a maximal torus.

We can study the problem of persistence of lower-
dimensional tori by considering unperturbed solutions
a(t) = oy + wt, where the components of @ are ratio-
nally dependent. For instance we can imagine that there
exist s linearly independent vectors Vi, . .., Vs € Z% such
that w -V, = 0 for k = 1,....s. In that case, we say that
the unperturbed torus is a resonant torus of order s. We
can imagine performing a linear change of variables which
transforms the frequency vector into a new vector, that we
still denote with , such that @ = (®.0), where ® € R”"
and 0 € R®, with » + s = d, and @ is irrational. This nat-
urally suggests that we write @ = (@. ), with@ € T" and
B € T*. More generally, here and henceforth in this sub-
section for any vector v € R we denote by # the vector in
R" whose components are the first r components of v. For
instance for the initial phase oy we write oy = (&, Bo)-

In general the resonant torus is destroyed by the per-
turbation, and only some lower-dimensional tori persist
under perturbation. We assume on @ one of the Diophan-
tine conditions of Sect. “Small Divisors” in R”, for instance
|@ -V > yp/|V]|* forall b e Z", V # 0.

To prove the existence of a maximal torus for the sys-
tem with Hamiltonian function (5) we needed no con-
dition on the perturbation f. On the contrary to prove
existence of lower-dimensional tori, we need some non-
degeneracy condition: by defining

da
folB) = fT o f@). (49)

if g fo(Bx) = 0 for some B then we assume that the ma-
trix a‘éﬁ)(ﬁ*) is positive definite (more generally one could

assume it to be non-singular, that is det afgfo{ﬁ,) # 0).

The formal analysis can be carried out as in Sect.
“Trees and Graphical Representation”, with the only
difference being that now the compatibility conditions
[sﬂuf(a)]g}k’ = 0 have to be imposed for all v such that
¥ = 0, because @ - v = @ - V. It turns out to be an identity
only for the first ¥ components (this is trivial for k = 1,
whereas it requires some work for k > 1). For the last s
components, for k = 1 it reads dg fo(By) = 0, hence it
fixes iy to be a stationary point for fy(8), while for higher
values of k it fixes the corrections of higher order of these
values (to do this we need the non-degeneracy condition).
Thus, we are free to choose only & as a free parameter,
since the last s components of «p have to be fixed.
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Partial Differential Equations

Existence of quasi-periodic solutions in systems de-
scribed by one-dimensional nonlinear partial differential
equations (finite-dimensional tori in infinite-dimensional
systems) was first studied by Kuksin [48], Craig and
Wayne [14] and Bourgain [9]. In these systems, even the
case of periodic solutions yields small divisors, and hence
requires a multiscale analysis. The study of persistence
of periodic solutions for nonlinear Schrodinger equations
and nonlinear wave equations, with the techniques dis-
cussed here, can be found in Gentile & Mastropietro [39],
Gentile et al. [40], and Gentile & Procesi [41].

The models are still described by (1), with G(u) = 0,
but now D is given by D = 8 — A + u in the case of
the wave equation and by D = id; — A + ju in the case
of the Schriodinger equation, where A is the Laplacian and
jt € R. In dimension 1, one has A = 2. If we look for
periodic solutions with frequency @ it can be convenient
to pass to Fourier space, where the operator D acts as

D: ea-wn:+inrx — (_w2n2 + !?‘IZ + “)wam+mix . (60)

for the wave equation; a similar expression holds for the
Schrodinger equation. Therefore the kernel of D can be ar-
bitrarily close to zero for n and m large enough.

Then one can consider, say, (1) for x € [0, 7] and
F(u) = u?, with Dirichlet boundary conditions u(0) =
u(mr) = 0, and study the existence of periodic solutions
with frequency @ close to some of the unperturbed fre-
quencies. We refer to the cited bibliography for results and
proofs.

Conclusions and Future Directions

The diagrammatic techniques described above have been
applied also in cases where no small divisors appear; cf.
Berretti & Gentile [4] and Gentile et al. [34]. Of course,
such problems are much easier from a technical point of
view, and can be considered as propaedeutic examples to
become familiar with the tree formalism. Also the study of
lower-dimensional tori becomes easy for r = 1 (periodic
solutions): in that case one has |@-9| = |@| forall v # 0,s0
that the product of the propagators is bounded by \(E)|_2",
and one can proceed as in Sect. “Small Divisors” to obtain
analyticity of the solutions.

In the case of hyperbolic lower-dimensional tori, if @
is a two-dimensional Diophantine vector of constant type
(that is, with 7 =
proved to be Borel summable [13]. Analogous considera-

1) the conjugation function h can be

tions hold for the one-dimensional systems in the presence

of friction and of a quasiperiodic forcing term described
in Sect. “Other Ordinary Differential Equations”; in that
case one has Borel summability also for one-dimensional
w, that is for periodic forcing [33]. It would be interest-
ing to investigate whether Borel summability could be ob-
tained for higher values of 7.

Recently existence of finite-dimensional tori in the
nonlinear Schrédinger equation in higher dimensions was
proved by Bourgain [10]. It would be interesting to inves-
tigate how far the diagrammatic techniques extend to deal
with such higher dimensional generalizations. The main
problem is that (the analogues of) the second Melnikov
conditions in (57) cannot be imposed.

In certain cases the tree formalism was extended to
non-analytic systems, such as some quasi-integrable sys-
tems of the form (5) with f in a class of C? functions for
some finite p [7,3]. However, up to exceptional cases, the
method described here seems to be intrinsically suited in
cases in which the vector fields are analytic. The reason is
that in order to exploit the expansion (3), we need that F be
infinitely many times differentiable and we need a bound
on the derivatives. It is a remarkable property that the per-
turbation series can be given a meaningalso in cases where
the solutions are not analytic in e.

An advantage of the diagrammatic method is that it
allows rather detailed information about the solutions,
hence it could be more convenient than other techniques
to study problems where the underlying structure is not
known or too poor to exploit general abstract arguments.

Another advantage is the following. If one is inter-
ested not only in proving the existence of the solutions,
but also in explicitly constructing them with any prefixed
precision, this requires performing analytical or numeri-
cal computations with arbitrarily high accuracy. Then high
perturbation orders have to be reached, and the easiest and
most direct way to proceed is just through perturbation
theory: so the approach illustrated here allows a unified
treatment for both theoretical investigations and compu-
tational ones.

The resummation technique described in Sect. “Re-
summation” can also be used for computational purposes.
With respect to the naive power series expansion it can re-
duce the computation time required to approximate the
solution within a prefixed precision. It can also provide
accurate information on the analyticity properties of the
solution. For instance, for the Kepler equation, Levi-Civita
at the beginning of the last century described a resumma-
tion rule (see [19]), which gives immediately the radius of
convergence of the perturbation series. Of course, in the
case of small divisor problems, everything becomes much
more complicated.
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Glossary

Discrete variational mechanics A formulation of me-
chanics in discrete-time that is based on a discrete ana-
logue of Hamilton’s principle, which states that the sys-
tem takes a trajectory for which the action integral is
stationary.

Geometric integrator A numerical method for obtaining
numerical solutions of differential equations that pre-
serves geometric properties of the continuous flow,
such as symplecticity, momentum preservation, and
the structure of the configuration space.

Lie group A differentiable manifold with a group struc-
ture where the composition is differentiable. The cor-
responding Lie algebra is the tangent space to the Lie
group based at the identity element.

Symplectic A map is said to be symplectic if given any ini-
tial volume in phase space, the sum of the signed pro-
jected volumes onto each position-momentum sub-
space is invariant under the map. One consequence of
symplecticity is that the map is volume-preserving as
well.

Definition of the Subject

Discrete control systems, as considered here, refer to the
control theory of discrete-time Lagrangian or Hamilto-
nian systems. These discrete-time models are based on
a discrete variational principle, and are part of the broader

field of geometric integration. Geometric integrators are
numerical integration methods that preserve geometric
properties of continuous systems, such as conservation of
the symplectic form, momentum, and energy. They also
guarantee that the discrete flow remains on the manifold
on which the continuous system evolves, an important
property in the case of rigid-body dynamics.

In nonlinear control, one typically relies on differen-
tial geometric and dynamical systems techniques to prove
properties such as stability, controllability, and optimality.
More generally, the geometric structure of such systems
plays a critical role in the nonlinear analysis of the corre-
sponding control problems. Despite the critical role of ge-
ometry and mechanics in the analysis of nonlinear control
systems, nonlinear control algorithms have typically been
implemented using numerical schemes that ignore the un-
derlying geometry.

The field of discrete control systems aims to address
this deficiency by restricting the approximation to the
choice of a discrete-time model, and developing an associ-
ated control theory that does not introduce any additional
approximation. In particular, this involves the construc-
tion of a control theory for discrete-time models based on
geometric integrators that yields numerical implementa-
tions of nonlinear and geometric control algorithms that
preserve the crucial underlying geometric structure.

Introduction

The dynamics of Lagrangian and Hamiltonian systems
have unique geometric properties; the Hamiltonian flow is
symplectic, the total energy is conserved in the absence of
non-conservative forces, and the momentum maps asso-
ciated with symmetries of the system are preserved. Many
interesting dynamics evolve on a non-Euclidean space. For
example, the configuration space of a spherical pendu-
lum is the two-sphere, and the configuration space of rigid
body attitude dynamics has a Lie group structure, namely
the special orthogonal group. These geometric features de-
termine the qualitative behavior of the system, and serve as
a basis for theoretical study.

Geometric numerical integrators are numerical inte-
gration algorithms that preserve structures of the con-
tinuous dynamics such as invariants, symplecticity, and
the configuration manifold (see [14]). The exact geomet-
ric properties of the discrete flow not only generate im-
proved qualitative behavior, but also provide accurate and
efficient numerical techniques. In this article, we view a ge-
ometric integrator as an intrinsically discrete dynamical
system, instead of concentrating on the numerical approx-
imation of a continuous trajectory.
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Numerical integration methods that preserve the sim-
plecticity of a Hamiltonian system have been studied
(see [28,36]). Coefficients of a Runge-Kutta method are
carefully chosen to satisfy a simplecticity criterion and
order conditions to obtain a symplectic Runge-Kutta
method. However, it can be difficult to construct such in-
tegrators, and it is not guaranteed that other invariants of
the system, such as a momentum map, are preserved. Al-
ternatively, variational integrators are constructed by dis-
cretizing Hamilton’s principle, rather than discretizing the
continuous Euler-Lagrange equation (see [31,34]). The re-
sulting integrators have the desirable property that they
are symplectic and momentum preserving, and they ex-
hibit good energy behavior for exponentially long times
(see [2]). Lie group methods are numerical integrators that
preserve the Lie group structure of the configuration space
(see [18]). Recently, these two approaches have been uni-
fied to obtain Lie group variational integrators that pre-
serve the geometric properties of the dynamics as well as
the Lie group structure of the configuration space with-
out the use of local charts, reprojection, or constraints
(see [26,29,32]).

Optimal control problems involve finding a control
input such that a certain optimality objective is achieved
under prescribed constraints. An optimal control prob-
lem that minimizes a performance index is described by
a set of differential equations, which can be derived using
Pontryagin’s maximum principle. Discrete optimal con-
trol problems involve finding a control input for a dis-
crete dynamic system such that an optimality objective
is achieved with prescribed constraints. Optimality con-
ditions are derived from the discrete equations of mo-
tion, described by a set of discrete equations. This ap-
proach is in contrast to traditional techniques where a dis-
cretization appears at the last stage to solve the optimal-
ity condition numerically. Discrete mechanics and optimal
control approaches determine optimal control inputs and
trajectories more accurately with less computational load
(see [19]). Combined with an indirect optimization tech-
nique, they are substantially more efficient (see [17,23,25]).

The geometric approach to mechanics can provide
a theoretical basis for innovative control methodologies in
geometric control theory. For example, these techniques
allow the attitude of satellites to be controlled using
changes in its shape, as opposed to chemical propulsion.
‘While the geometric structure of mechanical systems plays
a critical role in the construction of geometric control
algorithms, these algorithms have typically been imple-
mented using numerical schemes that ignore the underly-
ing geometry. By applying geometric control algorithms to
discrete mechanics that preserve geometric properties, we

obtain an exact numerical implementation of the geomet-
ric control theory. In particular, the method of controlled
Lagrangian systems is based on the idea of adopting a feed-
back control to realize a modification of either the poten-
tial energy or the kinetic energy, referred to as potential
shaping or kinetic shaping, respectively. These ideas are
applied to construct a real-time digital feedback controller
that stabilizes the inverted equilibrium of the cart-pendu-
lum (see [10,11]).

In this article, we will survey discrete Lagrangian and
Hamiltonian mechanics, and their applications to optimal
control and feedback control theory.

Discrete Lagrangian and Hamiltonian Mechanics

Mechanics studies the dynamics of physical bodies acting
under forces and potential fields. In Lagrangian mechan-
ics, the trajectory of the object is derived by finding the
path that extremizes the integral of a Lagrangian over time,
called the action integral. In many classical problems, the
Lagrangian is chosen as the difference between kinetic en-
ergy and potential energy. The Legendre transformation
provides an alternative description of mechanical systems,
referred to as Hamiltonian mechanics.

Discrete Lagrangian and Hamiltonian mechanics has
been developed by reformulating the theorems and the
procedures of Lagrangian and Hamiltonian mechanics in
a discrete time setting (see, for example, [31]). Therefore,
discrete mechanics has a parallel structure with the me-
chanics described in continuous time, as summarized in
Fig. | for Lagrangian mechanics. In this section, we de-
scribe discrete Lagrangian mechanics in more detail, and
we derive discrete Euler-Lagrange equations for several
mechanical systems.

Consider a mechanical system on a configuration
space Q, which is the space of possible positions. The La-
grangian depends on the position and velocity, which are
elements of the tangent bundle to Q, denoted by TQ. Let
L: TQ — R be the Lagrangian of the system. The discrete
Lagrangian, Ly: Q x Q — IR is an approximation to the
exact discrete Lagrangian,

h
LTq0. q1) =./(; L(qo1(f). gor (1)) dt . (1)

where g01(0) = g0, go1(h) = q;. and gg, () satisfies the
Euler-Lagrange equation in the time interval (0. k). A dis-
crete action sum &y QNt!l LS R, analogous to the action
integral, is given by

N—1

®a(qo-q1.----an) = ¥ La(@k. Grs1) - )
k=0
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Computed total energy (RK45: blue, dotted, V: red, solid)

sphere S' = {g € R?|||g| = 1}. While it is com-
mon to parametrize the one-sphere by an angle, we de-
velop parameter-free equations of motion in the special
orthogonal group SO(2), which is a group of 2 %2 orthog-
onal matrices with determinant 1, i.e. SO(2) = {R €
R>*2 | RTR = Iyxz.det[R] = 1}. SO(2) is diffeomor-
phic to the one-sphere. It is also possible to develop global
equations of motion on the one-sphere directly, as shown
in the next example, but here we focus on the special or-
thogonal group in order to illustrate the key steps to de-
velop a Lie group variational integrator.

We first exploit the basic structures of the Lie group
SO(2). Define a hat map *, which maps a scalar £2 toa 2x2
skew-symmetric matrix £2 as

o~[s 7).

The set of 2 x2 skew-symmetric matrices forms the Lie al-
gebra s0(2). Using the hat map, we identify s0(2) with R,
An inner product on $0(2) can be induced from the inner
product on R as (S:?l. Qz) = 1}2tr[!?;rﬁz} = 2,52, for
any £2,. £2, € R. The matrix exponential is a local diffeo-
morphism from s0(2) to SO(2) given by

L= G0

A cos §2
cos §2

—sin .Q]

The kinematics equation for R € SO(2) can be written in

terms of a Lie algebra element as
R=RS$. (12)

Continuous equations of motion: The Lagrangian for
a planar pendulum L: SO(2) x s0(2) — R can be written

Total Energy
<
L)

0.1

0.3
—0.4
—0.5
0 200 400 ; 600 800 1000
Planar pendulum
as
1
L(R.2) = Emfz.f)2 + mgle;Reg

1 (13)
= Emfz(.(?. 2) + mglezTRez.

where the constant ¢ € R is the gravitational accelera-
tion. The mass and the length of the pendulum are de-
noted by m, | € R, respectively. The second expression is
used to define a discrete Lagrangian later. We choose the
bases of the inertial frame and the body-fixed frame such
that the unit vector along the gravity direction in the iner-
tial frame, and the unit vector along the pendulum axis in
the body-fixed frame are represented by the same vector
e; = [0;1] € R2 Thus, for example, the hanging atti-
tude is represented by R = I,x. Here, the rotation ma-
trix R € SO(2) represents the linear transformation from
a representation of a vector in the body-fixed frame to the
inertial frame.

Since the special orthogonal group is not a linear vec-
tor space, the expression for the variation should be care-
fully chosen. The infinitesimal variation of a rotation ma-
trix R € SO(2) can be written in terms of its Lie algebra

element as
d
SR = — Rexpef) = Rifexpef) =RAp. (14)
dE e=0 e=0

where 7 € R so that f) € s0(2). The infinitesimal varia-
tion of the angular velocity is induced from this expression
and (12) as

5§02 = SRR + RTSR
(RM'R + RT (R + RA)
=02+ Qi+H=1,

(15)

where we used the equality of mixed partials to compute
SR as d/dt(8R).
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Define the action integral to be & = fDT L(R. f?)dt.
The infinitesimal variation of the action integral is ob-
tained by using (14) and (15). Hamilton’s principle yields
the following continuous equations of motion.

2+ %egRel =0, (16)
R=R$2. (17)
If we parametrize the rotation matrix as
R [cos # —sin 9i|
sinf  cosf |’
these equations are equivalent to
é-l—%sin@z(). (18)

Discrete equations of motion: We develop a Lie group
variational integrator on SO(2). Similar to (4), define Fy, €
SO(2) such that

(19)

Thus, F, = RIR;(_H represents the relative update be-
tween two integration steps. If we find Fx € SO(2), the
orthogonal structure is preserved through (19) since mul-
tiplication of orthogonal matrices is also orthogonal, This
is a key idea of Lie group variational integrators.

Define the discrete Lagrangian Ly: SO(2)xS0(2) — R
to be

Riy1 = RiFy .

1
Ly(Ri. Fy) = z—hmIZ(Fk — Lxa, Fy — Ixa)

h h
+ —mglezTRkez + —mgle;rRkHez
2 2
| h (20)
== Emfztr[lgxg - Fk] + Emgle-erkeg

h T
- Emglez Riyie3,

which is obtained by an approximation h$2, ~ RI(RkJrl
— Ry) = Fr — Ixa,applied to the continuous Lagrangian
given by (13).

As for the continuous time case, expressions for the
infinitesimal variations should be carefully chosen. The
infinitesimal variation of a rotation matrix is the same
as (14), namely

SR = Ry . (21)

for . € R, and the constrained variation of Fy is obtained
from (19) as

8F; = 8RRyt + R 8R4,
—0kFi + Fifiegr = Fe(iesr — EFicFr)  (22)

Fe(Rg+r — Nk

where we use the fact that FAFT = f for any F € SO(2)
and 7] € s0(2).

Define an action sum &4: SO2)N*! — R as &y =

f:ol L4(Ry. Fi). Using (21) and (22), the variation of the

action sum is written as

N—1
1
_ o2 _ 5T
Gy = Z(thf (Fk_1 Fk—])
k=1
1 —
—_—— (FR - F;(r) - hmglengel, f’k .

2h
From the discrete Hamilton’s principle, &y = 0 for any
k. Thus, we obtain the Lie group variational integrator on
SO(2) as

th —_—

(Fx = F¢) = (Fiqr = FE+|)—Tge-zl-Rk+1el =0, (3)

Rys1 = Ry Fy . (24)

For a given (Ry, Fr) and Riyy = Ry Fy, (23) is solved
to find Fyy,. This yields a discrete map (R, Fy) +—
(Ry+1. Fry1). If we parametrize the rotation matrices R
and F with € and A€ and if we assume that A0 < 1,
these equations are equivalent to

1 h
;(9;(4_1 — 20k + 6) + Tgsin 0, =0.

The discrete version of the Legendre transformation
provides the discrete Hamiltonian map as follows.

. hlg
Fy—F =2h$2 — Tge}fzke1 . (25)
Riq1 = RiF . (26)
hg -+ hg -+
P41 = 2 — 2_‘?321Rk81 - gez[Rﬁﬁlel . (27)

Foragiven (R, £24), we solve (25) to obtain Fy. Using this,
(Ri41, £244) is obtained from (26) and (27). This yields
a discrete map (R, £2;) — (Rk+1, Qk+1)-

Numerical example: We compare the computational
properties of the discrete equations of motion given
by (25)-(27) with a 4(5)th order variable step size Runge—
Kutta method. We choose m = 1kg, | = 9.81 m. The
initial conditions are 8y = mw/2rad, 2 = 0, and the to-
tal energy is E = 0 Nm. The simulation time is 1000 sec,
and the step-size h = 0.03 of the discrete equations of mo-
tion is chosen such that the CPU times are identical. Fig-
ure 2b shows the computed total energy for both methods.
The variational integrator preserves the total energy well.
There is no drift in the computed total energy, and the
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mean variation is 1.0835x 10~ Nm. But, there is a notable
dissipation of the computed total energy for the Runge-
Kutta method. Note that the computed total energy would
further decrease as the simulation time increases.

Example 3 (Spherical Pendulum) A spherical pendulum is
a mass particle connected to a frictionless, two degree-of-
freedom pivot by a rigid massless link. The mass particle
acts under a uniform gravitational potential. The configu-
ration space is the two-sphere S? = {g € R?|||q|| = 1.
It is common to parametrize the two-sphere by two angles,
but this description of the spherical pendulum has a singu-
larity. Any trajectory near the singularity encounters nu-
merical ill-conditioning. Furthermore, this leads to com-
plicated expressions involving trigonometric functions.

Here we develop equations of motion for a spheri-
cal pendulum using the global structure of the two-sphere
without parametrization. In the previous example, we de-
velop equations of motion for a planar pendulum using the
fact that the one-sphere S! is diffeomorphic to the special
orthogonal group SO(2). But, the two-sphere is not dif-
feomorphic to a Lie group. Instead, there exists a natural
Lie group action on the two-sphere. That is the 3-dimen-
sional special orthogonal group SO(3), a group of 3x3 or-
thogonal matrices with determinant 1, i.e. SO(3) = {R €
R33 | RTR = Isx3, det[R] = 1}. The special orthogonal
group SO(3) acts on the two-sphere in a transitive way;
for any q,.q, € S?, there exists a R € SO(3) such that
G2 = Rg;. Thus, the discrete update for the two-sphere
can be expressed in terms of a rotation matrix as (19). This
is a key idea to develop a discrete equations of motion for
a spherical pendulum.

Continuous equations of motion: Let ¢ € S? be a unit
vector from the pivot point to the point mass. The La-
grangian for a spherical pendulum can be written as

N
L(g.q) = ml*q- g+ mgles-q. (28)

where the gravity direction is assumed to be e3 = [0;0;
1] € R* The mass and the length of the pendulum are
denoted by m, I € R, respectively. The infinitesimal vari-
ation of the unit vector g can be written in terms of the

vector cross product as
dg=£§xq. (29)

where £ € R? is constrained to be orthogonal to the unit
vector, i.e. £-q = 0. Using this expression for the infinites-
imal variation, Hamilton’s principle yields the following
continuous equations of motion.

é+@@M+%MXMX%D=O- (30)

Since § = w % g for some angular velocity @ € R? sat-
isfying @ - ¢ = 0, this can also be equivalently written as

(31

(32)

d)—%qxe‘q:(].
g=wxq.

These are global equations of motion for a spherical pen-
dulum; these are much simpler than the equations ex-
pressed in term of angles, and they have no singularity.

Discrete equations of motion: We develop a variational
integrator for the spherical pendulum defined on S2. Since
the special orthogonal group acts on the two-sphere tran-
sitively, we can define the discrete update map for the unit
vector as

qr+1 = Frqx (33)
for Fi € SO(3). The rotation matrix Fj is not uniquely
defined by this condition, since exp(A4§), which corre-
sponds to a rotation about the g direction fixes the vec-
tor qi. Consequently, if Fy, satisfies (33), then F exp(A4y)
does as well. We avoid this ambiguity by requiring that
Fj does not rotate about g, which can be achieved by let-
ting F = cxp(fk), where fi - qr = 0.

Define a discrete Lagrangian Lg: 2 x §? — R to be

1
La(qk.-qk+1) = 2—hm52(‘ik+1 = qk) - (@r+1 — qx)

h h
+ Emgle; gk + Emgleg. PR
The variation of gy, is the same as (29), namely

8qr = &k X qk (34)

for & € R? with a constraint & - gx = 0. Using this
discrete Lagrangian and the expression for the variation,
discrete Hamilton’s principle yields the following discrete
equations of motion for a spherical pendulum.

hZ
qr+1 = (hwk + 2—;ng X -‘-’3) X qi
+ (1—'

Wiy = @ X e X e;3.
k+1 k 51 qk 3 ZE‘3k+1 3

2

h 2y 172
how + Z—qu X e ) gc. (35)

(36)

Since an explicit solution for Fy € SO(3) can be obtained
in this case, the rotation matrix F; does not appear in
the equations of motion. This variational integrator on
§? exactly preserves the unit length of gy, the constraint



150

Discrete Control Systems

0435 10’
el Lk -
2 ~0.44 feai
2
13
E
=
~0.445 —_—
-.t’ﬁ_,— “W-n"\""’_%'l'\mmm
-0.45 16
0 50 100 150 200 0 50 100 150 200
t t
a Trajectory of pendulum b Total energy C Unit length error g - gy — 1]

Discrete Control Systems, Figure 3

Numerical simulation of a spherical pendulum (RK45: biue, dotted, V: red, solid)

qk - @ = 0, and the third component of the angular ve-
locity @y - e3 which is conserved since gravity exerts no
moment along the gravity direction e3.

Numerical example: We compare the computational
properties of the discrete equations of motion given
by (35) and (36) with a 4(5)th order variable step size
Runge-Kutta method for (31) and (32). We choose m =
lkg, I = 9.81m. The initial conditions are g9 =
[ﬁIZ,O, 1/2], wy = 0.1 [ﬁ 0, 3] rad/sec, and the total
energy is E = —0.44 Nm. The simulation time is 200 sec,
and the step-size h = 0.05 of the discrete equations of
motion is chosen such that the CPU times are identical.
Figure 3 shows the computed total energy and the unit
length errors. The variational integrator preserves the to-
tal energy and the structure of the two-sphere well. The
mean total energy deviation is 1.5460 x 10~ Nm, and the
mean unit length error is 3.2476 x 1071°, But, there is
a notable dissipation of the computed total energy for the
Runge-Kutta method. The Runge-Kutta method also fails
to preserve the structure of the two-sphere. The mean unit
length error is 1.0164x 1072,

Example 4 (Rigid Body in a Potential Field) Consider
a rigid body under a potential field that is dependent on
the position and the attitude of the body. The configura-
tion space is the special Euclidean group, which is a semi-
direct product of the special orthogonal group and Eu-
clidean space, i.e. SE(3) = SO(3) ® R°.

Continuous equations of motion: The equations of mo-
tion for a rigid body can be developed either from Hamil-
ton’s principle (see [26]) in a similar way as Example 2,
or directly from the generalized discrete Euler-Poincaré
equation given at (5). Here, we summarize the results. Let
m € R and J € R**? be the mass and the moment of in-
ertia matrix of a rigid body. For (R. x) € SE(3), the linear

transformation from the body-fixed frame to the inertial
frame is denoted by the rotation matrix R € SO(3), and the
position of the mass center in the inertial frame is denoted
by a vector x € R?, The vectors £2, v € R? are the angular
velocity in the body-fixed frame, and the translational ve-
locity in the inertial frame, respectively. Suppose that the
rigid body acts under a configuration-dependent potential
U: SE(3) — R. The continuous equations of motion for
the rigid body can be written as

R =R$2. (37)

x=v, (38)

IR+ 2x]R=M, (39)
, au

my =——, (40)
Dx

where the hat map * is an isomorphism from R? to 3 x3
skew-symmetric matrices s0(3), defined such that xy =
xxy forany x. y € R*. The moment due to the potential
M € R? is obtained by the following relationship:

.Ut au
M=7%r aR “h
The matrix dU/AR € R¥® is defined such that
[0U/3R];; =dU/O[R]y; for i, j € {1,2,3}, where the i, jth
element of a matrix is denoted by [-];;.

Discrete equations of motion: The corresponding dis-
crete equations of motion are given by

U T
Qi + My = Felg = JaF{L (42)
Rig1 = RpFy . (43)
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h? AU,

= hvpy — — —— | 44
X1 = X + hvg 2 Ty (44)

h h
JRui1 = FeJ2u+ TF My + Mt (45)

h Uy h 0Ug4

= MY — e — 16
Mgty = Mg — 3 Bxe 2 Dxeey (46)

where J; € R*? is a non-standard moment of iner-
tia matrix defined as Jq =1/2tr[J]I5x3 — J. For a given
(Ry, xp, 2. v), we solve the implicit Eq. (42) to find
Fr € SO(3). Then, the configuration at the next step
Ri41.Xk4) is obtained by (43) and (44), and the mo-
ment and force My 4. (dUj4 )/ (dx4) can be computed.
Velocities §24y.vk+ are obtained from (45) and (46).
This defines a discrete flow map, (Ry.xy, 24, vg) —
(Ri41, Xk+1. £25+1. Vk+1)» and this process can be re-
peated. This Lie group variational integrator on SE(3) can
be generalized to multiple rigid bodies acting under their
mutual gravitational potential (see [26]).

Numerical example: We compare the computational
properties of the discrete equations of motion given by
(42)-(46) with a 4(5)th order variable step size Runge—
Kutta method for (37)-(40). In addition, we compute the
attitude dynamics using quaternions on the unit three-
sphere $3. The attitude kinematics Eq. (37) is rewritten in
terms of quaternions, and the corresponding equations are
integrated by the same Runge-Kutta method.

We choose a dumbbell spacecraft, that is two spheres
connected by a rigid massless rod, acting under a central
gravitational potential. The resulting system is a restricted
full two body problem. The dumbbell spacecraft model has
an analytic expression for the gravitational potential, re-
sulting in a nontrivial coupling between the attitude dy-
namics and the orbital dynamics.

As shown in Fig. 4a, the initial conditions are cho-
sen such that the resulting motion is a near-circular orbit

combined with a rotational motion. Figure 4b and ¢ show
the computed total energy and the orthogonality errors
of the rotation matrix. The Lie group variational integra-
tor preserves the total energy and the Lie group structure
of SO(3). The mean total energy deviation is 2.5983x 1074,
and the mean orthogonality error is 1.8553 x 1073, But,
there is a notable dissipation of the computed total en-
ergy and the orthogonality error for the Runge-Kutta
method. The mean orthogonality errors for the Runge-
Kutta method are 0.0287 and 0.0753, respectively, using
kinematics equation with rotation matrices, and using the
kinematics equation with quaternions. Thus, the attitude
of the rigid body is not accurately computed for Runge—
Kutta methods. It is interesting to see that the Runge—
Kutta method with quaternions, which is generally as-
sumed to have better computational properties than the
kinematics equation with rotation matrices, has larger to-
tal energy error and orthogonality error. Since the unit
length of the quaternion vector is not preserved in the
numerical computations, orthogonality errors arise when
converted to a rotation matrix. This suggests that it is crit-
ical to preserve the structure of SO(3) in order to study the
global characteristics of the rigid body dynamics.

The importance of simultaneously preserving the sym-
plectic structure and the Lie group structure of the con-
figuration space in rigid body dynamics can be observed
numerically. Lie group variational integrators, which pre-
serve both of these properties, are compared to meth-
ods that only preserve one, or neither, of these properties
(see [27]). It is shown that the Lie group variational inte-
grator exhibits greater numerical accuracy and efficiency.
Due to these computational advantages, the Lie group
variational integrator has been used to study the dynam-
ics of the binary near-Earth asteroid 66391 (1999 KW ,) in
joint work between the University of Michigan and the Jet
Propulsion Laboratory, NASA (see [37]).
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Optimal control of a rigid body

variation of the rotation matrix and the angular velocity
given in (14) and (15), the infinitesimal variation can be
written as

N—1

6, = Z hé'uk’l {qu{ -+ Az_l}
k=1
+ héul" T W' + 25}
+ ZE {—lkfl + AI)L{;} s

where A = [ll;ﬂ.i;.li;l'}(] e R, and z; € R
represents the infinitesimal variation of (Ry, xg, £2¢. Vi),
given by z¢ = [logm(R;Rx)";8xk. 882, 8vi]. The ma-
trix Ay € R'?*12 is defined in terms of (Ry. xk. 2. Vi)
Thus, necessary conditions for optimality are given by

o _ —152

ey = —WiAL, (47)
uph = —W, A% (48)
Ak = Ay A (49)

together with the discrete equations of motion and the
boundary conditions.

Computational approach: Necessary conditions for op-
timality are expressed in terms of a two point boundary
problem. The problem is to find the optimal discrete flow,
multipliers, and control inputs to satisfy the equations of
motion, optimality conditions, multiplier equations, and
boundary conditions simultaneously. We use a neighbor-
ing extremal method (see [12]). A nominal solution sat-
isfying all of the necessary conditions except the bound-
ary conditions is chosen. The unspecified initial multiplier
is updated by successive linearization so as to satisfy the
specified terminal boundary conditions in the limit. This is
also referred to as the shooting method. The main advan-
tage of the neighboring extremal method is that the num-
ber of iteration variables is small.

Orbital radius change C

Inclination angle change

The difficulty is that the extremal solutions are sensi-
tive to small changes in the unspecified initial multiplier
values. The nonlinearities also make it hard to construct
an accurate estimate of sensitivity, thereby resulting in
numerical ill-conditioning. Therefore, it is important to
compute the sensitivities accurately to apply the neighbor-
ing extremal method. Here the optimality conditions (47)
and (48) are substituted into the equations of motion and
the multiplier equations, which are linearized to obtain
sensitivity derivatives of an optimal solution with respect
to boundary conditions. Using this sensitivity, an initial
guess of the unspecified initial conditions is iterated to
satisfy the specified terminal conditions in the limit. Any
type of Newton iteration can be applied. We use a line
search with backtracking algorithm, referred to as New-
ton-Armijo iteration (see [22]).

Figure 6 shows optimized maneuvers, where a dumb-
bell spacecraft on a reference circular orbit is transferred
to another circular orbit with a different orbital radius
and inclination angle. Figure 6a shows the violation of the
terminal boundary condition according to the number of
iterations on a logarithmic scale. Red circles denote outer
iterations in the Newton—-Armijo iteration to compute the
sensitivity derivatives. The error in satisfaction of the ter-
minal boundary condition converges quickly to machine
precision after the solution is close to the local minimum
at around the 20th iteration. These convergence results are
consistent with the quadratic convergence rates expected
of Newton methods with accurately computed gradients.

The neighboring extremal method, also referred to as
the shooting method, is numerically efficient in the sense
that the number of optimization parameters is minimized.
But, in general, this approach may be prone to numeri-
cal ill-conditioning (see [3]). A small change in the ini-
tial multiplier can cause highly nonlinear behavior of the
terminal attitude and angular momentum. It is dithcult
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to compute the gradient for Newton iterations accurately,
and the numerical error may not converge. However, the
numerical examples presented in this article show excel-
lent numerical convergence properties. The dynamics of
a rigid body arises from Hamiltonian mechanics, which
have neutral stability, and its adjoint system is also neu-
trally stable. The proposed Lie group variational integra-
tor and the discrete multiplier equations, obtained from
variations expressed in the Lie algebra, preserve the neu-
tral stability property numerically. Therefore the sensitiv-
ity derivatives are computed accurately.

Controlled Lagrangian Method
for Discrete Lagrangian Systems

The method of controlled Lagrangians is a procedure for
constructing feedback controllers for the stabilization of
relative equilibria. It relies on choosing a parametrized
family of controlled Lagrangians whose corresponding
Euler-Lagrange flows are equivalent to the closed loop be-
havior of a Lagrangian system with external control forces.
The condition that these two systems are equivalent results
in matching conditions. Since the controlled system can
now be viewed as a Lagrangian system with a modified La-
grangian, the global stability of the controlled system can
be determined directly using Lyapunov stability analysis.

This approach originated in Bloch etal. [5] and was
then developed in Auckly etal. [1]; Bloch etal. [6,7,8,9];
Hamberg [15,16]. A similar approach for Hamiltonian
controlled systems was introduced and further studied in
the work of Blankenstein, Ortega, van der Schaft, Maschke,
Spong, and their collaborators (see, for example, [33,35]
and related references). The two methods were shown to
be equivalentin Changetal. [13] and a nonholonomic ver-
sion was developed in Zenkov et al. [40,41], and Bloch [4].

Since the method of controlled Lagrangians relies
on relating the closed-loop dynamics of a controlled
system with the Euler-Lagrange flow associated with
a modified Lagrangian, it is natural to discretize this ap-
proach through the use of variational integrators. In Bloch
etal. [10,11], a discrete theory of controlled Lagrangians
was developed for variational integrators, and applied to
the feedback stabilization of the unstable inverted equilib-
rium of the pendulum on a cart.

The pendulum on a cart is an example of an underac-
tuated control problem, which has two degrees of freedom,
given by the pendulum angle and the cart position. Only
the cart position has control forces acting on it, and the
stabilization of the pendulum has to be achieved indirectly
through the coupling between the pendulum and the cart.
The controlled Lagrangian is obtained by moditying the

kinetic energy term, a process referred to as kinetic shap-
ing. Similarly, it is possible to modify the potential energy
term using potential shaping.

Since the pendulum on a cart model involves both
a planar pendulum, and a cart that translates in one-di-
mension, the configuration space is a cylinder, S’ xR,

Continuous kinetic shaping: The Lagrangian has the
form kinetic minus potential energy

Ua.d) = 5 [ab +2(0)05 + 73] - Vi), (50)

and the corresponding controlled Euler-Lagrange dynam-

ics is
doL oL _ 51
dtgs 060
d JdL
— = 52
dras (52)

where u is the control input.

Since the potential energy is translation invariant, i. e.,
V(q) = V(0), the relative equilibria @ = 0,,§ = const
are unstable and given by non-degenerate critical points of
V(8). To stabilize the relative equilibria & = 6,, § = const
with respect to 6, kinetic shaping is used. The controlled
Lagrangian in this case is defined by

L%%(q.q) = L(6.0.5 + ©(0)0) + %oy(r(ﬁ)@)l . (53)

where ©(#) = kpB(6). This velocity shift corresponds to
a new choice of the horizontal space (see [8] for details).
The dynamics is just the Euler-Lagrange dynamics for
controlled Lagrangian (53),

d oL™® L™ o )
dr 90 a7

d aL=¢

prirraiad R (55)

The Lagrangian (53) satisfies the simplified matching con-
ditions of Bloch etal. [9] when the kinetic energy metric
coefficient y in (50) is constant.

Setting u = —d(yt(@)é)/dt defines the control in-
put, makes Egs. (52) and (55) identical, and results in
controlled momentum conservation by dynamics (51)
and (52). Setting 0 = —1/yx makes Egs. (51) and (54)
identical when restricted to a level set of the controlled
momentum.

Discrete kinetic shaping: Here, we adopt the following
notation:

9k + dk+1

qk+1/2 = T ,

Aqp = qrt1 — 9k 9k = (Br.sp) -



156

Discrete Control Systems

Then, a second-order accurate discrete Lagrangian is given
by,

La(qk. qi+1) = hL(qk+172: Aqilh) .
The discrete dynamics is governed by the equations

O0La(qk. qr+1)  OLalqk—1.qk) _

0, 56
00y a0y (56)
aL . aL 1.
d(dk- Gr+1) " d(q—1.9k) _ . (57)
ds g ds

where u, is the control input. Similarly, the discrete con-
trolled Lagrangian is,

LY @k qk+1) = BL® (qig112. Aqi/h) .

with discrete dynamics given by,

ALY (qk> qk+1) N LS (qr—1.q8)

0, 58
90, 90, (58)
aL% ‘ L% (g, ‘
4 (ks qr+1) 4+ 9L (qk—1. %) o 59)
35;( ask

Equation (59) is equivalent to the discrete controlled mo-
mentum conservation:

Pr =M,
where

ALY (qk- qrs1)
pr=——

D5
(I y)BOkt112) A0k + yAsy
p .
Setting
e = VAT Okr1r2) — Y A1 T(Bk112)
= —

h

makes Eqs. (57) and (59) identical and allows one to repre-
sent the discrete momentum equation (57) as the discrete
momentum conservation law py = p.

The condition that (56)-(57) are equivalent to (58)-
(59) yield the discrete matching conditions. The dynamics
determined by Eqgs. (56)-(57) restricted to the momentum
level pi = p is equivalent to the dynamics of Eqs. (58)-
(59) restricted to the momentum level p;, = p if and only
if the matching conditions

1
a = n = P s
14+ yx

_y_x‘

hold.

Numerical example: Simulating the behavior of the
discrete controlled Lagrangian system involves viewing
Egs. (58)-(59) as an implict update map (gx—>.qr—1) —
(9k—1.q«)- This presupposes that the initial conditions are
given in the form (qo, q1); however it is generally prefer-
able to specify the initial conditions as (gq, go). This is
achieved by solving the boundary condition,

oL . _
afé(qn‘ 4o) + D1 Lg(q0.91) + Fi (90.91) =0,

for q,. Once the initial conditions are expressed in the
form (qq, q1), the discrete evolution can be obtained using
the implicit update map.

We first consider the case of kinetic shaping on a level
surface, when « is twice the critical value, and without dis-
sipation. Here, h = 0.05sec, m = 0.14kg, M = 0.44kg,
and | = 0.215m. As shown in Fig. 7, the # dynamics is
stabilized, but since there is no dissipation, the oscillations
are sustained. The s dynamics exhibits both a drift and os-
cillations, as potential shaping is necessary to stabilize the
translational dynamics.

Future Directions

Discrete Receding Horizon Optimal Control: The existing
work on discrete optimal control has been primarily fo-
cused on constructing the optimal trajectory in an open
loop sense. In practice, model uncertainty and actuation
errors necessitate the use of feedback control, and it would
be interesting to extend the existing work on optimal con-
trol of discrete systems to the feedback setting by adopting
a receding horizon approach.

Discrete State Estimation: In feedback control, one typ-
ically assumes complete knowledge regarding the state of
the system, an assumption that is often unrealistic in prac-
tice. The general problem of state estimation in the con-
text of discrete mechanics would rely on good numerical
methods for quantifying the propagation of uncertainty
by solving the Liouville equation, which describes the evo-
lution of a phase space distribution function advected by
a prescribed vector field. In the setting of Hamiltonian sys-
tems, the solution of the Liouville equation can be solved
by the method of characteristics (Scheeres etal. [28]). This
implies that a collocational approach (Xiu [39]) com-
bined with Lie group variational integrators, and interpo-
lation based on noncommutative harmonic analysis on Lie
groups could yield an efficient means of propagating un-
certainty, and serve as the basis of a discrete state estima-
tion algorithm.
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Discrete controlled dynamics with kinetic shaping and without dissipation. The discrete controlled system stabilizes the # motion
about the equilibrium, but the s dynamics is not stabilized; since there is no dissipation, the oscillations are sustained

Forced Symplectic-Energy-Momentum Variational In-
tegrators: One of the motivations for studying the control
of Lagrangian systems using the method of controlled La-
grangians is that the method provides a natural candidate
Lyapunov function to study the global stability proper-
ties of the controlled system. In the discrete theory, this
approach is complicated by the fact that the energy of
a discrete Lagrangian system is not exactly conserved, but
rather oscillates in a bounded fashion.

This can be addressed by considering the symplec-
tic-energy-momentum [20] analogue to the discrete La-
grange-d’Alembert principle,

Ny N—1
8 La(qk- k1. he) = D [F7 (k. i1 hi) - 8qi
k=0 k=0

+ F (g g1, i) - 8qia]

where the timestep hy is allowed to vary, and is chosen
to satisfy the variational principle. The variations in hy
yield an Euler-Lagrange equation that reduces to the con-
servation of discrete energy in the absence of external
forces. By developing a theory of controlled Lagrangians
around a geometric integrator based on the symplectic-
energy-momentum version of the Lagrange-d Alembert
principle, one would potentially be able to use Lyapunov
techniques to study the global stability of the resulting nu-
merical control algorithms.
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results for nonlinear equations, existence of low regularity
solutions, scattering, qualitative study of evolution equa-
tions on manifolds, and many others.

Introduction

To a large extent, mathematical physics is the study of
qualitative and quantitative properties of the solutions
to systems of differential equations. Phenomena which
evolve in time are usually described by nonlinear evolution
equations, and their natural setting is the Cauchy problem:
the state of the system is assigned at an initial time, and
the following evolution is, or should be, completely deter-
mined by the equations.

The most basic question concerns the local existence
and uniqueness of the solution; we should require that, on
one hand, the set of initial conditions is not too restrictive,
so that a solution exists, and on the other hand it is not
too lax, so that a unique solution is specified. For physi-
cally meaningful equations it is natural to require in addi-
tion that small errors in the initial state propagate slowly in
time, so that two solutions corresponding to slightly differ-
ent initial data remain close, at least for some time (contin-
uous dependence on the data). This set of requirements is
called local well posedness of the system. Global well posed-
ness implies the possibility of extending these properties to
arbitrary large times.

However, local well posedness is just the first step in
understanding a nonlinear equation; basically, it amounts
to a check that the equation and its Cauchy problem are
meaningful from the mathematical and physical point of
view. But the truly interesting questions concern global ex-
istence, asymptotic behavior and more generally the struc-
ture and shape of solutions. Indeed, if an equation de-
scribes a microscopic system, all quantities measured in
an experiment correspond to asymptotic features of the
solution, and local properties are basically useless in this
context.

The classical tool to prove local well posedness is the
energy method; it can be applied to many equations and
leads to very efficient proofs. But the energy method is in-
trinsically unable to give answers concerning the global ex-
istence and behavior of solutions.

Let us illustrate this point more precisely. Most non-
linear evolution equations are of the form

Lu = N(u)
with a linear part L (e. g., the d’Alembert or Schrédinger

operator) and a nonlinear term N(u). The two terms are in
competition: the linear flow is well behaved, usually with

several conserved quantities bounded by norms of the ini-
tial data, while the nonlinear term tends to concentrate the
peaks of u and make them higher, increasing the singular-
ity of the solution. At the same time, a small function u is
made even smaller by a power-like nonlinearity N(u).

The energy method tries to use only the conserved
quantities, which remain constant during the evolution of
the linear flow. Essentially, this means to regard the equa-
tion as an ODE of the form y'(f) = N(y(t)). This ap-
proach is very useful if the full (nonlinear) equation has
a positive conserved quantity. But in general the best one
can prove using the energy method is local well posedness,
while a blow up in finite time can not be excluded, even if
the initial data are assumed to be small, as the trivial ex-
ample y' = y? clearly shows.

To improve on this situation, the strength of the lin-
ear flow must be used to a full extent. This is where dis-
persive phenomena enter the picture. A finer study of
the operator L shows that there are quantities, different
from the standard I? type norms used in the energy es-
timates, which actually decay during the evolution. Hence
the term L has an additional advantage in the competition
with N which can lead to global existence of small solu-
tions. See Sect. “The Nonlinear Wave Equation” for more
details.

This circle of ideas was initiated at the beginning of the
1970s and rapidly developed during the 1980s in several
papers, (see [26,27,31,32,33,34,38,10,41,42,50] to mention
just a few of the fundamental contributions on the sub-
ject). Global existence of small solutions was proved for
many nonlinear evolution equations, including the non-
linear wave, Klein-Gordon and Schrédinger equations.
The proof of the stability of vacuum for the Einstein equa-
tions [15,35] can be regarded as an extreme development
of this direction of research.

Another early indication of the importance of L esti-
mates came from the separate direction of harmonic anal-
ysis. In 1970, at a time when general agreement in the field
was that the 12 framework was the only correct one for
the study of the wave equation, R. Strichartz ([14,15], see
also [10,11,46]) proved the estimate

g — Au=F, u(0,x)=ui0,x)=0

= |lullee@e+ry S IFll Ly ety

for p = 2(n + 1)/(n — 1). This was a seminal result, both
for the emphasis on the I approach, and for the idea of
regarding all variables including time on the same level,
an idea which would play a central role in the later devel-
opments. At the same time, it hinted at a deep connection
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between dispersive properties and the techniques of har-
monic analysis.

The new ideas were rapidly incorporated in the main-
stream theory of partial differential equations and be-
came an important tool ([22,23,52]); the investigation of
Strichartz estimates is still in progress. The freedom to
work in an LP setting was revealed as useful in a wide
variety of contexts, including linear equations with vari-
able coefficients, scattering, existence of low regularity so-
lutions, and several others.

We might say that this point of view created a new im-
portant class of dispersive equations, complementing and
overlapping with the standard classification into elliptic,
hyperbolic, parabolic equations. Actually this class is very
wide and contains most evolution equations of mathe-
matical physics: the wave, Schrodinger and Klein-Gordon
equations, Dirac and Maxwell systems, their nonlinear
counterparts including wave maps, Yang-Mills and Ein-
stein equations, Korteweg de Vries, Benjamin-Ono, and
many others. In addition, many basic physical problems
are described by systems obtained by coupling these equa-
tions; among the most important ones we mention the
Dirac-Klein-Gordon, Maxwell-Klein-Gordon, Maxwell-
Dirac, Maxwell-Schrodinger and Zakharov systems. Fi-
nally, a recent line of research pursues the extension of
the dispersive techniques to equations with variable coef-
ficients and equations on manifolds.

The main goal of this article is to give a quick overview
of the basic dispersive techniques, and to show some im-
portant examples of their applications. It should be kept
in mind however that the field is evolving at an impres-
sive speed, mainly due to the contribution of ideas from
Fourier and harmonic analysis, and it would be difficult
to give a self-contained account of the recent develop-
ments, for which we point at the relevant bibliography. In
Sect. “The Mechanism of Dispersion” we analyze the ba-
sic mechanism of dispersion, with special attention given
to two basic examples (Schrodinger and wave equation).
Section “Strichartz Estimates” is a coincise exposition of
Strichartz estimates, while Sects. “The Nonlinear Wave
Equation” and “The Nonlinear Schriédinger Equation” il-
lustrate some typical applications of dispersive techniques
to problems of global existence for nonlinear equations. In
the last Sect. “Future Directions” we review some of the
more promising lines of research in this field.

The Mechanism of Dispersion

The Fourier transform puts in duality oscillations and
translations according to the elementary rule

F(fx+h)=e>"Ff.

The same mechanism lies behind dispersive phenomena,
and indeed two dual explanations are possible:

a) in physical space, dispersion is characterized by a finite
speed of propagation of the signals; data concentrated
on some region tend to spread over a larger volume
following the evolution flow. Correspondingly, the L™
and other norms of the solution tend to decrease;

b) in Fourier space, dispersion is characterized by oscilla-
tions in the Fourier variable &, which increase for large
|&| and large £. This produces cancelation and decay in
suitable norms.

We shall explore these dual points of view in two fun-
damental cases: the Schrodinger and the wave equation.
These are the most important and hence most studied dis-
persive equations, and a fairly complete theory is available

for both.

The Schridinger Equation in Physical Space

The solution u(t, x) of the Schrédinger equation
iy + Au =0, u(0,x)= f(x)

admits several representations which are not completely
equivalent. From spectral theory we have an abstract rep-
resentation as a group of L? isometries

u(t,x) = e f; (1)

then we have an explicit representation using the funda-
mental solution

1 2
u(t. x) = We ik f
! il 2)
= Uminm fR,,E T Odys

finally, we can represent the solution via Fourier transform
as

u(t,x) = 2m)™" f o (P07 (£)dg . 3)

Notice for instance that the spectral and Fourier represen-
tations are well defined for f € L%, while it is not immedi-
ately apparent how to give a meaning to (2) if f ¢ L.
From (1) we deduce immediately the dispersive esti-
mate for the Schrodinger equation, which has the form

1
12 ”f”L' . (4)

itA —n/f2
4] < (m)

Since the L? norm of u is constant in time

e fllz = 11£ Iz - (5)
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this might suggest that the constant L?> mass spreads on
aregion of volume ~ t" i. e. of diameter f. Apparently, this
is in contrast with the notion that the Schrédinger equa-
tion has an infinite speed of propagation. Indeed, this is
a correct but incomplete statement. To explain this point
with an explicit example, consider the evolution of a wave
packet
Ty = e—%|X—xo\2ef(X—xu)‘Eo .

A wave packet is a mathematical representation of a par-
ticle localized near position xj, with frequency localized
near £g; notice indeed that its Fourier transform is

=~ — e 3lE=El i
Ty = €€ 2 e

for some constant ¢. Exact localization both in space and
frequency is of course impossible by Heisenberg’s prin-
ciple; however the approximate localization of the wave
packet is a very good substitute, since the gaussian tails de-
cay to 0 extremely fast. The evolution of a wave packet is
easy to compute explicitly:

. . 1(x—xo—2nfo)2) -

itA . il

e Ty g = (142it) 2 exp| —————— | e
vt = ( ) P( 2 (1+412)

where the real valued function [ is given by

t(x — x0)* + (x — xo — t&0) - &

F =
(1 + 412)

We notice that the particle “moves” with velocity 2&; and
the height of the gaussian spreads precisely at a rate /2.
The mass is essentially concentrated in a ball of radius ¢, as
suspected. This simple remark is at the heart of one of the
most powerful techniques to have appeared in harmonic
analysis in recent years, the wave packet decomposition,
which has led to breakthroughs in several classical prob-
lems (seee. g. [7,8,48,51]).

The Schridinger Equation in Fourier Space

In view of the ease of proof of (4), it may seem unnec-
essary to examine the solution in Fourier space, however
a quick look at this other representation is instructive and
prepares the discussion for the wave equation. If we ex-
amine (3), we see that the integral is a typical oscillatory
integral which can be estimated using the stationary phase
method. The phase here is

Pt §) = tE[P+x-§ = Vep=2tE+x

so that for each (., x) we have a unique stationary point
& = —x/2t; the n curvatures at that point are different

from zero, and this already suggests a decay of the order
t~"2, This argument can be made precise and gives an al-
ternative proof of (4).

We also notice that the Fourier transform in both
space and time of u(t, x) = ¢'*4 f is a temperate distribu-
tion in $'(R"*1) which can be written, apart from a con-
stant,

i(r.§) = 8(r — |&°)

and is supported on the paraboloid T = |£|. This repre-
sentation of the solution gives additional insight to its be-
havior in certain frequency regimes, and has proved to be
of fundamental importance when studying the existence
of low regularity solutions to the nonlinear Schriédinger
equation [6,9].

The Wave Equation in Physical Space

For the wave equation, the situation is reversed: the most
efficient proof of the dispersive estimate is obtained via the
Fourier representation of the solution. This is mainly due
to the complexity of the fundamental solution; we recall
the relevant formulas briefly. The solution to the homoge-
neous wave equation

wig—Aw =0, w(0,x) = f(x), w0, x)=g(x)
can be written as
u(t, x) = cos(t|D|)f + Mg

DI

where we used the symbolic notations

cos(t|D|)f = F ' cos(t|ENTf .
sin(t\D|)g= _, sin(t|])
1D ]
(recall that ¥ denotes the Fourier transform in space vari-
ables). Notice that

isin{t|D|)

cos(t|D|)f = .
(1ps = 3 "D S

hence the properties of the first operator can be deduced
from the second. Moreover, by Duhamel’s formula, we can
express the solution to the nonhomogeneous wave equa-

tion

wiy— Aw = F(t,x), w(0.x)=0, w0, x)=0

as

u(t, x) :fo wf’(“(&'))d&
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In other words, a study of the operator

sin(t|D|)

is sufficient to deduce the behavior of the complete solu-
tion to the nonhomogeneous wave equation with general
data.

The operator S(t) can be expressed explicitly using the
fundamental solution of the wave equation. We skip the
one-dimensional case since then from the expression of
the general solution

u(t, x) = p(t + x) + Yt — x)

it is immediately apparent that no dispersion can occur. In
odd space dimension n > 3 we have

sin(t| D)) (1 )73 1[
— g =¢, | -0 — x —y)do, | .
D] g . ; |y|=tg( y)doy,

and in even space dimension n = 2

sin(tlDp)  _ (5 5 gx —y) dy)

2 lf
, ! 8x—y)
DI t ) (‘ <t V= yP

for some constant ¢,,. These formulas can be expanded and
the resulting integrals estimated in order to compute the
explicit decay rate of the solution; this approach was fol-
lowed in [50] (see also [43] for a more concise proof based
on the fundamental solution). We shall prove the disper-
sive estimate using Fourier methods in the next section,
but here it is instructive to consider the particularly sim-
ple case n = 3, when the above representation reduces to
Kirchhoff’s formula

sin(t|D|) cf
&= 7 glx — y)do, .
D) t = ’

Using the divergence theorem it is easy to deduce that

sin(t|D|) 1
——g| = -V .
o8| 5 {1V

Recall that the rate of decay for the Schrédinger equation
in dimension 3 is ~ t¥2; for the wave equation the rate
of decay is slower, in addition the estimate shows a loss
of one derivative with respect to the initial data. Actually
this estimate is optimal, as it is evident from the explicit
representation of the solution. In dimension n the correct
rate of decay is t~"3" and the loss of derivative is of order
(n —1)/2, as we shall see in the next section.

This result is in apparent contrast with our physical
space picture. Indeed the L? norm of the first derivatives

of the solution remains constant, in view of the energy es-
timate

et G2+ [Vt ][ 72 = ue©. )7 + [ Va0, )23

on the other hand, the velocity of propagation for the
wave equation is exactly 1, so that the constant L? en-
ergy is spread on a volume which increases at a rate ~ t";
as a consequence, we would expect the same rate of de-
cay ~ "2 as for the Schrédinger equation. However,
a more detailed study of the shape of the solution reveals
that it tends to concentrate in a shell of constant thick-
ness around the light cone. For instance, in odd dimension
larger than 3 initial data with support in a ball B(0, R) pro-
duce a solution which at time ¢ is supported in the shell
B(0,t + R)\ B(0, t — R). Also in even dimension the so-
lution tends to concentrate along the light cone |f| = |x|,
with a faster decreasing tail far from the cone. Thus, the
energy spreads over a volume of size "7, in accordance
with the rate of decay in the dispersive estimate.

The Wave Equation in Fourier Space
Since

_sin(t|D]) eitiDl e—iflDl
“or T T T
2cos(t|D|)f = e'"1Plf 4 7Pl ¢ |

2

we can unify the study of the various components of the
solution by considering the operator

ei!lD‘f — j-—]clllf‘ Tf — {ZJ‘T)_H [ c'("f"_rlsl)?dfj .
The phase of the last integral is

—— Ve¢=ti+x

I§]

and we notice immediately that the structure of stationary

Pt x;8) = t|g|+x-§

points is more complex than for Schrédinger: if |t| = |x|,
i.e. if the point (f. x) is on the light cone, the phase has
a half line of critical points
& x
1] t
which of course are degenerate since only n — 1 curvatures
are different from zero; on the other hand, when (t. x) is
not on the light cone, the phase is nondegenerate at all
points.

In the nondegenerate case |t| # |x|, we notice that

It = |x] =

3
Ve = f——
£P t|$‘+x

= [Ved| = [|t] = |x]|
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hence by direct integration by parts we obtain

/ i EHIEN T g

Notice that the singularity |&| of the phase makes it impos-
sible to perform the integration by parts more than n — 1
times, but this is largely sufficient for our purposes here.

In the degenerate case |t| = |x|, we can eliminate the
degeneracy by passing to polar coordinates:

o~ o0
fei(x‘$+f|5|)fdg :j eltPpn=!
0

X f eix'pw?(,ow)dwdp .
|w|=1

= CHIIt— x|~V (6)

Now the phase in the inner integral has exactly two iso-
lated critical points for each value of x; by a standard ap-
plication of the stationary phase method we can obtain an
estimate of the form

f e e EHIED Fag

The power (n — 1)/2 is directly related to the dimension

< (x| ~T @)

n — 1 of the unit sphere.

From the above computations it is possible to obtain
a very detailed description of the shape of the solution (see
e. g [20]). However, here we are only interested in the rate
of decay of the L°® norm of the solution. Thus, using es-
timate (6) when |x| < |t[/2 and (7) when |x| > |t]/2 we
obtain

Pl < el

It is also possible to make precise the form of the con-
stant C( f) appearing in the estimate, This can be done in
several ways; one of the most efficient exploits the scaling
properties of the wave equation (see [10,23]). In order to
state the optimal estimate we briefly recall the definition

of some function spaces. The basic ingredient is the ho-
mogeneous Paley-Littlewood partition of unity which has
the form

DoeE =1, $)(5) =do278).
jEE
sup ¢; = {§: 2771 < j§| = 277
for a fixed g € C{T(R") (the following definitions are
independent of the precise choice of ¢g). To each symbol
¢;(&) we associate by the standard calculus the operator

¢;(D) = ‘T_lgbj(E)_’F. Now the homaogeneous Besov norm
Bi,l can be defined as follows:

If s, = D 2" I6/(D)f || ®)

j€Z

and the corresponding Besov space can be obtained by
completing C5° (see [4] fora thorough description of these
definitions).

Then the optimal dispersive estimate for the wave
equation is

1Pl f| < ClA a7 ©)
B
We might add that in odd space dimension a slightly bet-
ter estimate can be proved involving only the standard
Sobolev norm W “T" instead of the Besov norm.

The singularity in t at the right hand side of (9) can be
annoying in applications, thus it would be natural to try
to replace |¢| by (1 + |t|) by some different proof. ITow-
ever, this is clearly impossible since both sides have the
same scaling with respect to the transformation u(t, x) —
u(At, Ax) which takes a solution of the homogeneous wave
equation into another solution. Moreover, if such an esti-
mate were true, taking the limit as t — 0 we would ob-
tain a false Sobolev embedding. Thus, the only way to get
a nonsingular estimate is to replace the Besov norm of the
data by some stronger norm.

Indeed, for |[f| < 1 we can use the L? conservation
which implies, for any € > 0,

e 1P < e P Sl = 1l -

Combining the two estimates, we arrive at
j —nl
/1Pl < (IIfIIB.n_;_t + ||f||Hm+() At (10)
1.1

Other Dispersive Equations

Dispersive estimates can be proved for many other equa-
tions; see for instance [3] for general results concerning the
equations of the form

iuy = P(D)u, P polynomial

which correspond to integrals of the form

[ ez es

Here we would like to add some more details on two
equations of particular importance for physics. The Klein-
Gordon equation

ugp—Autu =0, u(0.x)=f(x). ul(0 x)=gx)

shows the same decay rate as the Schrodinger equation, al-
though for most other properties it is very close to the wave
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Dispersion Phenomena in Partial Differential Equations, Figure 1
Schrodinger admissible couples, n = 1

E — (00,2)

2| =

Dispersion Phenomena in Partial Differential Equations, Figure 2
Schradinger admissible couples, n = 2

for all admissible couples (p. q) and (p, §), which can be
chosen independently. Here p’ denotes the conjugate ex-
ponent to p. These estimates continue to be true in their
local version, with the norms at both sides restricted to
a fixed time interval I C [R. Notice that the inhomoge-

1
q
1 E—(x2)
2
S—=(1+4/n,1+4+4/n)
P (22
;o =q
1 !
2 p

Dispersion Phenomena in Partial Differential Equations, Figure 3
Schrédinger admissible couples, n > 3

neous global estimates are optimal since other combina-
tion of indices are excluded by scale invariance; however,
the local Strichartz estimates can be slightly improved al-
lowing for indices outside the admissible region (see [21]).

We also mention that a much larger set of estimates
can be deduced from the above ones by combining them
with Sobolev embeddings; in the above diagrams, all cou-
ples in the region bounded by the line of admissibility,
the axes and the line 1/p = 2 can be reached, while the
external region is excluded by suitable counterexamples
(see [30]).

Strichartz Estimates for the Wave Equation

Most of the preceding section has a precise analogue for
the wave equation. Since the decay rate for the dispersive
estimatesis (""" for the wave equation instead of "/
as for the Schrédinger equation, this causes a shift n — n—
1 in the numerology of indices. A more serious difference
is the loss of derivatives: this was already apparent in the
original estimate by Strichartz [44], which can be written

I PN s S (fllgne . m > 2.
The general homogeneous Strichartz estimates for the
wave equation take the form

ntl

n—I1

e P f ) pora < W1,

o
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now the (wave) admissible couples of indices must satisfy
the scaling condition

2 n—1 n—1
-+ = (22)
p q 2

and the constraints 2 < p < og,

2n—1

1<g<2"TD o q # o0 (23)
n—3

2<g=oco if n=2, (24)

while p varies accordingly between 2 and co (between 4
and oc in dimension 2). Recall that in dimension 1 the so-
lutions of the wave equation do not decay since they can
be decomposed into traveling waves. We omit the graphic
representation of these sets of conditions since it is com-
pletely analogous to the Schrodinger case (apart from the
shiftn — n —1).
The inhomogeneous estimates may be written

Lot S F|
n—I1

iyt

—Llnrl

"7
L? H(j,

t
/ eI (s)ds

0

r-_l—ll (25)

in terms of the homogeneous Sobolev norms

lglliz; = IIDPgllze. DI = (1= 4)".

Other Equations

The general procedure of Keel and Tao can be applied to
a large variety of equations. For the convenience of the
reader we list here the precise form of the homogeneous
Strichartz estimates in some important cases.

For the Klein-Gordon equation we have

it{D
1P fllpora < IFI ) iz
gepn

with (p, g) Schrodinger admissible (recall that the rate of
dispersion is £~ for Klein-Gordon). For the massless
Dirac system we have
itD < —
le™ fllzrza WY 20 =3,
with (p. g) wave admissible in dimension 3, while for the
massive Dirac system the estimate takes the form

e @B fllora < ISl n=3

s,
H

with (p. q) Schrodinger admissible in dimension 3.

The Nonlinear Wave Equation

In this section we shall illustrate, using the semilinear wave
equation as a basic example, what kind of improvements
can be obtained over the classical energy method via the
additional information given by dispersive techniques.
From the linear theory it is well known that the correct
setting of the Cauchy problem for the wave equation

uy — Au=F(t.x), u(t.x): RxR" - C

requires two initial dataat ¢ = 0:

u(0,x) = up(x), up(0.x) = u;(x).

For this equation the energy method is particularly simple.
If we multiply the equation by u; we can recast it in the
form

Bt (Jue]® + |Vul?) = 20V - (@ Vu) + 29(u, F)

and integrating this identity on different domains we can
obtain several conservation laws. Integrating on a slab 0 <
t < T,x € R" we arrive at an estimate of the form

wellrgerz + [Vl pgo 2
S flurllzz + [Vuollzz + ([ Fllpz g2 (26)
where we are using the shorthand notation
P — .
LpL9 = LP(0. T; LY(R™)) .

Estimate (26) is the basic energy estimate, which is
enough to prove the existence of a global solution u €
C(R; HI(R™) N CY(R; L>(R™)) of the linear wave equa-
tion for data in (ug, u;) € H' x L? and a forcing term
in F € LLL* for all T. Uniqueness and continuous de-
pendence on the data are simple consequences of the en-
ergy estimate. Moreover, if we differentiate the equation k
times, the same computations lead to the higher order en-
ergy estimates

el oo an + 1l 2o et
k=0,1,2,...
(27)

< N+l llprsr I E Ny pn

Consider now the nonlinear wave equation

up — Au = F(u) (28)

for some function F(s) sufficiently smooth. The classical
approach to solve it is to look for a fixed point of the map-
ping u = ®(v), where u(t, x) solves the linearized equa-
tion

Ugr — Au = F(’V) . {29)
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If we apply the energy estimate to the difference of two so-
lutions u; = @(v) and u; = @(v;) with the same initial
data, we obtain

[19:(u1 — u2)l| poo i + [lur — 2]l poo it

S I1B01) = B0 g -
Using a standard Moser-type estimate (see e. g. [25,49])

IF ) = f2)ll e S CIvillzoe + [v2llLoe)l[ve — V2l

we arrive at the inequality

[19:Ger — u2)ll e e + lr = wal 5o it

S Cvillegeroe + lIv2lligeroe) - lvi = vall gt g -
In particular, writing X = L?."Hk, and noticing that
IGH Ly e = 1G]x, - T

we obtain

|y — w2l x,

< Cvillegeree + Ivallezeree) - lIvi = vallxr - T

We still have to handle the L norm of v;, which can be
controlled by the H* norm provided k > #/2. In conclu-
sion

=

n
k> 5 lur — w2l x,

S Clvillxe + lv2llxed) - live = v2llxe, - T

At this point the philosophy of the method should be clear:
if we agree to differentiate n/2 times the equation, we can
prove a nonlinear estimate, with a coefficient which can be
made small for T small. Thus, for T <« 1 the mapping
v > u is a contraction, and we obtain a local (in time)
solution of the nonlinear equation.

The energy method is quite elementary, yet it has the
remarkable property that it can be adapted to a huge num-
ber of equations: it can be applied to equations with vari-
able coeflicients, and even to fully nonlinear equations. An
outstanding example of its flexibility is the proof of the lo-
cal solvability of Einstein’s equations ([ 14]).

The main drawbacks of the energy method are:

1) A high regularity of the data and of the solution is re-
quired;

2) The nonlinear nature of the estimate leads to a local
existence result, leaving completely open the question
of global existence.

Actually, the two difficulties are related to each other. In-
deed, from the above argument one can check that the
lifespan of the local solution is a function of the H* norm
of the initial data. Most equations with a physical ori-
gin possess conserved quantities, which are essentially H*
norms of the solution with k low, e.g. k = 0 or 1. As-
sume now that we can prove the local existence for data
say in H', on some interval [0, Ty] with T depending on
the H'! norm of the data. Since this norm is conserved, we
can take T as a new initial time and construct a solution
on [Ty, 2Ty, and so on. This is the essence of the continu-
ation method. As a consequence, the local existence of low
regularity solution with the addition of suitable conserva-
tion laws can lead to global existence.

We shall now apply the dispersive information to im-
prove on the preceding result and obtain the global exis-
tence of small solution, under suitable assumptions on the
nonlinear term. Consider a free wave w(t, x), solution of

wy—Aw =0, w(0.x)= f(x). w0.x)=g(x).
Recalling the dispersive estimate (10), here the following
simplified version

w(t.x)| < CUL+ O T [|fwna. N>n

will be sufficient. This suggests modification of the energy
norm by adding a term that incorporates the decay in-
formation. To this end, we introduce the time-dependent
quantity

M(t) = sup {||“(T-')||Hk+1 +(+ r}%llu(rv-)lltm}'

o=t=<t
n
k= [—] .
2
Consider now the nonlinear Eq. (28) with initial data
ug, u;. We already know that a local solution exists, pro-
vided the initial data are smooth enough; we shall now try

to extend this solution to a global one. Using Duhamel’s
principle we rewrite the equation as

Lgi —
u(t.x) = w(r.x)+] MF(H(S‘ -))ds

0 D]

where we are using the symbolic notations of Sect. “Other
Dispersive Equations”. J being the space Fourier trans-
form. Note that the above dispersive estimate can be ap-
plied in particular to the last term; we obtain

sin((t — s)|D|)

ol F(s)| < C(L+ t— )T || Flyyn.t .
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By this inequality and the energy estimate already proved,
in a few steps we arrive at the estimate

M(T) < Co+ | Fllypp + 0+ 1)
T n—1
f (14 T—s)" 7 ||F(u(s)| ynads
0

where Cy = ||ug||ww.a + ||uy||ww.a and the mute con-
stant is independent of T. By suitable nonlinear estimates
of Moser type, we can bound the derivatives of the non-
linear term using only the L> and the H* norm of u, i. c.,
the quantity M(t) itself. If we assume that F(u) ~ |u|” for
small u, we obtain

M(T) < Co+ M(T)'(1 + T)"T

T
f (4 T—s)""T (1+s)"T ¥ s,
0

Now we have
t
f (I+t— r)_T
0

provided

(1+ 1) T 024

<cl+ 0T

-1

so that, for such values of y, we obtain

M(T) < Co+M(T)".

For small initial data, which means small values of the con-
stant Cy, (30) implies that M(T) is uniformly bounded as
long as the smooth solution exists. By a simple contin-
uation argument, this implies that the solution is in fact
global, provided the initial data are small enough.

The Nonlinear Schrodinger Equation

Strichartz estimates for the Schrodinger equation are ex-
pressed entirely in terms of I norms, without loss of
derivatives, in contrast with the case of the wave equa-
tions. For this reason they represent a perfect tool to han-
dle semilinear perturbations. Using Strichartz estimates,
several important results can be proved with minimal ef-
fort. As an example, we chose to illustrate in this Section
the critical and subcritical well posedness in L2 in the case
of power nonlinearities (see [13] for a systematic treat-
ment).

Consider the Cauchy problem

iuy — Au=|u]’, u(0,x)= (31)

f(x)

for some ¥ = 1. We want to study the local and global
solvability in L? of this Cauchy problem. Recall that this is
a difficult question, still not completely solved; however, at
least in the subcritical range, a combination of dispersive
techniques and the contraction mapping principle gives
the desired result easily.

Instead of Eq. (31), we are actually going to solve the

corresponding integral equation

t
u(t.x) = e'"Af + sf 794y (s)7ds .
0

Our standard approach is to look for a fixed point of the
mapping 4 = ®(v) defined by

t
@(V) _ ei'tdf+ f/ ei'(r—s)dlv(s)l}fds;
0

it is easy to check, using Strichartz estimates, that the map-
ping & is well defined, provided the function v is in the
suitable L L9. Indeed we can write, for all admissible cou-

ples (p, q) and (p, 4)
IeMllzera < 1f ez + NP N o o
and by Holder’s inequality this implies

I@Mlzres < Crllf Iz + Culvll) (32)

Ly pvat T

Thus, we see that the mapping @ operates on the space
LPLY, provided we can satisfy the following set of condi-
tions:

., J(SO)
Pv=pr. dv=q
2, n_n 2. .n_n
p aqa 2 p 4 2
- 2n
p.p € [2,00], ée[z, }
n—2

Notice that from the first two identities we have
2 " 2 "
_y + _y = o +
P q P q

and by the admissibility conditions this implies
g}f =2+n— g .
which forces the value of y to be
y=1+ L (33)
n

This value of y is called L? critical.
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Let us assume for the moment that y is exactly the crit-
ical exponent (33). Then it is easy to check that there exist
choices of (p, g) and (p. §) which satisfy all the above con-
straints. To prove that @ is a contraction on the space

X =171

we take any v;, v; € X and compute

|@(v1) — P(n)|x = H|V1|y - |1’2|y||”!v;'
< Jlve = vl + 2l
the same computation as above gives
1D 01) =B ()] x < Calvi—vall x|+ v2ll% " (34)
for some constant C,. Now assume that
Ivillx <&, lIfllz <83
using (32) we can write
[@(W)]lx = Ci(8 +£7) <&
provided &, § are so small that
Cé < f. Ce¥ < E.
2 2

On the other hand, by (34) we get

_ 1
[@(v1)—D(12)]|x < Callvi—va| x(2e) ! < EH"l—Vzllx

provided ¢ is so small that
y-1 1
Cz(ZE‘) < E .

In conclusion, if the initial data are small enough, the map-
ping @ is a contraction on a ball B(0,&) C X and the
unique fixed point is a global small solution of the critical
L? equation

4
iUy — Au = |u|'*7
Notice that in estimate (32) the first couple can also be
taken equal to (00, 2), thus the solution we have con-

structed belongs to L>L?%. A limit argument (dominated
convergence) in the identity

¢
u=ctf 4 ff ' =98 u(s) ds ;
0

proves that we have actually u € C(R; L2(R™)).

We briefly sketch a proof of the local existence in the
subcritical case | < y <1 + %. Consider the local space

Xp=LLL? = LP(0, T; LY(R™)) .

If we follow the steps of the preceding proof and choose
the same indices, we have now

ply<p. dv<q.

It is easy to check that we can shift the point (p, §) so that

Pyv<p. dy=gq

and proceeding as above and using Hélder inequality in
time, we obtain the inequality. Indeed, choosing the in-
dices as above and applying Hélder’s inequality in time we

have

I8Wlxs < Cullf Iz + CL T V], (35)

for some strictly positive A > 0. Analogously, estimate
(34) will be replaced by

[|®(vi) — @(v2)]| x,

A -1
< QT v —nlx[vil + [lly, - (6)

Now let M be so large and T so small that

M M
<—., T < —
1l < 5g CTH <3
we obtain from (35) that @ takes the ball B(0, M) € Xy
into itself; if in addition we have also, by possibly taking T'
smaller,

1
G TreM) ™! < 5

we see by (36) that @ is a contraction, and in conclusion
we obtain the existence of a unique local solution to the
subcritical equation. By the same argument as above this
solution is in C([0, T); L*(R™)).

We notice that in the above proof the quantity M is
only determined by the L? norm of f, and hence also the
lifespan of the local solution is a function of || f|| 2. If for
some reason we know a priori that the L? norm of the so-
lution is conserved by the evolution, this remark implies
immediately that the solution is in fact global, by an el-
ementary continuation argument. This is the case for in-
stance of the gauge invariant equation

iuy— Au = :|:|u\r_1u

for which any solution continuous with values in L? satis-
fies ||u(t)|| ;2 = ||u(0)|| ;2. The above computations apply
without modification and we obtain the global well posed-
ness for all subcritical exponents y.
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Glossary

Fractal Tractal structures are of two types: deterministic
fractals and random fractals. The former involves re-
peated applications of replacing a given structural ele-
ment by the structure itself. The process proceeds in-
definitely, leading to dilation symmetry: if we magnify
part of the structure, the enlarged portion looks the
same as the original. Examples are the Mandelbrot-
Given fractal and the Sierpinski gasket. A random frac-
tal obeys the same properties (e.g. dilation symme-
try), but only in terms of an ensemble average. The
stereotypical example is the percolating network. Frac-
tals can be constructed in any dimension, d, with for
example, d = 6 being the mean-field dimension for
percolating networks.

Fractal dimension The fractal dimension represents the
“mass” dependence upon length scale (measuring
length). It is symbolized by Dy, with the number of sites
on a fractal as a function of the measurement length L
being proportional to LPf, in analogy to a homoge-
neous structure embedded in a dimension d having
mass proportional to the volume spanned by a length L
proportional to L.

Spectral (or fracton) dimension The spectral (or frac-
ton) dimension refers to the dynamical properties of
fractal networks. It is symbolized by dg and can be most
casily thought of in terms of the density of states of
a dynamical fractal structure (e. g. vibrations of a frac-
tal network). Thus, if the excitation spectrum is mea-
sured as a function of energy @, the density of states
for excitations of a fractal network would be propor-

tional to @@~

, in analogy to a homogeneous struc-
ture embedded in a dimension d having a density of
states proportional to w@-n,

Localization exponent Excitations on a fractal network
are in general strongly localized in the sense that wave
functions fall off more rapidly than a simple exponen-
tial, ¥ (r) ~ exp[—{[r,‘A(m)]d¢ +] where A(w)isanen-
ergy dependent localization length, and the exponent
dg is in general greater than unity.

Definition of the Subject

The dynamical properties of fractal networks are very
different from homogeneous structures, dependent upon
strongly localized excitations. The thermal properties of
fractals depend upon a “spectral dimension” d less than
the “Euclidean” or embedding dimension d. Fractal ran-
domness introduces statistical properties into relaxation
dynamics. Transport takes place via hopping processes,
reminiscent of Mott’s variable range-rate hopping trans-
port for electronic impurity states in semi-conductors.
Fractal dynamics serve as a guide for the behavior of ran-
dom structures where the short length scale excitations are

localized.

Introduction

The study of the dynamics on and of fractal networks [29,
30,31] is not an arcane investigation, with little appli-
cation to real physical systems. Rather, there are many
examples of real materials that exhibit fractal dynamics.
Examples are the vibrational properties of silica aero-
gels [21,45], and magnetic excitations in diluted antifer-
romagnets [18,19,43]. Beyond these explicit physical re-
alizations, one can learn from the very nature of the ex-
citations on fractal structures how localized excitations
in homogeneous materials behave. That is, the dynamics
of fractal networks serve as a calculable model for trans-
port of localized excitations in random structures that are
certainly not mass fractals. Examples are thermal trans-
port in glasses above the so-called “plateau” tempera-
ture [2,20,26], and the lifetime of high-energy lattice vi-
brations in a-Si [32,33,36,37]. As we shall show in sub-
sequent sections, the former is an example of vibrational
hopping-type transport (similar in nature to Mott’s vari-
able-range hopping [22,23] for localized electronic states),
while the latter exhibits counter-intuitive energy depen-
dences for vibrational lifetimes.

The following Sect. “Fractal and Spectral Dimensions”
describes in brief terms the concept of the fractal (or mass)
dimension, Dy [7,8,9,10,15,40,41,46], and the spectral (or

fracton) dimension dg [5,14,17,34,35]. The latter is re-
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lated to the anomalous diffusion characteristics of frac-
tals (the so-called “ant in a labyrinth” introduced by de
Gennes [8]), and is at the heart of the thermal properties of
fractal structures. A conjecture introduced by Alexander
and Orbach [5] suggested that the mean-field value (ex-
actatd = o) for a?s for percolating networks, 3; = 4/3,
might be universal, independent of dimension. It is now
generally regarded that this conjecture is only approxi-
mate, though a very good approximation for percolating
networks in 2 = d < 6. Were it to be exact, it would
mean that the dynamical properties of percolating net-
works could be expressed in terms of their geometrical
properties.

Section “Nature of Dynamics on TFractals-Local-
ization” introduces the nature of the wave function for
an excitation embedded in a fractal structure. In general,
random self-similar structures generate “super-localized”
wave functions, falling off faster than exponential. We will
characterize the envelope of the wave function by the func-
tional form [1]

¥(r) ~ exp[—{[rl’A(w)]d“’ H.

where A(w) is an energy-dependent localization length,
and the exponent dy is in general greater than unity. For
excitations on fractal structures, the localization length
A(w) can be calculated analytically, allowing for explicit
computation of physical phenomena. This allows analytic
expressions for scattering lifetimes and excitation trans-
port.

Mapping of the diffusion problem onto the secular
equation for scalar lattice vibrations allows the extrac-
tion of the density of vibrational states [5]. It is given
by the simple relationship D(w) ~ o@D display-
ing the utility of the spectral dimension d,. A similar
though slightly more complicated mapping can be applied
to diluted Heisenberg antiferromagnets. The silica aero-
gels [13,16,42,44,45], and Mn,Zn,_.F, [43] and RbMn,
Mg, _.F3 [18,19] are realizations of such systems, respec-
tively, and have been extensively investigated experimen-
tally.

The random nature of fractal structures introduces sta-
tistical complexity into relaxation processes. The direct
(single vibration) [38] and Raman (scattering of two vi-
brations) [24,39] spin-lattice relaxation processes are dis-
cussed for random fractal networks in Sect. “Relaxation
Dynamics on Fractal Structures”. The theoretical results
are complex, related to the “Devil’s staircase” for Raman
relaxation processes. Experiments probing these rather
bizarre behaviors would be welcome.

Given the “super-localization” of excitations on frac-
tal networks [1,42], transport properties need to be ex-

pressed according to the same concepts as introduced
by Mott [22,23] for the insulating phase of doped semi-
conductors—the so-called “variable range-rate hopping”.
This is developed in Sect. “Transport on Fractal Struc-
tures”, and applied to the thermal transport of fractal
structures [2,20,26]. The “lessons learned” from these ap-
plications suggest an interpretation of the thermal trans-
port of glassy materials above the so-called “plateau” tem-
perature range. This instance of taking the insights from
fractal structures, and applying it to materials that are cer-
tainly not fractal yet possess localized vibrational states, is
an example of the utility of the analysis of fractal dynamics.

Finally, some suggestions, hinted at above, for fu-
ture experimental investigations are briefly discussed in
Sect. “Future Directions”.

Fractal and Spectral Dimensions

Fractals can be defined by the nature of the symmetry they
exhibit: self-similar geometry or equivalently dilation sym-
metry [7,8,9,10,15,40,41,46]. This symmetry is most as-
suredly not translational, leading to a very different set of
behaviors for physical realizations that shall be explored
in subsequent Sections. Stated most simply, self-similar
structures “look the same” on any length scale. Conversely,
one cannot extract a length scale from observation of
a self-similar structure. There are clearly limits to self-sim-
ilarity for physical realizations. For example, at the atomic
level, dilation symmetry must come to an end. And for fi-
nite structures, there will be a largest length scale. There
are other length scales that bracket the self-similar regime.
Thus, for percolating networks, an example of a random
fractal [38,39], the percolation correlation length, §(p),
where p is the concentration of occupied sites or bonds,
defines an upper limit to the regime of fractal geometry.
In general, for percolating networks, the range of length
scales £ over which the structure is fractal is sandwiched
between the atomic length a, and the percolation correla-
tion length £(p): a < £ < E(p).

Fractal structures can be deterministic or random. The
former is a result of applying a structural rule indefinitely,
replacing an element of a design by the design itself. Ex-
amples are the Mandelbrot-Given fractal and the Sierpin-
ski gasket. The latter arises from a set of probabilistic rules.
A simple example is the percolating network where a site
or bond (e.g in d = 2, a square grid) is occupied ran-
domly with probability p. The resulting clusters contain
a random number of sites or bonds, where the distribu-
tion function for the number of finite clusters of size s
is denoted by ng(p). There exists a critical value p = p,
where a connected cluster extends over all space (the “in-
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finite” cluster). For p < p. only finite clusters exist, with
the largest cluster spanned by the length scale £(p). £(p)
divergesat p = pcas|p—p.|~". Tor p > p. finite clusters
and the infinite cluster coexist, the number of finite clus-
ters vanishing at p approaches unity. The probability that
a site belongs to the infinite cluster varies with occupation
probability p as (p — pc)?.

The characteristic length £(p) for p > p. is a measure
of the largest finite cluster size. Hence, for length scales
£ > £(p) the systems looks homogeneous. Thus, the frac-
tal regime is sandwiched between the lattice constant a and
the percolation correlation length £(p). The remarkable
utility of the percolating network becomes clear from these
properties: there is a crossover length scale between fractal
and homogeneous structural behavior that can be chosen
at will by choosing a value for the site or bond occupation
probability p > p.. Excitations of structures that map onto
percolating networks can change their nature from fractal
to continuous as a function of their length scale ¢, the tran-
sition occurring when £, ~ &(p). This property makes the
percolating network the “fruit fly” of random structures.
The flexibility of adjusting the crossover length £ enables
a fit between those properties calculated for a percolating
network with the properties of those physical systems that
map onto percolating networks.

The fractal dimension, Dy, is defined from the de-
pendence of the “mass” on length scale. For fractals, the
number of points or bonds on the infinite cluster within
alength scale £ (hence, the “mass”), for £ < £(p), depends
upon £ as M(¢) ~ £Pr. From above it is straight forward
to show Dy = d — (B/v). For a percolation network [29]
ind = 2,Df = 91/48. Ford = 3, Dy = 2.48 4+ 0.09. In
mean field, d = 6, Dy = 4.

The spectral dimension, &s» follows from the analysis
of diffusion on a fractal network, as first postulated by de
Gennes [14]: “An ant parachutes down onto an occupied
site of the infinite cluster of a percolating network. At ev-
ery time unit, the ant makes one attempt to jump to one of
its adjacent sites. If that site is occupied, it moves there.
If it is empty, the ant stays at its original site. What is
the ensemble-averaged square distance that the ant trav-
els in time 7”7 Gefen et al. [17] found that (rz(t)) ~ f2te
where 6 depends upon the scaling exponent j (conduc-
tivity exponent), the probability that a site belongs to the
infinite cluster scaling exponent f, and the scaling expo-
nent v for £(p): @ = (p — B)/v. Alexander and Or-
bach [5] defined the spectral (or fracton) dimension as
d.s = 2D¢/(2 + A). The importance of ascan be seen from
the calculation of the probability of finding a diffusing par-
ticle at the starting point at time ¢, Py(¢), which for com-
pact diffusion is the inverse of the number of visited sites in

time t, V() ~ t@/2) For scalar elasticity, the vibrational
density of states

D(w) = —Qw/x)Im By(—w? + i0F) ~ o@D |

where Py(w) is the Laplace transform of Py(¢). Noting that
for homogeneous systems, D(w) ~ ©@~"), the name spec-
tral dimension for d, becomes evident. Alexander and Or-
bach [5] named the vibrational excitations of fractal struc-
tures, fractons, in analogy with the vibrational excitations
of homogeneous structures, phonons. Hence, they termed
d~sthe fracton dimension.

Alexander and Orbach noted that for percolation
structures in the mean-field limit, d = 6, cis = 4/3 pre-
cisely. At that time (1982), values for d,ford <6 appeared
close to that value, and they conjectured that dy = 4/3 for
2 < d < 6. We now know that this is only approximate
(but remarkably close [24]): &s = 1.325+0.002ind = 2,
and 1.317 £ 0.003 in d = 3. Were the conjecture exact,
a numerical relationship between structure and transport
would be exact [ = (3D¢/2)— 2], dictated solely by fractal
geometry.

For percolating networks, the structure appears fractal
for length scales £ < £(p) and homogeneous for £ > £(p).
The vibrational excitations in the fractal regime are termed
fractons, and in the homogeneous regime phonons. We
define the crossover frequency w. as that for which the
excitation length scale equals &(p). Then . ~ (p —
p;)‘”Df”‘f’). Continuity leads to a phonon velocity v(p) ~
(p—p)’ [(Df‘/ﬂis) — 1]. This then leads to the dispersion
relations:

[ > E(p).@ < ®., phonon regime]w ~ v(p)k ,

and

[l K E(p).@ > w, fracton regime]w ~ k(Dstds)

In the latter case, as we shall show in the next Section, vi-
brational excitations in the fractal regime are localized, so
that k should not be thought of as a wave vector but rather
the inverse of the localization length A(w).

Nature of Dynamics on Fractals - Localization

The conductance of a d dimensional percolating network
of size L, G(L), can be shown to be proportional to P
where the exponent f = (Dﬁ’&;)(dl — 2). In the Ander-
son sense [6], localization occurs when f < 0 (marginal at
B = 0). The Alexander-Orbach conjecture [5], cis ~ 4/3,
leads to B well less than zero for all embedding dimen-
sions d. One can think of this form of localization as geo-
metrical, as opposed to the scattering localization that tra-
ditionally is associated with Anderson localization. The lo-
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calization is strong, the wave function falling off faster than
simple exponential.

The wave function has the form [1]: (¥ (r)) ~ exp[—
{[rfA(ru]]"‘ﬁ }]. The exponent dg is a geometrical exponent
describing the fact that an exponential decay along the
fractal will be distorted when viewed in real space. In gen-
eral, | < dg < dpin, where dy,iy is defined by £ ~ Rémin |
with £ being the shortest path along the network between
two points separated by a Pythagorean distance R. Bunde
and Roman [11] have found that for percolating networks
dp = 1. The decay length A(w) is the localization length
from Sect. “Introduction”, A(w) ~ w(=4s/D0),

For a random system such as a percolating network,
a given realization of ¥(r) is badly behaved, depending
upon the particular choice of origin taken for the posi-
tion coordinate r. The ensemble average takes the aver-
age over all realizations of ¥ (r), and is denoted by (¥/(r)).
This has its dangers, as the calculation of physical prop-
erties should be performed using a specific realization for
¥(r), and then ensemble averaged. Calculation of physical
properties utilizing an ensemble averaged wave function
(¥(r)) will not yield the same result, and could be very
misleading,

Specific realizations for W(r) for two-dimensional
bond percolation vibrational networks have been calcu-
lated by Nakayama and Yakubo [25,28,17]. The fracton
“core” (or largest amplitude) possesses very clear bound-
aries for the edges of the excitation, with an almost step-
like character and a long tail. The tail extends over large
distances and the amplitude oscillates in sign. This is
required for orthogonality to the uniform translational
mode with @ = 0. Clearly these modes do not look like
simple exponentials, hence the warning about the use of
(¥ (r)) as compared to ¥(r) for the calculation of matrix
elements.

Mapping of Physical Systems onto Fractal Structures

The foregoing description of dynamics of fractal networks
would be interesting in and of itself, but its applicability
to physical systems makes it of practical importance. Fur-
ther, the nature of localization, and computation of “hop-
ping-type” transport on fractal structures, has application
to materials that are not fractal. Thus, it is worthwhile to
consider what systems are fractal, the nature of dynamics
on such systems, and the lessons we can learn from them
for structures that possess similar characteristics but are
not fractal. Specifically, Mott’s [22,23] variable range-rate
hopping for localized electronic impurity states has direct
application to transport of vibrational energy via fracton
hopping on fractal networks [2], and we shall argue to

thermal transport in glassy materials above the “plateau”
temperature [20,26].

The fundamental equations for fractal dynamics
spring from the equation for diffusion of a random walker
on a network: dP;/dt = ZJ# wij(P; — P;) where P; is
the probability that the ith site is occupied, wy; is the prob-
ability per unit time for hopping from site 7 to site j, and
wij = wj;. Introducing new quantities W;; = w;; for
i # j,and W; = — Zﬁéf wij, one can rewrite the dif-
fusion equation as dP;/dt = Z} Wi P; with the defined
relation ), Wi; = 0.

For scalar elasticity, the equation of motion for atomic
vibrations is d%u;/dt? = Z; Kijuj, with u; the atomic
displacement at position i, and K;j(i # j) is given by
K;j = kij/m; with k;; the force constant connecting two
sites i and j, and m; the mass of the ith site. The diago-
nal element W; is obtained from the balancing of forces at
the ith site: ZJ K;; =0.

The only difference between these two equations is the
order of the time derivatives, leading to the equivalence of
the eigenvalue problems. We have used this equivalence to
extract the density of vibrational states for scalar elasticity,
and the definition of the spectral (or fracton) dimension in
Sect. “Introduction”.

The most direct physical example of a vibrating fractal
network is the silica aerogel [13,16,42,44]. Different prepa-
ration conditions can change the density of these mate-
rials to very small values, indicative of the open porous
structure of these materials. Two length scales are present:
the fundamental building block of the structure (the sil-
ica), and the correlation length of the gel. In between, the
clusters possess a fractal structure, while at length scales
beyond the correlation length the gel behaves as a homo-
geneous porous glass. This crossover from fractal to ho-
mogeneous is the physical example of our previous discus-
sion for percolating networks when the length scale of ex-
citations passes through the percolation correlation length
£(p). The thermal, transport, and scattering properties of
aerogels have been well studied, and are the classic exam-
ple of fractal behavior.

There are other examples of structures that map onto
the eigenvalue spectrum of the diffusion equation. Fer-
romagnetic and antiferromagnetic materials can be di-
luted by non-magnetic impurities. This leads to random
site dilution, mapping directly onto the site-diluted per-
colating network for magnetic interactions. This can be
seen from the Heisenberg Hamiltonian for spin systems:
H=1/2 Zh}' Jii8:8;, where §; is the vector spin at the ith
site, and J;; the isotropic exchange interaction between
sites i and j. The equation of motion for the spin oper-
ator Sr.+ = Sf + iS;E becomes for diluted ferromagnets
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ihBSf"/ﬁt = Z#‘. ]ij(Sij' - S;S?‘). For low levels of
spin wave excitations, S7 & S; 2 §, so that one ob-
tains the linear equation of motion ihBS?’th = Zﬁé, Jij

(SJTF - 5.‘+)' This is the same form as that for diffusion of
a random walker on a network, so that, in analogy with the
scalar vibrational network, the eigenvalue spectrum is the
same. This mapping allows the spin wave spectrum to ex-
hibit magnons and fracton waves obeying the same prop-
erties that phonons and fractons exhibit for scalar vibra-
tions. For antiferromagnets, the change in sign of S7 for
the two sublattices complicates the linearized equations of
motion. They become,ikSS?—fat = a; Eﬁéf ],-J,—(S;"-{—S;"),
where ¢; = —1 for down spins and o; = 1 for up spins.
This alters the dynamical equations for diluted antiferro-
magnets, and requires a separate calculation of the eigen-
value spectrum,

Neutron diffraction experiments exhibit both conven-
tional magnon and fracton excitations. In the case of
the site-diluted antiferromagnet Mn,Zn;—,F, both excita-
tions are observed simultaneously for length scales in the

vicinity of £(p) [13].

Relaxation Dynamics on Fractal Structures

Electron spin resonance and non-radiative decay experi-
ments can be performed in fractal materials. It is of in-
terest to compare these dynamical properties with those
found in translationally ordered structures. At first sight,
for vibrational relaxation, it might be thought that the only
difference would originate with the differences in the den-
sities of vibrational states D(w). However, the localized
nature of the vibrational states (fractons) and their ran-
dom positions in the fractal network, introduces proper-
ties that are specific to fractal lattices. There are two cases
of interest: one-fracton relaxation, and two-fracton inelas-
tic scattering. The former is referred to as the “direct” re-
laxation process; the latter the “Raman” relaxation process.
In both cases, the main effect of vibrational localization is
on the relaxation time profile. Different spatial sites can
have very different relaxation rates because of the random-
ness of their distance from the appropriate fracton sites.
The result is a strongly non-exponential time decay.

For one-fracton relaxation [1], a straightforward gen-
eralization of the direct relaxation process rate, W(wy, L),
for relaxation energy wg arising from interaction with
a fracton of the same energy centered a distance L away,
is proportional to

W (w0, L) ~ 0" {[ Awp)] TP
- [coth(Bawo/2)](1/8L) exp{—[L/ A(wy)]% } .

Here, B = 1/kpT and the factor §; represents the en-
ergy width of the fracton state. In the homogeneous limit,
where phonons represent the extended vibrational states,
an energy conserving delta function would replace §;.
There are two limits for d;, case (a) when the fracton re-
laxation rate § caused by anharmonicity dominates; and
case (b) when the electronic relaxation rate caused by the
electron-fracton interaction is greater than 4. In the for-
mer case, d; = &; while in the latter, §; = W(wy, L) itself,
leading to a self-consistent determination of the relaxation
rate. The latter case requires explicit consideration of the L
dependence of §;, further complicating the calculation of
W@y, L). The calculation of the time profile of the elec-
tronic state population and the average relaxation rate are
complex, and the reader is referred to [32] for details.

For case (a), the population of the initial electronic
state is found to vary as

(In £)[(Pr=dp)f2ds] [ti’*cl(ln :)lmww—u}] _

Here, ¢; is a constant independent of time, but dependent
upon g and 8. The population of the initial electronic
state decays is thus found to be faster than a power law,
but slower than exponential or stretched exponential.

For case (b), the population of the initial electronic
state is found to vary as

(1/6) {an (P11

The decay is slower than in case (a), and is closer to
a power law.

The average relaxation rates for cases (a) and (b) have
the same functional form: (W) ~ D(wg)[(w)?17V]
coth(Bwy/2) where g = Jg(dqb,‘er}. The temperature de-
pendence is the usual one found for the direct process, but
the energy dependence differs, depending on the values of
the dimensions and parameters for fractal networks.

Two fracton relaxation is considerably more com-
plex [3,4]. In summary, the time profile of the initial elec-
tronic state in the long time regime begins as a stretched
exponential, then crosses over into a form similar to case
(a) for the one fracton decay process. In the presence of
rapid electronic cross relaxation, the time profile is ex-
ponential, with a low-temperature relaxation time (1/T)
proportional to TR4:[1+2e/Dl-1} for Kramers transi-
tions (between half-integer time-reversed spin states), and
TH4014+2(ds/P)1=3} for non-Kramers transitions (between
integer time-reversed spin states).

The complexity of random systems adds an interesting
consideration: the nature of the relaxation rate at a spe-
cific site as compared to the average relaxation rate cal-
culated above. The decay profile of single-site spin-lattice
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Recommended Reading

While many of the original articles are somewhat difficult to access,
the reader is nevertheless recommended to read them as there
are subtle issues that tend to disappear as references are quoted
and re-quoted over time. For a very helpful introduction to perco-
lation theory, Ref. 39 is highly recommended. A thorough review
of dynamics of/on fractal structures can be found in Ref. 30. Finally,
a comprehensive treatment of localization and multifractals, and
their relevance to dynamics of/on fractal networks, can be found
in Ref. 29.
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Glossary

Parametric excitation Explicit time-dependent variation
of a parameter of a dynamical system.

Parametric resonance An instability that is caused by
a rational relationship between the frequency of para-
metric excitation and the natural frequency of free os-
cillation in the absence of the excitation. If @ is the ex-
citation frequency, and w the natural frequency, then
parametric resonance occurs when @ = (n/2)wy for
any positive integer n. The case n = 1 is usually the
most prominent form of parametric resonance, and
is sometimes called the principle subharmonic reso-
nance.

Autoparametric resonance A virtual parametric reso-
nance that occurs due to the coupling between two
independent degrees of freedom within a system. The
output of one degree of freedom acts like the paramet-
ric excitation of the other.

Ince-Strutt diagram A two-parameter bifurcation dia-
gram indicating stable and unstable regions, specifi-
cally plotting the instability boundaries as the required
amplitude of parametric excitation against the square
of the ratio of natural to excitation frequency.

Floquet theory The determination of the eigenvalue
spectrum that governs the stability of periodic solu-
tions to systems of ordinary differential equations.

Bifurcation A qualitative change in a system’s dynam-
ics as a parameter is varied. One-parameter bifurca-
tion diagrams often depict invariant sets of the dynam-
ics against a single parameter, indicating stability and
any bifurcation points. Two-parameter bifurcation di-
agrams depict curves in a parameter plane on which
one-parameter bifurcations occur.

Modal analysis The study of continuum models by de-
composing their spatial parts into eigenmodes of the
dynamic operator. The projection of the full system
onto each mode gives an infinite system of differential
equations in time, one for each mode.

Monodromy matrix The matrix used in Floquet theory,
whose eigenvalues (also known as Floquet multipliers)
determine stability of a periodic solution.

Definition of the Subject

Parametric excitation of a system differs from direct forc-
ing in that fluctuations appear as temporal modulation of
a parameter rather than as a direct additive term. A com-
mon paradigm is that of a pendulum hanging under grav-
ity whose support is subjected to a vertical sinusoidal dis-
placement. In the absence of any dissipative effects, in-
stabilities occur to the trivial equilibrium whenever the
natural frequency is a multiple of half the excitation fre-
quency. At amplitude levels beyond the instability, further
bifurcations (dynamical transitions) can lead to more com-
plex quasi-periodic or chaotic dynamics. In multibody me-
chanical systems, one mode of vibration can effectively act
as the parametric excitation of another mode through the
presence of multiplicative nonlinearity. Thus autopara-
metric resonance occurs when one mode’s frequency is
a multiple of half of the other. Other effects include com-
bination resonance, where the excitation is at a sum or dif-
ference of two modal frequencies. Parametric excitation is
important in continuous systems too and can lead to coun-
terintuitive effects such as stabilization “upside-down” of
slender structures, complex wave patterns on a fluid free
surface, stable pulses of light that overcome optical loss,
and fluid-induced motion from parallel rather than trans-
verse flow.

Introduction

Have you observed a child on a playground swing? In ei-
ther a standing or a sitting position, generations of chil-
dren have learned how to “pump” with their legs to set the
swing in motion without making contact with the ground,
and without external forcing. Note that pumping occurs
at twice the natural frequency of swing of the pendulum,
since the child extends her legs maximally at the two ex-
tremities of the swing’s cycle, that is, two times per period.
What is happening here? The simplest case to analyze is
where the child is standing. Then, it has been argued by
Curry [17] that the child plus swing is effectively a simple
pendulum system, where the child’s pumping has the ef-
fect of periodic variation of the position of the center of
the mass along the arm of the pendulum (see Fig. la,b).



184

Dynamics of Parametric Excitation

(J

-

a b

Dynamics of Parametric Excitation, Figure 1

F(b)

mg mg

a A child standing on a swing modeled as b a parametrically excited pendulum c a directly forced pendulum

We shall return to the self-propelled swing problem in
Sect. “Future Directions” below, where we shall find out
that all is not what it seems with this motivating example,
but for the time being lets make the simple hypothesis that
the child’s pumping causes the center of mass to move up
and down.

Using the standard model of a pendulum that consists
of a lumped mass suspended by a rigid massless rod of
length [ from a pivot, the equations of motion for the angu-
lar displacement 6(t) of a pendulum hanging under grav-
ity can be written in the form

(1) + ‘%sin[@(f}] —0.

Here g is the acceleration due to gravity, a dot denotes dif-
ferentiation with respect to time t and, for the time be-
ing, we have ignored any damping that must inevitably be
present. Now, the moving center of mass means that the
effective length of the rigid rod oscillates, and let us sup-
pose for simplicity that this oscillation is sinusoidal about
some mean length ly:

I(t) = Ig[1 — ecos(wt)] .

Here & > 0 assumed to be small and as yet we haven’t
specified the frequency . Then, upon Taylor expansion
in &, we find to leading order

6+ wé[l + ecos(wt)]sinf = 0,

where wy = +/(g/ly) is the natural frequency of small am-
plitude swings in the absence of the pump. Finally, upon
rescaling time f = wt and dropping the tildes we find

Q—l—[a’-l—ﬁcost}sin():o. (1)
where
2 1)2
= and f=e2 @)
w? 0]

are dimensionless parameters that respectively describe
the square of the ratio of natural frequency to excitation
frequency, and the amplitude of the excitation.

Equation (1) is a canonical example of a parametrically
excited system. Note that (1) also describes, at least to lead-
ing order, the case of a pendulum hanging under gravity
that is excited by a vertical force of size 2w cos t which we
can think of as a periodic modulation of the gravity. This
would be in contrast to a directly forced simple pendulum
where the forcing would act in the direction of swing for
small amplitude motion; see Fig. lc. For the forced pendu-
lum, the equivalent equations of motion would look more

like
0+ asinf = Bcost, (3)

where the periodic forcing occurs as an additive input into
the differential equation. In contrast, for (1) the periodic
excitation occurs as a modulation of a parameter (which
you can think of as gravity), hence the name ‘parametric’.
Another feature of (1) that makes it a good paradigm for
this article is that it is nonlinear and, as we shall see, a full
appreciation of the dynamics resulting from parametric
excitation requires treatment of nonlinear terms.

An interesting contrast between parametrically excited
and directly forced systems is in the nature of the trivial re-
sponse to a non-zero input. In particular, for any o and 8,
Eq. (1) admits the trivial solution €(t) = 0, whereas there
is no such solution to (3) for non-zero B. The simplest
“steady” solution to the directly forced system for small g
is a small-amplitude periodic oscillation of period 27 (in
our dimensionless time units). So any analysis of a para-
metrically excited system should start with an analysis of
the steady state & = 0, which corresponds to the pendu-
lum just hanging under gravity. To analyze stability of this
equilibrium state let & = 0+ x where x is small, then x sat-
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Possible behavior of Floquet multipliers A (eigenvalues of the monodromy matrix M) for a a conservative Hill equation and b in the
presence of small damping

isfies linearization (1)

¥+ (@+ Pcost)x =0.

g)

Equation (4) is known as the Mathieu equation [12],

and is a specific example of Hill’s equation [29,410]

(4)

x+[e+ V(t)x=0,

The equilibrium position is stable if all solutions x(t) of

this equation, remain bounded as t — oc and it is unstable

if there are solutions x(t) — oo as t — oc.

(5)

where V() is any periodic function with period 2. Hill’s

equation can be solved using classical methods for linear
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time-dependent ordinary differential equations (ODEs),
see e.g [31,33]. In particular, by writing y; = x and
y2 = x, Hill's equation (5) is just a two-dimensional ex-
ample of a linear first-order time-periodic equation

y = P(t)y, yeR". (6)

The general solutions to (6) for any initial condition
can be expressed in terms of a fundamental matrix @ (1),
with @(0) = I, (the identity matrix of dimension n):

y(t) = @(0)y(0) .

Note that just because P(t) has period 2 it does not follow
that @(t) does. Also @(t) cannot be computed exactly, ex-
cept in highly specialized cases, and one has to rely on ap-
proximate methods as described in the next Sect. “Floquet
Analysis” and in the companion article to this one » Per-
turbation Analysis of Parametric Resonance. However, in
order to study stability we don’t actually need to con-
struct the full solution @(t), it is sufficient to consider
M = @(27), which is called the monodromy matrix as-
sociated with Hill's equation. Stability is determined by

studying the eigenvalues of M: solutions to (5) with small
initial conditions remain small for all time if all eigenval-
ues of M lie on or within the unit circle in the complex
plane; whereas a general initial condition will lead to un-
bounded motion if there are eigenvalues outside this circle.
See Fig. 2a. Eigenvalues of the Monodromy matrix are also
known as Floquet multipliers of the system, and the general
study of the stability of periodic systems is called Floquet
theory.

In the case of the Mathieu equation, where V() =
B cos(t), we have

0 1
P(®) =[ 0 o+ Bcos(l) :| ' @)

Figure 3 depicts graphically the behavior of Floquet mul-
tipliers for this case. Here, in what is known as an Ince-
Strutt diagram [31,63], the shaded regions represent the
values of parameters at which the origin x = 0 is stable
(with Floquet multipliers on the unit circle) and the white
regions are where the origin is unstable (at least one mul-
tiplier outside the unit circle). We describe how to calcu-
late such a diagram in the next section. For the time be-
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Dynamics of Parametric Excitation, Figure 3

least one solution unbounded

= = = Solution period T exists

Solution period 2T exists

Ince-Strutt diagram showing resonance tongues of the Mathieu equation (4). Regions of instability of the trivial solution x = 0
are shaded and a distinction is drawn between instability curves corresponding to a period-T (T = 2x) and to a period-2T orbit.
After (2nd edn.in [33]), reproduced with permission from Oxford University Press
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where an asterisk represents complex conjugation. Note
that the final condition implies that x is real. Clearly, for
B = 0, anontrivial solution can be found for any integer p
which has ¢, = 0 for all n # p, provided o? = p?. That
is, solution curves bifurcate from f = 0 for each «-value
that is the square of a whole integer. Furthermore, non-
linear analysis can be used to show that for small posi-
tive 8, there are two solution branches that emerge from
each such point (provided p # 0); one corresponding to
¢p being real, which corresponds to motion x(t) ~ cos(pt)
in phase with the excitation; and another corresponding to
¢p imaginary, which corresponds to motion x(t) ~ sin(pt)
out of phase with the excitation. Similarly, if we look for
solutions which are 47 -periodic by making the substitu-
tion

m=+00

x(t) — Z dmefmf.fz )

m=—0Q

(1)
we arrive at an infinite system of equations

(1/2)Bdpss + (@ — (1D)m*)dy + (1/2)Bdy—y = 0.

m=—00,...,00., with d_,, =d, . (12)
Note that the equations for /n even and m odd in (12) are
decoupled. The equations for even m become, on setting
m = 2n, precisely the system (10) with di,, = c¢,. For
m = 2n + 1, however, we arrive at new points of bifurca-
tion, by exactly the same logic as we used to analyze (10).
Namely whenever &> = (p/2)* for any odd integer p we
have the bifurcation from f = 0 of two 4 -periodic solu-
tions (one like cos(pt/2) and one like sin(pt/2)).

Perturbation analysis can be used to obtain asymptotic
expressions for the transition curves that bifurcate from
B = 0 at these special o-values; see the companion arti-
cle » Perturbation Analysis of Parametric Resonance for
the details. In particular it can be shown that the width of
the stability tongue (separation in @-values from the sine
and the cosine instability curves) originating at & = (p/2)*
(for p being odd or even) scales like

tongue width , ~ Bf + hot.

Hence the principal subharmonic instability arising from
@ = 1/4 has width O(f) (actually the transition curves
are given by & = 1/4 & (1/2)8 + 0(f?)), and the funda-
mental harmonic instability arising from ¢ = 1 has width
O(B?), etc. Hence the principal subharmonic instability is
by far the most prevalent as it occupies the greatest fre-
quency width for small §, and is often thought to be the
hallmark of parametric resonance in applications.

Note that we have not as yet mentioned the transition
curve emerging from ¢ = f = 0, which corresponds to
n = 0 in the above analysis. This case can also be ana-
lyzed asymptotically, and the single transition curve can
be shown to scale like & = —(1/2)B% + O(B?) for small B.
It is this bending back into & < 0 that leads to the Kapitza
pendulum effect, which we shall return to in Sect. “Up-
side-Down Stability” below.

Finally, the addition of small damping can be shown
to narrow the tongues and lift them off from the § = 0
axis as shown in Fig. 4. The amount of lift is in proportion
to the width of the tongue. This property further enhances
the pre-eminence of the principal subharmonic instability
for parametrically excited systems in practice, as they thus
require the least amplitude of vibration in order to over-

come the damping forces.

Bifurcation Theory

We have just analyzed the Mathieu equation, which is
purely linear. But, for example as shown in the Introduc-
tion, such an equation is often derived in the course of
analyzing the stability of a trivial solution to a nonlinear
parametrically excited system. It is worthwhile therefore
to consider the nonlinear implications of the harmonic
and subharmonic instabilities. The time-periodic Mathieu
equation can be written as an example of a three-dimen-
sional autonomous system of ODEs

x=y. y=f(x.ps). s=1(mod2m).
for (x, y,s) € R? x S', where f(x,y,5) = =8y — (@ +
B cos(s))x. As such, the trivial solution x = 0 should
actually be seen as the periodic solution x = y = 0,
s = t (mod 2x). Hence we can understand instability of
the trivial solution as points of bifurcation of periodic so-
lutions, for which there is a mature theory, see for exam-
ple [27,37,65,67]. In particular, the subharmonic instabil-
ity with Floquet multiplier — 1 is a period doubling bifurca-
tion, and the harmonic bifurcation corresponding to mul-
tiplier + 1 is a pitchfork bifurcation. Note that both these
bifurcations come in super- and sub-critical forms. Hence,
depending on the nature of the nonlinearity we may find
either stable bounded motion close to the instability inside
the resonant tongue close to the boundary edge, or motion
that is not of small amplitude. See Fig. 5.

The case of the Mathieu or Hill equations without
damping have received special attention in the literature.
This is because of the extra mathematical structure they
posses, namely that they can be expressed as reversibleand
Hamiltonian systems. Specifically, Hill’s equation of the
form (5) can be shown to conserve the energy function
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Contrasting a super-critical and b sub-critical bifurcations close to the resonance tongue boundary of a subharmonic (period-dou-
bling) instability, here represented by the abbreviation P.D. Solid lines represent stable solutions, dashed lines represent unstable
solutions. c A one-parameter bifurcation diagram close to the super/sub-critical boundary. d A two parameter unfolding of the codi-
mension-two point P where the super/sub-critical transition occurs. Shading is used to represent where a stable period-two cycle
exists. Note in this case that for higher B-values the right-hand boundary of this existence region is therefore the fold curve and
not the period-doubling point. Between the period-doubling and the fold there is hysteresis (coexistence) between the stable trivial

solution and the stable period-two cycle

H(x. y. t) = (1/2)y + (1/2)(a + V(D)x* .
¥ = %, and to be expressible in Hamiltonian form
_OH

X—E. -

oH

e

Reversibility of Hill’s equation is expressed in the fact that
the model is invariant under the transformation t — —t,
¥ — —y. Broer and Levi [7] used Hamiltonian and re-
versible theory to look at Hill’s equations for general pe-
riodic functions V(¢). They showed that under certain
conditions, the resonance tongues may become of zero
width for nonzero f. Effectively, the left and right-hand
boundaries of the tongue pass through each other. This is
a generic phenomenon, in that a small perturbation within
the class of Hill's equations will lead not destroy such an
intersection. However, the Mathieu equation for which
V(t) = cos(t) does not posses this property.

Many nonlinear models that undergo parametric res-
onance also preserve the properties of being Hamiltonian
and reversible. Special tools from reversible or Hamilto-
nian systems theory can sometimes be used to analyze
the bifurcations that occur under parametric resonance in
nonlinear systems, see for example [8,%]. Points outside

the resonance tongues correspond to where the trivial so-
lution is an elliptic (weakly stable) fixed point of the time-
27 map, and those inside the resonance tongue to where it
is a hyperbolic (unstable) fixed point. One therefore does
not generally see asymptotically stable non-trivial solu-
tions being born at a resonance tongue boundary, rather
one sees elliptic nontrivial dynamics. In fact, for a gen-
eral periodic solution in a Hamiltonian system, pitchfork
and period-doubling bifurcations are not the only kind of
bifurcations that produce non-trivial elliptic periodic or-
bits. If the Floquet multipliers pass through any nth root
of unity, there is a period multiplying (subharmonic) bi-
furcation at which a periodic orbit of period 2nm is born
(see, e.g. [62]). A period-doubling is just the case n = 2.
Such bifurcations can also occur for the non-trivial ellip-
tic periodic orbits within a resonance tongue, but they are
all destroyed by the presence of even a small amount of
damping,.

Beyond the Initial Instability

For a nonlinear system, the pitchfork or period-doubling
bifurcation that occurs upon crossing a resonance tongue
might just be the first in a sequence of bifurcations that is
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encountered as a parameter is varied. As a general rule, the
more B is increased for fixed &, the more irregular the sta-
ble dynamics becomes. For example, the period-doubling
bifurcation that is encountered upon increasing f for o
close to 1/4 is typically just the first in a sequence of period-
doublings, that accumulate in the creation of a chaotic at-
tractor, obeying the famous Feigenbaum scaling of this
route to chaos (see e. g. [18]).

Van Noort [64] produced a comprehensive numeri-
cal and analytical study into the nonlinear dynamics of
the parametrically excited pendulum (1) without damp-
ing. Of interest in that study was to complete the nonlin-
ear dynamics of one of the simplest non-integrable Hamil-
tonian and reversible dynamical systems. The parame-
ter B acts like a perturbation to integrability. Certain struc-
tures that can be argued to exist in the integrable system,
like closed curves of quasiperiodic motion in a Poincaré
section around an elliptic fixed point, serve as approxi-
mate organizers of the dynamics for non-zero . How-
ever, KAM theory (see e. g. [55]) shows that these closed
curves become invariant tori that typically breakup as § is
increased. At the heart of the regions of chaotic dynamics
lie the resonance tongues associated with a period-multi-
plying bifurcation. Inside the resonance tongues are non-
trivial fixed points, whose surrounding invariant tori break
up into heteroclinic chains, which necessarily imply chaos.

Acheson [2] studied the dynamics of the parametri-
cally forced pendulum in the presence of damping (i.e.
Eq. (1) with an additional term Ax on the right-hand
side) via computer simulation. He found parameter re-
gions inside the principal resonance tongue of the pen-
dulum where it undergoes what he referred to as multiple
nodding oscillations. The subharmonic motion inside the
tongue should be such that during one cycle of the excita-
tion, the pendulum swings to the left and back, and dur-
ing the next cycle it swings to the right and back. That is,
one complete oscillation per two cycles. Multiple nodding
motion by contrast is asymmetric and involves two swings
to the left, say, (one swing per cycle of the excitation), fol-
lowed by one swing to the right, with the motion repeating
not every two but every three cycles. He also found simi-
lar four-cycle and five-cycle asymmetric motion. This be-
havior can be explained as pockets of stable behavior that
survives from the period-multiplying bifurcations that are
only present in the case of zero damping [21].

Clearly, beyond the initial instability the universality of
the Ince-Strutt diagram for the Mathieu equation, or for
any other Hill equation for that matter, disappears and the
precise features of the nonlinear dynamics depends cru-
cially on the details of the particular nonlinear system be-
ing investigated.

Multibody Systems

Of course, there is little in the real world that can be ac-
curately described by deterministic, parametrically excited
single degree-of-freedom ODEs. In this section we shall
consider slightly more realistic situations that are gov-
erned by higher-dimensional systems, albeit still deter-
ministic, and still described by finitely many dynamic vari-
ables. For simplicity, we shall restrict attention to rigid-
body mechanisms that can be described by a system of
(finitely many) coupled modes of vibration. Furthermore,
we shall adopt a Lagrangian framework where the dynam-
ics of mode i can be represented by a generalized coordi-
nate ¢; and its associated generalized velocity q;, such that
we arrive at a system of (generally nonlinear) coupled sec-
ond-order ODEs; one equation for each acceleration ¢;.

Autoparametric Resonance

Autoparametric resonance occurs when there is asym-
metric nonlinear multiplicative coupling between modes
of a multibody system. Specifically, suppose that a mode
(g1.41) is coupled to a mode (g2, 42) through a term pro-
portional to q;4q> in the equation of motion for the 2nd
mode (i. e. the ¢, equation), yet there is no corresponding
g>q term in the §; equation. For example, consider

G+ 61q1 +a1q1 = filqr. 1) (13)

42 + 8242 + 0292 + Bq192 = fo(q2) . (14)
where f and f; are nonlinear functions of their arguments
and the dependence of f, on t is periodic. Furthermore
suppose that mode 1 undergoes a periodic motion (either
as a result of direct forcing, its own parametric resonance,
or self-excitation). For example, if f, = 0 and f| were
simply cos(wt) for some w? sufficiently detuned from &,
then the solution g, (t) to (13) would, after allowing suffi-
cient time for transients to decay, be simply proportional
to cos(wt + ¢) for some phase ¢. Then, the g,4> term
in (14) would be effectively act like f cos(wt + ¢)q,> and
50 (14) would be precisely the Mathieu equation. Values of
w® = 4a,/n for any positive integer n correspond to the
root points of the resonance tongues of the Ince-Strutt di-
agram. Such points are referred to as internal or autopara-
metric resonances.

A canonical example of an autoparametrically reso-
nant system is the simple spring-mass-pendulum device
depicted in Fig. 6, which we shall use to discuss the some
key generic features of autoparametric resonance; see the
book by Tondl et al. [58] for more details. In the figure,
a mass M is mounted on a linear spring with stiffness k,
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A mass-spring-pendulum system

is forced by an applied displacement P cos(w) and is at-
tached to the pivot of a pendulum of length [ and lumped
mass m that hangs under gravity. The motion of the mass
and the pendulum are assumed to be subject to propor-
tional viscous damping with coefficients b and ¢ respec-
tively. Using standard techniques, the equations of motion
can of such a device can be written in the dimensionless
form

X4 815 + oy + (g sin(gp) + ¢2c05¢) = Acost (15)
¢ + 820 + azsing + ising =0, (16)

where x = y/l, time t has been scaled so that t = wt,and
the dimensionless parameters are

b k m
h=——" ", o=— L p= .
w(M + m) w?(M + m) M+ m
A P c g
= = —, Oy = —— .
lw?(M + m) 27 omlz 27 w2

The simplest form of output of such a model is the so-
called semi-trivial solution in which the pendulum is at
rest, ¢ = ¢ = 0, and the mass-spring system alone sat-
isfies the simple equation

X+ 8% + kyx = Acost.

After transients have died out, this single equation has the
attracting solution

x(t) = Ry cos(t + Yy) .

A
where Ry = ——————
\JS% + (Ch - ].)2
81
and tan iy = . (17)
(451 —1

Note that the solution (17) exists for all values of the phys-
ical parameters, in particular for all positive «; provided
4y = 0.

Substitution of the semi-trivial solution (17) into the
pendulum Eq. (16), leads to

¢ 4 820 + [@2 + Rocos(t + yro)l sinp = 0.,

which, after a time shift ¢ — t — ¥ is precisely the Eq. (1)
for a parametrically excited pendulum in the presence of
damping. Thus, the Ince-Strutt diagram of the damped

Mathieu equation, with 8 = A/(,/87 + (o) —1)2),8 = &,

and @ = a; tell us precisely the parameter values for
which the semi-trivial solution is stable. Inside the res-
onance tongues we have an instability of the semi-triv-
ial solution, which leads to stable non-trivial motion with
the pendulum swinging. To determine precisely what hap-
pens away from the boundaries of the stability tongue, one
again has to perform fully nonlinear analysis, as outlined
in Sect. “Linear Resonance or Nonlinear Instability?”. Note
now though that for nonzero pendulum motion, ¢ # 0,
the Egs. (15) and (16) become a fully coupled two-degree-
of-freedom system, whose dynamics can be even more
complex than that of the one-degree-of-freedom paramet-
rically excited pendulum. Indeed in [58], a further desta-
bilizing secondary-Hopf (Neimark-Sacker) bifurcation is
identified within the principal (@; = 1/4) subharmonic
resonance tongue, and numerical evidence is found for
several different kinds of quasiperiodic motion.

There is one difference though between autopara-
metric resonance and pure parametric resonance. The
paradigm for parametric resonance is that the external
parametric excitation is held constant (its amplitude and
frequency are parameters of the system). Here, however,
for nonzero ¢, the system is fully coupled, so that the para-
metric term (17) can no longer be thought of as being inde-
pendent of ¢, effectively the excitation becomes a dynamic
variable itself. Thus, motion of the pendulum can affect
the motion of the mass-spring component of the system.
In particular if there is an autoparametric instability where
the pendulum is set in motion, then energy must be trans-
ferred from the mass-spring component to the pendulum,
a phenomenon known as quenching. But the pendulum is
only set in motion close to certain resonant frequency ra-
tios ;. Thus, we have a tuned damper that is designed to
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take energy out of the motion of the mass at certain input
frequencies @ frequencies.

To see how such a damper might work in practice, sup-
pose we build a civil engineering structure such as a bridge
or a building, that has a natural frequency @, in some
mode, whose amplitude we call x(f). Suppose the system
is subjected to an external dynamic loading (perhaps from
traffic, wind or earthquakes) that is rich in a frequency
which is close to @;. Then, if the damping is small (as is
typical in large structures) using (15) with u = 0, we find
that the response given by (17) is large since &, is close
to 1 and &, is small. This is the fundamental resonant re-
sponse of the structure close to its natural frequency. Now
suppose we add the pendulum as a tuned damper. In par-
ticular we design the pendulum so that @z =~ «;. The
pendulum now sees a large amplitude parametric excita-
tion within its main subharmonic resonance tongue. It be-
comes violently unstable, thus sucking energy from the
structure.

To see just how effective this quenching effect can be,
consider the following asymptotic calculation [58]. Sup-
pose the external forcing is very small, A = %A, for some
small parameter &, and that the damping and frequency
detunings scale with &: §; = £8,,8, = &by, 0y = 1 + 86,
a; = (1/4) + £6,, where the hatted quantities are all as-
sumed to be O(1) as ¢ — 0. Upon making these substitu-
tions, and dropping all hats, Eqgs. (15) and (16) become

1 .
¥+x+elfix+o — Zmpz + up?l

= egAcos(t) + O(?), (18)

¢+ i¢+€[52¢5+ %mﬁ—xrp] = 0("). (19)

We then look for solutions of the form
x = Ry(t)cos [t + ¥ (1)].

= Ry(t) cos E + m{t)] .

Making this substitution into (18), (19), and keeping only
O(&) terms we find

2Ry =¢ {—SIRI - iR._% sin(y — 2v,)— Asin(wl):l .

. 1
2Ry =& {alRl - ZuRi cos(yr; —2¢r;) — Acos !l'fl] .

2Ry = &[ = 6:R; + RiRy sin(yy —2v)]
2Ry Y, = &[03Ry — Ry Ry cos(Yry — 291)] .

Equilibrium solutions of these equations correspond to
4m-periodic solutions that are valid close to the instability

tongue. Upon setting the left-hand sides to zero, a straight-
forward combination of the final two equations yields

R1= '\||'0‘22+52,

and a slightly longer calculation reveals that this leads to

(20)

a unique (stable) solution for R, provided A > ((S'f +
a)(83 + a3).

Equation (20) gives the amplitude of the quenched so-
lution for the structure. Compare this with the amplitude
Ry of the semi-trivial solution (17), which is the forced
response of the structure without the pendulum-tuned-
damper added. Written in the rescaled coordinates, this
solution is

A2
ol +82°

Ry =

Here we make the important observation that, unlike the
simple forced response Ry, the quenched amplitude R,
is independent of the forcing amplitude A, and does not
blow up at the fundamental resonance 7 — 0. In fact,
at least to leading order in this asymptotic approximation,
the amplitude of the quenched solution is independent of
the frequency detuning and damping constant of the struc-
ture, and depends only on the frequency detuning and pro-
portional damping of the pendulum!

Tondl et al. [58] give a number of applications of au-
toparametric resonance. First, the above quenching effect
means that analogues of the mass-spring-pendulum sys-
tem can be used as tuned dampers, that are capable of
suppressing certain undesirable response frequencies from
structures or machines. Another important example of
parametric resonance they cite is in flow-induced oscil-
lation, where periodic flow features such as vortex shed-
ding can cause a parametric response of a structure. The
galloping of cables in strong winds is an example of just
such an effect. Cable-stayed bridges are engineering struc-
tures that are particularly susceptible to autoparametric ef-
fects. Not only is there potential for resonant interaction
between the cables and the wind, but, since the cables are
all of different lengths, there is a good chance that there is
at least one cable whose natural frequency is either half or
twice that of a global vibration mode of the entire bridge.
Models of deck-cable interaction have shown the propen-
sity for undesirable effects, see e. g. [23,24]. For example,
vibrations caused by traffic could cause particular cables
to undergo large-amplitude vibration leading to potential
problems with wear. Alternatively, large-amplitude cable
vibrations (caused for example by fluid-structure interac-
tion) could cause significant deck vibration leading to an
uncomfortable ride for those crossing the bridge.
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a A multiple pendulum with stiff joints. b,c Ince=Strutt diagrams of dimensionless amplitude of vibration & against scaled elastic
stiffness B for eight identical jointed pendulums with weak damping. b For dimensionless applied frequency @ = 10; c @ = 20.
Shading represents the stability region of the upright equilibrium and digits in other regions give the number of unstable Floquet
multipliers. After [22], to which the reader is referred to for the precise details; reproduced with permission from Elsevier

It has been suggested that the limit of such a multiple
pendulum, in which the total length and mass of the sys-
tem stays constant while the number of pendulums in the
chain becomes infinite, could be used as a possible expla-
nation of the so called ‘Indian rope trick’, a classic conjur-
ing trick in which a rope is ‘charmed’ by a magician to ap-
pear vertically out of a basket like a snake. Unfortunately,
as noted [1], in this limit, which is that of a piece of string,
the stability region becomes vanishingly small and so this
potential scientific explanation of the magic trick fails.

However, a further experiment by Mullin announced
in [4], demonstrated that a piece of ‘bendy curtain wire’,
clamped at the bottom and free at the top, that is just too
long to support its own weight can be stabilized by para-
metric excitation (see Fig. 9). In order to explain this re-
sult, Galdn et al. [22] introduced the model depicted in
Fig. 8 and studied the stability of the vertical equilibrium

position in the presence of both damping and stiffness
in each of the joints. The normal modes of this problem
lead to fully coupled equations and so Acheson’s argu-
ment does not apply. Using numerical bifurcation analysis
Galdn etal. were able to find stability boundaries and also
to find an appropriate continuum limit; providing a good
motivation for us to turn our attention to parametric res-

onance in continuous systems.

Continuous Systems

Parametric resonance is also of importance in continuum
systems. Canonical effects we shall discuss here include the
wire stiffening we have just introduced, the excitation of
patterns at fluid interfaces, more general theories of flow-
induced oscillations of structures, and the stabilizing ef-
fects of periodic modulation of optical fibers.
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Experimental results on a piece of ‘bendy curtain wire” which is just long enough to buckle under its own weight (a). For tiny ver-
tical oscillations between about 15 and 35 Hz, the wire can be made to stand upright (b), and to be stable against even quite large
perturbations (c). Beyond the upper frequency threshold, a violent dynamic stability sets in which involves the third vibration mode

excited harmonically (d). After [

Structural Stiffening; the ‘Indian Rod Trick’

Thomsen [57] has shown that parametric excitation gen-
erally speaking has a stiffening effect on a structure. This is
essentially because of the same effect that causes the upside
down stability of the simple pendulum for high-enough
frequencies and small enough amplitude. However, de-
tailed experiments by Mullin and co-workers [44], repro-
duced in Fig. 9, showed that there can also be a destabi-
lizing effect of parametric resonance. In particular, a piece
of curtain wire (a thin helical spring surrounded by plas-
tic) that was just too long (about 50 cm) to support its
own weight, was clamped vertically upright and subjected
to rapid, small-amplitude oscillations of about 1 cm peak-
to-peak. At around 15 Hz the rod was found to be stabi-
lized, such that when released it remains erect (see Fig. 9b).
This effect continues for higher frequencies, until about
30 Hz at which point a violent dynamic instability sets
in that is commensurate with the driving frequency (har-
monic, rather than subharmonic). The experimentally de-
termined parameter values in which the upside-down sta-
bilization can be achieved are represented in terms of di-
mensionless parameters in Fig. 10b.

Champneys and Fraser [14,15,20], introduced a con-
tinuum theory to explain these experimental results,
which produced the shaded region in Fig. 10b, that we
now explain. Consider an intrinsically straight column of
length £, with a uniform circular cross-section of radius
a <« [ and mass linear density m per unit length (see
Fig. 10a). The column is assumed to be inextensible, un-
shearable and linearly elastic with bending stiffness B and
material damping coeflicient § (where hatted variables are

], reproduced with permission from the Royal Society

dimensional). The lower end is clamped upright and is to
vertical displacement A cos wt, whereas the upper end is
free. In [15], it is shown that the stability of the vertical
equilibrium position can be studied by analyzing solutions
to the PDE

Buggss + [(l - 5)”.\‘]5

+ ’?(”rr + YUsssst — F[(l - s}”s]s cos t) =0, (27)

for the scaled lateral displacement u(s, t) assumed with-
out loss of generality to be in a fixed coordinate direction,
where the scaled arc length s € (0, 1), the scaled time vari-
able t = w1, and the boundary conditions are

u=us; =10, at s =10;
(28)
Uge = Ugges = 0, at s =1.
The dimensionless parameters appearing in (27) are
INw B w?l A
y = . B:ﬁ. n= e= —, (29)
mg mgl g ¢

which represent respectively material damping, bending
stiffness, the ratio of forcing frequency to the equivalent
pendulum natural frequency, and forcing amplitude.

If we momentarily consider the problem with no fore-
ing or damping, ¢ = y = 0, then the eigenmodes ¢,
and corresponding natural frequencies /A, /n of free vi-
bration of the rod satisfy

B(Gf)n)ssss +[(1— 5)(¢n)s}s€bn - /1;19'):1 =0,

and form a complete basis of functions that satisfy the
boundary conditions (28). Now the eigenmodes ¢y, (s; B)
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a Definition sketch of the parametrically excited flexible rod model. b Comparison between theory (solid line and shading) and the
experimental results of [44] (dashed line), for the stability region as a function of the dimensionless parameters B and 3 using the
experimental value & = 0.02, and the representative damping value y; = 0.01 (which was not measured in the experiment) The
theory is based on calculations close to the resonance tongue interaction between when By,y = B; ; whenn = 5. = 460.7.

After [15], reproduced with permission from SIAM

are in general not expressible in closed form except at
the special values of B at which A, (B) = 0, in which
case [20] there is a solution in terms of the Bessel func-
tion J_y/3. The same analysis shows that there are in-
finitely many such B-values, By ,, for n = 1,2.3.4,..,
accumulating at B = 0, the first few values of which are
By, = 0.127594, By, = 0.017864, By 3 = 0.0067336 and
By,4 = 0.0003503. These correspond respectively to where
each eigenvalue locus A,(B), for n = 1,2,3,4, crosses
the B-axis, with the corresponding eigenmodes there hav-
ing n — 1 internal zeros. The lowering of B through each
By, n-value implies that the nth mode becomes linearly un-
stable. Hence for B > B, := By, the unforced rod is stable
to self-weight buckling (a result known to Greenhill [26]).
Moreover, it can be shown [14,15] that each eigenmode
¢n(s) retains a qualitatively similar mode shape for B >
By, with the nth mode having n = 1 internal zeros,
and that the corresponding loci A, (B) are approximately
straight lines as shown in the upper part of Fig. 11.

The lower part of Fig. 11 shows the results of a para-
metric analysis of the Eq. (27) for y = 0. Basically, each
time one of the eigenvalue loci passes through 7 times the
square of a half-integer (j/2)> we reach a B-value for which
there is the root point of an instability tongue. Essentially
we have a Mathieu-equation-like Ince-Strutt diagram in
the (B, €) plane for each mode n. These diagrams are over-
laid on top of each other to produce the overall stability

plot. However, note from Fig. 11 that the slope of each
eigenvalue locus varies with the frequency ratio 7. Hence
as 77 increases, the values of all the Bj;, , j = 0,...,00
for a given n increase with the same fixed speed. But this
speed varies with the mode number n. Hence the instabil-
ity tongues slide over each other as the frequency varies.

Note the schematic diagram in the lower panel of
Fig. 11 indicates a region of the stability for B < By for
small positive £. Such a region would indicate the exis-
tence of rod of (marginally) lower bending stiffness than
that required for static stability, that can be stabilized by
the introduction of the parametric excitation. Essentially,
the critical bending stiffness for the buckling instability is
reduced (or, equivalently since B o« £ 73, the critical length
for buckling is increased). This effect has been dubbed the
‘Indian rod trick’ because the need for bending stiffness in
the wire means that mathematically this is a rod, nota rope
(or string); see, e. g. the account in [4].

To determine in theory the precise parameter values at
which the rod trick works turns out to be an involved pro-
cess. That the instability boundary emerging from By ; in
the lower panel of Fig. 11 should usually bend back to the
left can be argued geometrically [7]. However, for n-val-
ues at which By, =~ B, for some n, it has been shown
that there is actually a singularity in the coefficient of the
quadratic part of this buckling curve causing the instabil-
ity boundary to bend to the right [20]. A complete un-



Dynamics of Parametric Excitation

199

A As(B)
fan Lo
A2 (B)
e o
__n i‘. L A
T M(B)
ST ey B
A 52 7 N FAng
’ 30,11:92'3 80‘7022759 Bia Bs.-z‘je
H s i N
B
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Summarizing schematically the results of the parametric reso-
nance analysis of the parametric excited vertical column in the
absence of damping. The upper part shows eigenvalue loci A ,(B)
and the definition of the points Byz,n, j = 0,1,2,3,...In the
lower part, instability tongues in the (B, £)-plane are shown to
occur with root points B, and to have width &/. The shaded
regions correspond to the where the vertical solution is stable,
Solid lines represent neutral stability curves with Floquet multi-
plier + 1 (where « is an integer) and dashed lines to multipliers
=1 (where « is half an odd integer). Reproduced from [14] with
permission from the Royal Society

folding of this so-called resonance tongue interaction was
performed in [15], also allowing for the presence of ma-
terial damping. The resulting asymptotic analysis needs to
be carried out in the presence of four small parameters; &,
¥, B—By,1 and n—n. where 1, is the frequency-ratio value
at which the resonance-tongue interaction occurs. The re-
sults produce the shaded region shown in Fig. 10b, which
can be seen to agree well with the experimental results.

Faraday Waves and Pattern Formation

When a vessel containing a liquid is vibrated vertically, it
is well known that certain standing wave patterns form
on the free surface. It was Faraday in 1831 [19] who first
noted that the frequency of the liquid motion is half that of
the vessel. These results were confirmed by Rayleigh [50]
who suggested that what we now know as parametric res-
onance was the cause. This explanation was shown to be

correct by Benjamin and Ursell [6] who derived a system
of uncoupled Mathieu equations from the Navier-Stokes
equations describing the motion of an ideal (non-viscous)
fluid. There is one Mathieu equation (4), for each wave
number 7 that fits into the domain, each with its own pa-
rameters «; and B;. They argue that viscous effects would
effectively introduce a linear damping term, as in (8) and
they found good agreement between the broad principal
(subharmonic) instability tongue and the results of a sim-
ple experiment. Later, Kumer and Tuckerman [36] pro-
duced a more accurate Ince-Strutt diagram (also known
as a dispersion relation in this context) for the instabili-
ties of free surfaces between two viscous fluids. Through
numerical solution of appropriate coupled Mathieu equa-
tions that correctly take into account the boundary con-
ditions, they showed that viscosity acts in a more compli-
cated way than the simple velocity proportional damping
term in (8). They produced the diagram shown in Fig. 12b,
which showed a good match with the experimental results.
Note that, compared with the idealized theory, Fig. 12a,
the correct treatment of viscosity causes a small shift in the
critical wavelength of each instability, a broadening of the
higher-harmonic resonance tongues and a lowering of the
amplitude required for the onset of the principal subhar-
monic resonance if damping is introduced to the idealized
theory (see the inset to Fig. 12b).

More interest comes when Faraday waves are excited
in a vessel where two different wave modes have their sub-
harmonic resonance at nearly the same applied frequency,
or when the excitation contains two (or more) frequencies
each being close to twice the natural frequency of a stand-
ing wave. See for example the book by Hoyle [30] and ref-
erences therein, for a glimpse at the amazing complexity
of the patterns of vibration that can result and for their
explanation in terms of dynamical systems with symme-
try. Recently a new phenomenon has also been established,
namely that of localized spots of pattern that can form un-
der parametric resonance, so-called oscillons see e. g. [61]
for a review and [39] for the first steps at an explanation.

Fluid-Structure Interaction

Faraday waves are parametric effects induced by the gross
mechanical excitation of a fluid. In Subsect. “Autopara-
metric Resonance” we briefly mentioned that fluid-struc-
ture interaction can go the other way, namely that exter-
nal fluid flow effects such as vortex shedding can excite
(auto)parametric resonances in simple mechanical sys-
tems. Such flow-induced parametric resonance can also
occur for continuous structures, in which waves can be ex-
cited in the structure due to external parametric loading of
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Stability boundaries for Faraday waves from: a Benjamin and
Ursell’s theory for ideal fluids; b the results of full hydredynamic
stability analysis by Kumar and Tuckerman. The horizontal axisis
the frequency and the vertical scale the amplitude of the excita-
tion. The inset to panel b shows the difference between the true
instability boundary for the principal subharmonic resonance
(lower curve) and the idealized boundary in the presence of sim-
ple proportional damping. After [36], to which the reader is re-
ferred for the relevant parameter values; reproduced with per-
mission from Cambridge University Press

the fluid; see for example the extensive review by Paidousis
and Li [17]. They also treat cases where the flow is internal
to the structure: we are all familiar with the noisy ducts and
pipes, for example in central heating or rumbling digestive
systems, and it could well be that many of these effects are
a result of parametric resonance.

Semler and Paidousis [52] consider in detail paramet-
ric resonance effects in the simple paradigm of a can-
tilevered (free at one end, clamped at the other) flexible
pipe conveying fluid. Think of this as a hosepipe resting on
a garden lawn. Many authors have considered such an ap-
paratus as a paradigm for internal flow-induced oscillation

problems (see the extensive references in [47,52]), starting
from Benjamin’s [5] pioneering derivation of equations of
motion from the limit of a segmented rigid pipe. The equa-
tions of motion for such a situation are similar to those of
the rod (27), but with significant nonlinear terms arising
from inertial and fluid-structure interaction effects. In the
absence of periodic fluctuations in the flow, then it is well
known that there is a critical flow rate beyond which the
pipe will become oscillatory, through a Hopf bifurcation
(flutter instability). This effect can be seen in the way that
hosepipes writhe around on a lawn, and indeed forms the
basis for a popular garden toy. Another form of instability
can occur when the mean flow rate is beneath the critical
value for flutter, but the flow rate is subject to a periodic
variation, see [52] and references therein. There, a para-
metric instability can occur when the pulse rate is twice
the natural frequency of small amplitude vibrations of the
pipe. In [52] this effect was observed in theory, in numer-
ical simulation and in a careful experimental study, with
good agreement between the three. Parametric resonance
could also be found for super-critical flow rates. In this
case, the effect was that the periodic oscillation born at
the Hopf bifurcation was excited into a quasi-periodic re-
sponse.

Another form of fluid structure interaction can occur
when the properties of an elastic body immersed in a fluid
are subject to a temporal periodic variation. With a view
to potential biological applications such as active hearing
processes and heart muscles immersed in blood, Cortez
et al. [16] consider a two-dimensional patch of viscous
fluid containing a ring filament that is excited via peri-
odic variation of its elastic modulus. Using a mixture of
immersed boundary numerical methods and analytic re-
ductions, they are able to find an effective Ince-Strutt di-
agram for this system and demonstrate the existence of
parametric instability in which the excitation of the struc-
ture causes oscillations in the fluid. Taking a fixed wave
number p of the ring in space, they find a sequence of har-
monic and subharmonic instabilities as a parameter effec-
tively like & in the Mathieu equation is increased. Interest-
ingly though, even for low viscosity, the principal subhar-
monic resonance tongue (corresponding to a = 1/4) does
not occur for low amplitude forcing, and the most easily
excited instability is actually the fundamental, harmonic
resonance (corresponding to @ = 1).

Dispersion Managed Optical Solitons

The stabilizing effect of high-frequency parametric excita-
tion has in recent years seen a completely different applica-
tion, in an area of high technological importance, namely
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Glossary

Some of the following definitions refer to the “Notation”
paragraph immediately below. Use mpt for ‘measure-pre-
serving transformation’.

Measure space A measure space (X, X, ;) is a set X,
a field (that is, a o-algebra) X of subsets of X, and
a countably-additive measure pt: X — [0, co]. (We of-
ten just write (X, ), with the field implicit.) For a col-
lection € < X, use FId(€) O € for the smallest field
including €. The number p(B) is the “p-mass of B”.

Measure-preserving map A measure-preserving map
v (X.Xopn) = (Y.Y.v)isamap ¥: X — Y such
that the inverse image of each B € Y is in X, and
w(Y~YB)) = v(B). A (measure-preserving) transfor-
mation is a measure-preserving map T: (X, X, ) —
(X, X, pt). Condense this notation to (T: X.X, i) or
(T: X. ).

Probability space A probability space is a measure space
(X, ) with p(X) = 1; this u is a probability mea-
sure. All our maps/transformations in this article are
on probability spaces.

Factor map A factor map

Y (T: X, X u) = (S: Y. Y. v)

is a measure-preserving map yr: X — Y which inter-
twines the transformations, yo T = So. And i/ isan

isomorphism if - after deleting a nullset (a mass-zero
set) in each space - this ¥ is a bijection and ¥ ! is also
a factor map.

Almost everywhere (a.e.) A measure-theoretic statement
holds almost everywhere, abbreviated a.e., if it holds
off of a nullset. (Eugene Gutkin once remarked to me
that the problem with Measure Theory is ... that you
have to say “alrz;l'?‘st everywhere”, almost everywhere.)
For example, B O A means that (B ~ A) is zero. The
a.e. will usually be implicit.

Probability vector A probability vector v = (vi,v5....)
isalist of non-negative reals whose sum is 1. We gener-
ally assume that probability vectors and partitions (see
below) have finitely many components. Write “count-
able probability vector/partition”, when finitely or de-
numerably many components are considered.

Partition A partition P = (A, A, ...) splits X into pair-
wise disjoint subsets A; € X so that the disjoint union
L], A;isall of X. Each A; is an atom of P. Use |P| or P
for the number of atoms. When P partitions a proba-
bility space, then it yields a probability vector v, where
vj := p(Aj). Lastly, use P(x) to denote the P-atom that
owns X.

Fonts We use the font 3, F, 7 for distribution-entropy,
entropy and the information function. In contrast, the
script font ABEC ... will be used for collections of sets;
usually subfields of X. Use E(-) for the (conditional)
expectation operator.

Notation 7. = integers, Z = positive integers, and

N = natural numbers = 0.1.2..... (Some well-
meaning folk use N for Z , saying ‘Nothing could be
more natural than the positive integers’. And this is
why 0 € N. Use [-] and || for the ceiling and floor
functions; |- | is also called the “greatest-integer func-
tion”. For an interval J := [a, b) C [—co, +0oc], let
[a...b) denote the interval of integers ] N 7. (with
a similar convention for closed and open intervals).
Eg,le...m]=(e... ) = {3}
For subsets A and B of the same space, £2,use A C B
for inclusion and A & B for proper inclusion. The dif-
ference set B~ Ais {w € B |w ¢ A}. Employ A for
the complement £2 ~ A. Since we work in a probability
space, if we let x := jt(A), then a convenient conven-
tion is to have

C

x° denote 1—x.

since then p(A°) equals x°.

Use AAB for the symmetric difference [A~B]U[B~A].
For a collection € = {E;}; of sets in £2, let the disjoint
union | |, E; or | |(€) represent the union  J; E; and
also assert that the sets are pairwise disjoint.
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Use “Vygrgen” to mean: “dng such that ¥n > ny". To
refer to left hand side of an Eq. (20), use LhS(20); do
analogously for RhS(20), the right hand side.

Definition of the Subject

The word ‘entropy’ (originally German, Entropie) was
coined by Rudolf Julius Emanuel Clausius circa 1865 [2,3],
taken from the Greek evrpom i, ‘a turning towards’. This
article thus begins (Prolegomenon, “introduction”) and
ends (Exodos', “the path out”) in Greek.

Clausius, in his coinage, was referring to the thermo-
dynamic notion in physics. Our focus in this article, how-
ever, will be the concept in measurable and topological
dynamics. (Entropy in differentiable dynamics® would re-
quire an article by itself.) Shannon’s 1948 paper [6] on In-
formation Theory, then Kolmogorov’s [4] and Sinai’s [7]
generalization to dynamical systems, will be our starting
point. Our discussion will be of the one-dimensional case,
where the acting-group is Z.

“My greatest concern was what to call it. I thought
of calling it ‘information’, but the word was overly
used, so I decided to call it ‘uncertainty’. John von
Neumann had a better idea, he told me, *You should
call it entropy, for two reasons. In the first place your
uncertainty function goes by that name in statisti-
cal mechanics. In the second place, and more im-
portant, nobody knows what entropy really is, so
in a debate you will always have the advantage.””
(Shannon as quoted in [59])

Entropy example: How many questions?

Imagine a dartboard, Fig. 1, split in five regions A, ..., E
with known probabilities. Blindfolded, you throw a dart

I This is the Greek spelling.
*For instance, see [15,18,24,25].

E

Entropy in Ergodic Theory, Figure 1

This dartboard is a probability space with a 5-set partition. The
atoms have probabilities 1, 1, 1, 1, 1. This probability distribu-

tion will be used later in Meshalkin’s example

at the board. What is the expected number V of Yes/No
questions needed to ascertain the region in which the dart
landed?

Solve this by always dividing the remaining probability
in half. ‘Is it A? - if Yes,then V = 1. Else: ‘Is it B or C?’ - if
Yes, then ‘Is it B? - if No, then the dart landed in C, and
V = 3 was the number of questions. Evidently V. = 3
also for regions B, D, E. Using “log” to denote base-2 log-

arithm?, the expected number of quf:stions4 is thus
1 1 1 1 1
E(V)=--14+--34+--3+--3+4--3
V) 2 8 8 8 8

! 1
=ijlog(;) EL (1)
=0 1

Letting v := (% sl' é. é, é) be the probability vector, we

can write this expectation as

E(V) =) n(x).

XEV

Here, 3 : [0, 1] — [0, co) is the important function®

N(x) := xlog(l/x),
}}(G) =0.

so extending by continuity gives

@)

An interpretation of “x(x)” is the number of questions
needed to winnow down to an event of probability x.

Distribution Entropy

Given a probability vector ¥, define its distribution en-
tropy as

HE) =) gx). (3)
xXEV

This article will use the term distropy for ‘distribution en-
tropy’, reserving the word entropy for the corresponding

*In this paper, unmarked logs will be to base-2. In entropy theory,
it does not matter much what base is used, but base-2 is convenient
for computing entropy for messages described in bits. When using
the natural logarithm, some people refer to the unit of information as
a nat. In this paper, I have picked bits rather than nats.

*This is holds when each probability p is a reciprocal power of two.
For general probabilities, the “expected number of questions”™ inter-
pretation holds in a weaker sense: Throw N darts independently at
N copies of the dartboard. Efficiently ask Yes/No questions to deter-
mine where all N darts landed. Dividing by N, then sending N — 00,
will be the plog (%) sum of Eq. (1).

“There does not seem to be a standard name for this function. [
use 1, since an uppercase i looks like an H, which is the letter that
Shannon used to denote what [ am calling distribution-entropy.
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dynamical concept, when there is a notion of time in-
volved. Getting ahead of ourselves, the entropy of a station-
ary process is the asymptotic average value that its distropy
decays to, as we look at larger and larger finite portions of
the process.

An equi-probable vector v := (hi &, %) evidently
has H (v) = log(K). On a probability space, the “dis-
tropy of partition P”, written H (P) or H (A}, A;,...)
shall mean the distropy of probability vector j = j(A;).

A (finite) partition necessarily has finite distropy.
A countable partition can have finite distropy, e. g. F (1/2,
1/4.1/8,...) = 2. One could also have infinite distropy:
Consider a piece B C X of mass 1/2V. Splitting B into
2* many equal-mass atoms gives an y-sum of 2% (k + N)/
(2k2M)y. Setting k = ky := 2% — N makes this 5-sum
equal 1; so splitting the pieces of X = I__]?\,O:I By, with

H(By) = é—,l\r, yields an oo-distropy partition.

Function

The n(x) = xlog(1/x) function® has vertical tangent at
x = 0, maximum at 1/e and, when graphed in nats slope
—latx = 1.

Consider partitions P and Q on the same space (X. pt).
Their join, written P v Q, has atoms A N B, for each pair
A € Pand B € Q. They are independent, written P_LQ if
H(ANB) = p(A)u(B) for each A. B pair. We write P = Q,
and say that “P refines Q”, if each P-atom is a subset of
some Q-atom. Consequently, each Q-atom is a union of P-
atoms.

Recall, for § a real number, our convention that §°
means 1 — §, in analogy with w(B¢) equaling 1 — u(B) on
a probability space.

Distropy Fact
For partitions P, Q, R on probability space (X, ut):

(a) H(P) < log(*P), with equality IFF P is an equi-mass
partition.

(b) #H(Q v R) = H(Q) + H (R), with equality IFF Q_LR.

(c) Foré € [0. é—], the function § + 2 (8, §°) is strictly
mmcreasing,

(d) R < Pimplies 7( (R) < 7{(P), with equality IFF R “='
P.

E'Cur‘iosity: Just in this paragraph we compute distropy in nats,
that is, using natural logarithm. Given a small probability p € [0, 1]
and setting x := 1/p, note that B(p) = log(x)/x == 1/m(x), where
77 (x) denotes the number of prime numbers less-equal x. (This ap-
proximation is a weak form of the Prime Number Theorem.) Is there
any actual connection between the ‘approximate distropy’ function
He(p) == EPEA 1/m (1/p) and Number Theory, other than a coin-

P
cidence of growth rate?

| Max at x*log(x)
0.7 Jihins-ad : H(x, 1-x) :
(112, log(2)) Wi e em
0.6 f Wy S8
= >
§ ) 2,
. .
o5 & o
E .Ng% X
e,
04r £ Max at o
= — e, V&) =44 .
0.3f / .
0.2
0.1 ”-/
Probability
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Entropy in Ergodic Theory, Figure 2

Using natural log, here are the graphs of: 5(x) in solid red,
H (x,x) in dashed green, 1 — x in dotted biue. Both 7(x) and
H (x,x°) are strictly convex-down. The 1 — x line is tangent to
pix)atx =1

Entropy in Ergodic Theory, Figure 3

Using natural log: The graph of H (x;, x3, x3) in barycentric co-
ordinates; a slice has been removed, between z = 0.745 and
z = 0.821.The three arches are copies of the distropy curve from
Fig. 2.

Proof Use the strict concavity of 3(-), together with
Jensen’s inequality. O

Remark 1 Although we will not discuss it in this paper,
most distropy statements remain true with ‘partition’ re-
placed by ‘countable partition of finite distropy’.

Binomial Coefficients

The dartboard gave an example where distropy arises in
a natural way. Here is a second example.

For a small § > 0, one might guess that the binomial
coefficient (5”1'1} grows asymptotically (as n — o0o) like 25",
for some small £. But what is the correct relation between ¢
and §?
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Entropy of a Process

Consider a transformation (T: X, u) and partition P =
(A1.Az....). Each “time” n determines a partition P, :=
T"P, whose jth-atom is T7"(A;). The process T, P refers
to how T acts on the subfield vgo P, C X.(An alternative
view of a process is as a stationary sequence V;, Vi,... of
random variables V,;: X — Z,, where V,(x) := j be-
cause x is in the jth-atom of P,,.)

Write E(T.P) or Z7(P) for the “entropy” of the TP
process”. It is the limit of the conditional-distropy-num-
bers

Cp i= .r)"l((PolP| v P, V-"Vpn_|).

This limit exists since H (P) = ¢; = ¢, = --- = 0.
Define the average-distropy-number %hm where

hy, = HPyvP V.- -vP,_).

Certainly hy, = ¢, + H(P1 Vv -V Puy) = cn + hy—y,
since T is measure preserving. Induction gives h, =

n 5 1
Ej:l ¢j. So the Cesaro averages - h,, converge to the en-

tropy.
Theorem 5 The entropy of process (T, P: X, X, jt) equals

1
lim —}r(Pu VeV Pn—l)
n—0oC N
n
\/PJ)
1
oo
VPJ)'
1

= lim H (Pg

n—oQ

:ﬂ(%

Both limits are non-increasing. The entropy ET(P) = 0,
with equality IFF P C \/fo Pi. And FT(P) <= H(P), with
equality IFF T, P is an independent process.

Generators

‘We henceforth only discuss invertible mpts, that is, when
T~! is itself an mpt. Viewing the atoms of P as “letters”,
then,each x € X hasa T, P-name

e KX XX XoX3 ...,
where x,, is P(T"(x)), the P-letter owning T" (x).

A partition P generates (the whole field) under (T':
X, ), if \/%, T"P =,, X. It turns out® that P generates

®1 am now at liberty to reveal that our X has always been
a Lebesgue space, that is, measure-isomorphic to an interval of [ to-
gether with countably many point-atoms (points with positive mass).

IFF P separates points. That is, after deleting a (T-invari-
ant) nullset, distinct points of X have distinct T, P-names.

A finite set [1... L] of integers, interpreted as an al-
phabet, yields the shift space X := [1...L]% of dou-
bly-infinite sequences x = (...xX_1XpX;...). The shift
T: X — Xactson X by

T(x] = [n [ d xn+1] .

The time-zero partition P separates points, under the ac-
tion of the shift. This L-atom time-zero partition has
P(x) = P(y) IFF x; = yp. So no matter what shift-in-
variant measure is put on X, the time-zero partition will
generate under the action of T

Time Reversibility

A transformation need not be isomorphic to its in-
verse. Nonetheless, the average-distropy-numbers show
that £&(T~!,P) = &(T,P); although this is not obvious
from the conditioning-definition of entropy. Alternatively,

.?{‘(POVPJ-)

1
=HPoV--VP,)—H P V- VP,)
=HEP_, V- VP)=HP_, V.- VP_)

_ﬂ(%vm)

-1
Bernoulli Processes

(12)

A probability vector v := (v;,...,vy) can be viewed as
a measure on alphabet [1...L]. Let yt; be the resulting
product measureon X :=[1... L1Z, with T the shift on X
and P the time-zero partition. The independent process
(T.P: X, puz) is called, by ergodic theorists, a Bernoulli
process. Not necessarily consistently, we tend to refer to
the underlying transformation as a Bernoulli shift.

The (%, %)—Bernoulli and the (%. % %)—Bemoulli have
different process-entropies, but perhaps their underly-
ing transformations are isomorphic? Prior to the Kol-
mogorov-Sinai definition of entropy” of a transformation,

this question remained unanswered.

The equivalence of generating and separating is a technical theorem,
due to Rokhlin.

Assuming [t to be Lebesgue is not much of a limitation. For in-
stance, if /¢ is a finite measure on any Polish space, then 1t extends
to a Lebesgue measure on the jt-completion of the Borel sets. To not
mince words: All spaces are Lebesgue spaces unless you are actively
looking for trouble.

“This is sometimes called measure(-theoretic) entropy or (per-
haps unfortunately) metric entropy, to distinguish it from topological
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Entropy of a Transformation

The Kolmogorov-Sinai definition of the entropy of an mpt
is

E(T) := sup{ET(Q} | Qa partition on X} .

Certainly entropy is an isomorphism invariant - but is it
useful? After all, the supremum of distropies of partitions is
always infinite (on non-atomic spaces) and one might fear
that the same holds for entropies. The key observation (re-
stated in Lemma 8¢ and proved below) was this, from [4]

and [7].

Theorem 6 (Kolmogorov-Sinai Theorem) If P gener-
ates under T, then £(T) = E(T. P).

Thereupon the (% %) and (%, % %) Bernoulli-shifts are
not isomorphic, since their respective entropies are
log(2) # log(3).

Wolfgang Krieger later proved a converse to the Kol-

mogorov-Sinai theorem.

Theorem 7 (Krieger Generator Theorem, 1970) Sup-
pose T ergodic. If E(T) < oo, then T has a generating par-
tition. Indeed, letting K be the smallest integer K > E(T),
there is a K -atom generaror.m

Proof See Rudolph [21],0r § 5.1 in » Joinings in Ergodic
Theory, where Krieger’s theorem is stated in terms of join-
ings. O

Entropy Is Continuous

Given ordered partitions Q = (B;,...)and Q' = (].’-’1 ),
extend the shorter by null-atoms until |Q| = |Q'|. Let
Fat := |_|j[Bj N B}]; this set should have mass close to 1

if Q and Q' are almost the same partition. Define a new
partition

QAQ":= {Fat} U{B, N B} |with i # j}.

(In other words, take Q v Q" and coalesce, into a single
atom, all the By N B’;{ sets.) Topologize the space of parti-

tions by saying'! that Q") — Q when 3f(QAQm) — 0.

entropy. Tools known prior to entropy, such as spectral properties,
did not distinguish the two Bernoulli-shifts; see » Spectral Theory of
Dynamical Systems for the definitions.

01t is an easier result, undoubtedly known much earlier, that every
ergodic T has a countable generating partition — possibly of 0o-dis-
tropy.

" On the set of ordered K-set partitions (with K fixed) this conver-
gence is the same as: fo) — Q when it (Fat (Q“'), Q)) — 1.

An alternative approach is the Rokhlin metric, Dist(P,Q) :=
H(P|Q) + H (Q|P), which has the advantage of working for un-
ordered partitions.

Then Lemma 8b says that process-entropy varies continu-
ously with varying the partition.

Lemma8 Fixampt (T: X, ). For partitions P, Q, Q', de-
fine R := QAQ and let§ .= J{(R). Then

(a) |H(Q) — H(Q")| = 8. (Distropy varies continuously
with the partition.)

(b) |8T(Q) — ET(O’)| < 8. (Process-entropy varies conlin-
uously with the partition.)

(c) For all partitions Q C FIA(T.P): ET(Q) < £T(P).

Proof (of (a)) EvidentlyQ' VR = Q"vQ = QVR. So
H(Q) < H@QVR) < IH(Q) + 6. O

Proof (of (b)) Asabove,
N N N
w(Vap) <o (Vo) o (Va).
1 1 1

Sending N — oo gives £7(Q") = £7(Q) + £T(R). Finally,
ET(R) <= H(R)andso £T(Q) < £T(Q) + 6. O

Proof (of (¢)) Let K := |Q|. Then there is a sequence of
K -set partitions Q" - QwithQ® < \/iL P¢. By above,
£ T(Q“')) — £T(Q), so showing that

L ?
ST(\/ Pf) =&"(p)
—L

will suffice. Note that

hy 1= gf(\/ - (\/p)) -

N—I1+L

VP

==L

So %hN < %}((\/U -l Pj-) + %2L3{'(P). Now send
N — oc. (]

Entropy Is Not Continuous

The most common topology placed on the space §2 of
mpts is the coarse topology'? that Halmos discusses in his
“little red book” [14].

The Rokhlin lemma (see p. 33 in [21]) implies that the
isomorphism-class of each ergodic mptis dense in §2, (e. g.,
see p. 77 in [14]) disclosing that the S — £(S) map is ex-
orbitantly discontinuous.

Zie S, = TIFFYAE X: (S, "(AAT (A) — 0; this is
a metric-topology, since our probability space is countably generated.
This can be restated in terms of the unitary operator Ug on L),
where Uz(f) :== f o T.Namely, §,, — T in the coarse topology IFF
Us,, — Uy in the strong operator topology.
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Indeed, the failure happens already for process-en-
tropy with respect to a fixed partition. A Bernoulli pro-
cess T, P has positive entropy. Take mpts S,, — T, each
isomorphic to an irrational rotation. Then each £(S,,, P) is
zero, as shown in the later section "Determinism and Zero-
Entropy”.

Further Results
touse T [ for “T restricted to F”, which is a factor (see
Glossary) of T. Transformations T and S are weakly iso-
morphic if each is isomorphic to a factor of the other.

The foregoing entropy tools make short shrift of the
following.

When JF is a T-invariant subfield, agree

Lemma 9 (Entropy Lemma) Consider T-invariant sub-
fields Gj and F.

(a) Suppose G; /' F. Then ET I'g, /' &(T 7). In par-
ticular, § C F implies that E(T }'g) < &(T |'g), so
entropy is an invariant of weak-isomorphism.

(b) E(T g ve,v..) = Ej &(T FS,-}-

And E(T,Q, v Qv .. )= Zj E(T, QJ)
(c) Formpts (Sj: Yj,v;): E(S) X Sy x--2) = Z; E(S)).
(d) E(T™Y) = &(T). More generally, &(T") = |n| - E(T).

Meshalkin’s Map

In the wake of Kolmogorov's 1958 entropy paper, for two
Bernoulli-shifts to be isomorphic one now knew that they
had to have equal entropies. Meshalkin provided the first
non-trivial example in 1959 [45].

Let § Y — Y be the Bernoulli-shift over the
“letter” alphabet {E,D, P, N}, with probability distribu-
tion (3. 7. 3. 3) Theletters E, D, P. N stand for Even, oDd,
Positive, Negative, and will be used to describe the code
(isomorphism) between the processes.

Use T : X — X for the Bernoulli-shift over “digit”
alphabet {0, +1,—1, +2, =2}, with probability distribu-
tion (3.%. 5.3 5) Both distributions (. 3.3.1) and

After deleting invariant nullsets from X and Y, the
construction will produce a measure-preserving isomor-

phism ¢y: X — Ysothat Toyr = ¢ o S.

The Code In X, consider this point x:

000 -1 00 +1 +2 =1 +1 0 ...

Regard each 0 as a left-parenthesis, and each non-zero as
a right-parenthesis. Link them according to the legal way
of matching parentheses, as shown in the top row, below:

000 -1 00 +1 +2 -1 +1 0
PNN D PPD E D D ?

The leftmost 0 is linked to the rightmost +1, as indicated
by the longest-overbar. The left/right-parentheses form
a (% %)—random—walk. Since this random walk is recur-
rent, every position in x will be linked (except for a nullset
of points x).

Below each 0, write “P” or “N” as the 0 is linked to
a positive or negative digit. And below the other digits,
write “E” or
name in X is mapped to the lower name, a point y € Y.

This map ¢¥: X — Y carries the upstairs
(51 35 i, §) distribution to (}L T %), downstairs. It
takes some arguing to show that independence is pre-
served.

The inverse map 1/~ views D and E as right-parenthe-
ses, and P and Was left. Above D, write the odd digit +1 or

—1, as this D is linked to Positive or Negative.

“D” as the digit is even or odd. So the upper

Markov Shifts

A Bernoulli process T, P has independence P(_no...0)LP;
whereas a Markov process is a bit less aloof:

The infinite Past P o) doesn’t provide any more
information about Tomorrow than Today did.

That is, the conditional distribution P1|P(_sc...0) equals
P1|Pg. Equivalently,

(P |Py) = I (P|P(_oo.0)) = E(T.P). (13)

The simplest non-trivial Markov process (T,P: X, i)
is over a two-letter alphabet {a, b}, and has transition
graph Fig. 4, for some choice of transition probabilities s
and ¢. The graph’s Markov matrix is

M= [m{,j]l,j = |:‘; ;:I s

where ¢ = 1 —s, and m; ; denotes the probability of going
from state 7 to state j.

If Today’s distribution on the two states is the proba-
bility-vector v := [p. py], then Tomorrow’s is the prod-
uct ¥M. So a stationary process needs vM = ¥. This equa-

tion has the unique solution p., = ﬁ and pp, = Hf-c‘

Entropy in Ergodic Theory, Figure 4

Call the transition probabilities s := Prob(a— a) for stay, and
¢ = Prob a—b for change. These are non-negative reals, and
s+ec=1
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An example of computing the probability of a word or
cylinder set; (see Sect. “The Carathéodory Construction”
in » Measure Preserving Systems) in the process, is

ps(baaaba) = ppmp, Mg Moy Map My

c
= ———— v ]eses5c0 1.
1+c
The subscript on pt, indicates the dependence on the tran-
sition probabilities; let’s also mark the mpt and call it T.
Using Eq. (13), the entropy of our Markov map is

S(E)=pa-ﬂ(s|6)+pb-£{ﬂ
=0
-1

= - [slog(s) + clog(c)] .

T+ e (14)

Determinism and Zero-Entropy

Irrational rotations have zero-entropy; let’s reveal this in
two different ways.

Equip X := [0,1) with “length” (Lebesgue) mea-
sure and wrap it into a circle. With “®” denoting addi-
tion mod-1, have T: X — X be the rotation T(x) :=
x B a, where the rotation number e is irrational. Pick dis-
tinct points yp.zp € X, and let P be the partition whose
two atoms are the intervals [yg. zo) and [zp. y¢), wrapping
around the circle.

The T-orbit of each point x is dense'® in X. In par-
ticular, yp has dense orbit, so P separates points — hence

generates — under T. Our goal, thus, is £(T. P) z 0.

Rotations are Deterministic

The forward T-orbit of each point is dense. This is true
for yy, and so the backward T.P-name of each x actually
tells us which point x is. Le., P C V:éo T"P, which is
our definition of “process T, P is deterministic”. Our P be-
ing finite, this determinism implies that £(T, P) is zero, by
Theorem 5.

Counting Names in a Rotation The Pyv.---v P,
partition places n translates of points y, and of zg,
cutting the circle into at most 2n intervals. Thus
H(Po V...V P, )< log(2n). And Llog(2n) — 0.
Alternatively, the below SMB-theorem implies, for an
ergodic process T, P, that the number of length-» names is

YFixan & > 0andan N > 1/&. Points x, T(x), ..., TV (x) have
some two at distance less than #; say, Dist(T(x), T/(x)) < &, for
some 0 < i < j < N.Since T is an isometry, & > Dist(x, T*(x)) >
0, where k := j — i. So the T*-orbit of x is £-dense.

approximately 25(T"P)"; this, after discarding small mass
from the space. But the growth of n > 2n is sub-expo-
nential and so, for our rotation, £(T, P) must be zero.

Theorem 10 (Shannon-McMillan-Breiman Theorem
(SMB-Theorem)) Set E := &(T,P), where the tuple
(T.P: X, ) is an ergodic process. Then the average infor-
mation function

1
_?P[a ,,](x) ”:D)C E. fOT ae. xeX.
n -

(15)
The functions f, := 1p, = converge to the constant func-
tion E both in the L'-norm and in probability, 14

Proof See the texts of Karl Petersen (p. 261 in [20]), or
Dan Rudolph (p. 77 in [21]). O

Consequences Recall that Py ,) means Pg vV Py v --- v
Pyn—1, where P; := TJP. As usual, Plo...m {x) denotes the
Plo...n)-atom owning x.

Having deleted a nullset, we can restate Eq. (15) to now
say that Ve, Voo, ¥igpgen:

124 < i (Po. (%)) < 1721 (16)
This has the following consequence. Fixing a number § >
0, we consider any set with «(B) > § and count the num-
ber of n-names of points in B. The SMB-Thm implies

0
Ve, Viargett, VB = 8:

|{n-names in B}l > 2 [E—eln (17)

Rank-1 Has Zero-Entropy

There are several equivalent definitions for “rank-1 trans-
formation”, several of which are discussed in the introduc-
tion of [28]. (See Chap. 6 in [13] aswell as [51] and [27] for
examples of stacking constructions.)

A rank-1 transformation (T: X, ;) admits a generat-
ing partition P and a sequence of Rokhlin stacks S,, C X,
with heights going to oo, and with u(S,) — 1. Moreover,
each of these Rokhlin stacks is P-monochromatic, that is,
each level of the stack lies entirely in some atom of P.

Taking a stack of some height 21, let B = B, be the
union of the bottom n levels of the stack. There are at most
n many length-» names starting in B,,, by monochromatic-
ity. Finally, pt(B,) is almost %, so is certainly larger than
§ = % Thus Eq. (17) shows that our rank-1 T has zero
entropy.

"41n engineering circles, this is called the Almost-everywhere equi-
partition theorem.
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Cautions on Determinism’s Relation to Zero-Entropy

A finite-valued process T.P has zero-entropy iff P C
V:éo P;. Iterating gives

o0 -1
\/Pic\/P.
0 —00

i. e., the future is measurable with respect to the past.

This was the case with the rotation, where a point’s
past uniquely identified the point, thus telling us its future.

While determinism and zero-entropy mean the same
thing for finite-valued processes, this fails catastrophi-
cally for real-valued (i. e., continuum-valued) processes, as
shown by an example of the author’s. A stationary real-
valued process V.= ... V_; Vy V| V» ... is constructed
in [40] which is simultaneously

strongly deterministic: The two values V;. V) deter-
mine all of V, future and past.

and non-consecutively independent. This latter means
that for each bi-infinite increasing integer sequence
{n; };’iiw with no consecutive pair (always I + n; <
#ij+1), then the list of random variables ... V), | V,,) V,,
Vi, ... isanindependent process.

Restricting the random variables to be countably-
valued, how much of the example survives? Joint work
with Kalikow [39] produced a countably-valued stationary
V which is non-consecutively independent as well as de-
terministic. (Strong determinism is ruled out, due to car-
dinality considerations.) A side-effect of the construction
is that V’s time-reversal n — V_,, is not deterministic.

The Pinsker-Field and K-Automorphisms

Consider the collection of zero-entropy sets,

2= 27 :=1{Ae X |E(T. (A A%)) =0} . (18)
Courtesy of Lemma 9b, Z is a T-invariant field, and
VQC Z:&(T.Q)=0. (19)

The Pinsker field"® of T is this 2. It is maximal with respect
to Eq. (19). Unsurprisingly, the Pinsker factor T |2 has
zero entropy, that is, (T |'z) = 0. A transformation T is
said to have completely-positive entropy if it has no (non-
trivial) zero-entropy factors. That is, its Pinsker field Z ¢ is
the trivial field, @ := {@, X}.

> Traditionally, this called the Pinsker algebra where, in this con-
text, “algebra” is understood to mean “o -algebra”.

K-Processes

Kolmogorov introduced the notion of a K-process or Kel-
mogorov process, in which the present becomes asymptot-
ically independent of the distant past. The asymptotic past
of the T, P process is called its tail field, where

00 —-M
Tail(T.P):= [} \/ P;.

M=l j=—00

This T, P is a K-process if Tail(T, P) = @. This turns out
to be equivalent to what we might a call a strong form of
“sensitive dependence on initial conditions”: For each fixed
length L, the distant future

VooP

jE€(G...G+L]

becomes more and more independent of

V P

jE€(—00...0]

as the gap G — o0.

A transformation T is a Kolmogorov automorphism
if it possesses a generating partition P for which T,P is
a K-process.

Here is a theorem that relates the “asymptotic forget-
fulness” of Tail(T., P) = @, to the lack of determinism im-
plied by having no zero-entropy factors (See Walters, [23],
p. 113. Related results appear in Berg [14]).

Theorem 11 (Pinsker-Algebra Theorem) Suppose P is
a generating partition for an ergodic T. Then Tail(T, P)
equals Zr.

Since Z7 does not depend on P, this means that all generat-
ing partitions have the same tail field, and therefore K-ness
of T can be detected from any generator.

Another non-evident fact follows from the above. The
future field of T.P is defined to be Tail (T™'P). It is not
obvious that if the present is independent of the distant
past, then it is automatically independent of the distant fu-
ture. (Indeed, the precise definitions are important; wit-
ness the Cautions on determinism section.) But since the
entropy of a process, £(T. (A, A“)), equals the entropy of
the time-reversed process (T, (A, A%)), it follows that
Zr equals Zp-1.

Ornstein Theory

In 1970, Don Ornstein [46] solved the long-standing prob-
lem of showing that entropy was a complete isomorphism-
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This D := {D.}. is a cover, and it is d,,-2e-small. Thus
Cov(n,2¢e) = |D| = |F|.

For any metric, a maximal e-separated-set is automati-
cally &-spanning; adjoin a putative unspanned point to get
a larger separated set.

Let A be a max-cardinality d,,-&-separated set. Take C,
a min-cardinality subcover of Wy ). For each z € A,
pick a C-patch C. 3 z Could some pair x,y € A pick
the same C? Well, write C = ﬂ;:é T_Ji(W}-), with each
W; € W. Forevery j € [0...n), then,

d(T/(x). T/(y)) < Diam(W;) < ¢.

Hence d,(x, y) < & so x = y. Accordingly, the z — C,
map is injective, whence |A| < |C|. d

Proof (of (ii)) Choose a min-cardinality d,,-6-small cover
€.ForeachC € Cand j € [0...n),thed-Diam(T/C) < 6.
So there isa V-patch Vi ; D Ti(C). Hence

e

note

1
V[Omn) > T_j (V(_‘;!j) oC.
j=0

Thus Vig...,) < €. So

Card(V...,y) < Card(C) < |€] = Cov(n,§). O

Proof (of (iii))) To upper-bound Cov(k + [, &) let V and
W be min-cardinality e-small covers, respectively, for met-
rics d; and d;. Then V N TH(W) is a &-small for digg.
Consequently Cov(k+1, &) < Cov(k, ) - Cov(l, ). Thus
n + log(Cov(n, £)) is subadditive. d

Proof (of (iv)) Pick a V from the list in Sect. “Metric
Preliminaries”, choose some 2e < LEB(V) followed by
an e-small W from Sect. “Metric Preliminaries”. Pushing
n — oo gives

=~ e
L\ pn & < L. P &
LCard(V) < LCUV(zg) < { } - ( ) < LCarng)‘

LSP(g) < L5P(s)

(23)
Now send V and W along the list in Sect. “Metric Prelimi-
naries”. O
Pretension Topological entropy takes its values

in [0,00]. A useful corollary of Eq. (23) can be stated
in terms of any Distance(-, -) which topologizes [0, o0] as
a compact interval.

For each continuous T: X — X on a compact
metric-space, the Distance(ﬁep(a). L"CP(E)) goes to

zero as £ 0. Consequently, we can pretend that the

1

L5P(e) = lim —log(Sep(n, £)) (24)
n—»00 1

limit exists, in arguments that subsequently

send £™,0. Ditto for LSP"(g).

This will be used during the proof of the Variational Prin-
ciple. But first, here are two entropy computations which
illustrate the efficacy in having several characterizations of
topological entropy.

Eyop(Isometry) = 0 Suppose (T: X.d) is a distance-
preserving map of a compact metric-space. Fixing &, a set
is d,,-e-separated IFF it is d-e-separated. Thus Sep(#n. €)
does not grow with n. So each T:S“P(E) is zero.

Topological Markov Shifts
the days when computer data is stored on large reels of

Imagine ourselves back in

fast-moving magnetic tape. One strategy to maximize the
density of binary data stored is to nof put timing-marks
(which take up space) on the tape. This has the defect that
when the tape-writer writes, say, 577 consecutive 1-bits,
then the tape-reader may erroneously count 578 copies
of 1. We sidestep this flaw by first encoding our data so
as to avoid the 115771 word, then writing to tape.

Generalize this to a finite alphabet Q and a finite list F
of disallowed Q-words. Extend each word to a common
length K + 1; now ¥ C QKH. The resulting “K-step
TMS (topological Markov shift)” is the shift on the set of
doubly-o0o Q-names having no substring in F. In the above
magnetic-tape example, K = 576. Making it more realis-
tic, suppose that some string of zeros, say 003740, is also
forbidden'®. Extending to length 577, we get 2°=8 new
disallowed words of form 003740b, bs bs.

We recode toa 1-step TMS (just called a TMS or a sub-
shift of finite type) over the alphabet P := QF. Each
outlawed Q-word wow, --- wg engenders a length-2 for-
bidden P-word (wg..... wr_1)(wp..... wg). The result-
ing TMS is topologically conjugate to the original K-step.
The allowed length-2 words can be viewed as the edges in
a directed-graph and the set of points x € X is the set of
doubly-co paths through the graph. Once trivialities re-
moved, this X is a Cantor set and the shift T: X — X is
a homeomorphism.

The Golden Shift As the simplest example, suppose our
magnetic-tape is constrained by the Markov graph, Fig. 5
that we studied measure-theoretically in Fig, 4.

'SPerhaps the @-bad-length, 574, is shorter than the 1-bad-length
because, say, @s take less tape-space than 1s and so - being written
more densely = cause ambiguity sooner.
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Entropy in Ergodic Theory, Figure 5

Ignoring the labels on the edges, for the moment, the Golden
shift, T, acts on the space of doubly-infinite paths through
this graph. The space can be represented as a subset Xgoq C
{a, b]z, namely, the set of sequences with no two consecutive
b letters.

We want to store the text of The Declaration of Inde-
pendence on our magnetic tape, Imagining that English is
a stationary process, we'd like to encode English into this
Golden TMS as efficiently as possible. We seek a shift-in-
variant measure [t on Xgy1g of maximum entropy, should
such exist.

View P={a,b} as the time-zero partition on Xggg
that is, name x=...X_X¢X;X3 ..., 1s in atom b |FF letter
Xg is “b”. Any measure p gives conditional probabilities

ilala) =:s, pbla) =:c,

note

pialb) =1,

ngte

alb) = 0.

But recall, &(T) = H (P1|Pl-oc..0)) =< H(P1|Py). So
among all measures that make the conditional distribution
P|a equal (s, ¢), the unique one maximizing entropy is the
(s, c)-Markov-process. Its entropy, derived in Eq. (14), is

1

fs):= H(s,1—5s)
2—s
= 2_ [slog(s) + (1 — s)log(1 — s]] .

— §

(25)

Certainly f(0) = f(1) = 0, so f’s maximum occurs at
the (it turns out) unique point s where the derivative f’(s)
equals zero. This s = (—1 + +/5)/2. Plugging in, the max-
imum entropy supportable by the Golden Shift is

2 —1+4/5 2
MaxEnt = + flog( )
5—4/5 2 -1+ /5

+3_2ﬁlog(3_2ﬁ):| . (26)

Exponentiating, the number of p-typical n-names grows
like G", where

—1++/5 —/3
2 5I— 5 2 2—35

G:=

N 27
-1+ 5 @7)

This expression'® looks unpleasant to simplify - it isn’t
even obviously an algebraic number - and yet topologi-
cal entropy will reveal its familiar nature. This, because the
Variational Principle (proved in the next section) says that
the top-ent of a system is the supremum of measure-en-
tropies supportable by the system.

Top-ent of the Golden Shift For a moment, let’s work
more generally on an arbitrary subshift (a closed, shift-
invariant subset) X C Q%, where Q is a finite alphabet.
Here, the transformation is always the shift - but the space
is varying - so agree to refer to the top-ent as Ep(X).
Let Namesy (n) be the number of distinct words in the set
{x Mo..m) |x € X}. Note that a metric inducing the prod-
uct-topology on QZ s

1
1+ |m|’

d(x, x') := (28)

for the smallest |m| with x,,, # x,,.

Lemma 15 Consider a subshift X. Then the
1
lim —log(Namesy(n))
n—o0 n

exists in [0, 00], and equals &€, (X).

Proof With ¢ € (0,1) fixed, two n-names are d,,-£-sepa-
rated IFF they are not the same name. Hence Sep(n, €) =
Namesy(n). O

To compute €op(XGold)> declare that a word is “golden” if
it appears in some x € Xgoa. Each [# + 1]-golden word
ending in a has form wa, where w is n-golden. An [n+ 1]-
golden word ending in b, must end in ab and so has form
walb, where w is [n — 1]-golden. Summing up,

Namesy, ,(n + 1)

= Namesy,, (1) + Namesy_ .(n—1).

This is the Fibonacci recurrence, and indeed, these are
the Fibonacci numbers, since Namesy, ,(0) = 1 and
Namesy (1) = 2. Consequently, we have that

Namesy_,(n) ~ Const - 1™ |

where A = 1+2_ﬁ is the Golden Ratio. So the sesquipedali-
an number G from Eq. (27) is simply A, and & op(XGola) =
log(A).

Since log(A) a2 0.694, each thousand bits written on
tape (subject to the “no kb substrings” constraint) can

carry at most 694 bits of information.

194 popular computer-algebra-system was not, at least under my
inexpert tutelage, able to simplify this. However, once top-ent gave
the correct answer, the software was able to detect the equality.
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Top-ent of a General TMS A (finite) digraph G engen-
dersa TMS T: Xg — Xg, as well as a {0, 1}-valued ad-
jacency matrix A=Ag, where a; ; is the number of di-
rected-edges from state i to j. (Here, each a;; is 0 or 1.)
The (i, j)-entry in power A" is automatically the number
of length-n paths from i to j. Employing the matrix-norm
M| := Ei,j |mi ;. then,

[|A|" = Namesy(n) .

Happily Gelfand’s formula (see 10.13 in [58] or Spectral_
radius in [60]) applies: For an arbitrary (square) complex
matrix,

nll*ngo [[A"]|" = SpecRad(A). (29)
This right hand side, the spectral radius of A, means the
maximum of the absolute values of A’s eigenvalues. So the
top-ent of a TMS is thus the

Eiop(X) = SpecRad(A)
= Max {|e| | e is an eigenvalue ofA(;} . (30)

The (a. b)-adjacency matrix of Fig. 5 is

11
1 0]
whose eigenvaluesare A and ﬁ}l

Labeling Edges Interpret (s. c, 1) simply as edge-labels in
Fig. 5. The set of doubly-oc paths can also be viewed as
a subset Ygua C {s.c. l}z, and it too is a TMS. The
shift on Yg,1q is conjugate (topologically isomorphic) to
the shift on Xgq4, so they a fortiori have the same top-
ent, log(4). The (s, ¢. 1)-adjacency matrix is

1 1 0
0 0 1
1 1 0

Its | - |-largest eigenvalue is still A, as it must.

Now we make a new graph. We modify Fig. 5 by man-
ufacturing a total of two s-edges, seven c-edges, and three
edges 1, 1,. 15. Give these 2 + 7 + 3 edges twelve distinct
labels. We could compute the resulting TMS-entropy from
the corresponding 12 x 12 adjacency matrix. Alternatively,
look at the (a. b)-adjacency matrix

A= |:2 7:| .
3 0
The roots of its characteristic polynomial are 1 + +/22.
Hence Eyp of this 12-symbol TMS is log(1 + +/22).

The Variational Principle

Let M := M(X.d) be the set of Borel probability mea-
sures, and M(T) := M(T: X.d) the set of T-invariant
€ M. Assign

EntSup(T) := sup {&€,,(T) | u € M(T)} .

Theorem 16 (Variational
EntSup(T) = Eiop(T).

This says that top-ent is the top entropy - if there is a mea-
sure pt which realizes the supremum. There doesn’t have
to be. Choose a sequence of metric-systems (Sj: Yi, my)
whose entropies strictly increase Etop(Sk) ' L to some
limit in (0, 00]. Let (Sao: Yoo, Meo) be the identity-map
on a 1-point space. Define a new system (T: X, d), where
X:= lee[l...oo] Yy.. Have T(x) := Si(x), for the unique k
with Y. 2 x. As for the metric, on Y} let d be a scaled
version of my, so that the d-Diam(Y}) is less than 1/2.
Finally, for points in distinct components, x € Yi and
z € Yy, decree that d(x, z) := |2_'éc —2t | Qur T is con-
tinuous, and is a homeomorphism if each of the Sy is. Cer-
tainly €45, (T) = L > E4p(Sg), forevery k € [1... 00].

If L is finite then there is no measure jt of maximal

(Goodson))

principle

entropy; for 4 must give mass to some Yj; this pulls the
entropy below L, since there are no compensatory compo-
nents with entropy exceeding L.

In contrast, when L = oo then there is a maximal-
entropy measure (put mass 1/2/ on some component Yy ,
where k; 700 swiftly); indeed, there are continuum-many
maximal-entropy measures. But there is no 2 ergodic mea-
sure of maximal entropy.

For a concrete L = oo example, let S; be the shift
on[l...kZ.

Topology on M Let’s arrange our tools for establishing
the Variational Principle. The argument will follow Mis-
iurewicz’s proof, adapted from the presentations in [23]
and [11].

Equip M with the weak-# topology. 2! An A C X is -
nice if its topological boundary d(A) is p-null. And a par-
tition is p-nice if cach atom is.

*The ergodic measures are the extreme points of M(T); call
them Mg (T). This M(T) is the set of barycenters obtained
from Borel probability measures on Mg, (T) (see Krein-Milman
theorem, Choquet_theory in [60]). In this instance, what explains the
failure to have an ergodic maximal-entropy measure? Let jt; be an
invariant ergodic measure on Y. These measures do converge to the
one-point (ergodic) probability measure jLog on Yeg. But the map
[t £, (T) is not continuous at jleg.

*! Measures @) — i IFF f_fdar;_ — f_fd,ht, for each continu-
ous f: X — RR. This metrizable topology makes N compact. Al-
ways, NV(T) is a non-void compact subset (see » Measure Preserving
Systems.)
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Proposition 17 Ifa; — pand A C X is p-nice, then
ap(A) = pu(A).
Proof Define operator U(D) := lim sup, oy (D). It suf-
fices to show that U(A) < p(A). For since A" is j-nice
too, then U(A®) < p(A%). Thus lim; @ (A) exists, and
equals jt(A).

Because C := A is closed, the continuous functions
fx ™\ 1c pointwise, where

fa(x) := 1 — Min(N - d(x. C). 1) .

By the Monotone Convergence theorem, then,

fde# N H(C).

And p(C) = p(A), since A is nice, Fixing N, then, it suf-
fices to establish U(A) < fde,u. But fy is continuous,

50
fde# = lim supijdozL

L—00

> limsupf 1 da; = U(A) . O

L—00
Corollary 18 Suppose oy — (4, and partition P is jt-nice.
Then Hy, (P) — 3 ,.(P).
The diameter of partition P is Max yepDiam(A).

Proposition 19 Take it € M and & > 0. Then there exists
a (i-nice partition with Diam(P) < e.

Proof Centered at an x, the uncountably many balls
{Bal(x.r)|r € (0, )} have disjoint boundaries. So all but
countably many are pt-nice; pick one and call it By. Com-

pactness gives a finite nice cover, say, {B1, ..., B7}, at dif-
ferent centers. Then the partition P := (A,,.... A7) is
nice, 22 where Ay := By ~ Uf;: B;. O

Here is a consequence of Jensen’s inequality.

Lemma 20 (Distropy-Averaging Lemma) For i, v € M,
a partition R, and a number t € [0, 1],

f}[ﬁ.(R) + tcg{v{R) = j{t.u+rfv('q) .

Strategy for EntSup(T) = Eip(T). Choose an & > 0.

For L = 1,2,3,..., take a maximal (L, £)-separated-set
F; C X, then define

1
F = F, := limsup —log(|F|) .
oo L

2For any two sets B, B’ C X, the union B U 8B’ is a superset of
the three boundaries (B U B"), (B N B"), 3(B ~ B').

Let @1 () be the equi-probable measure on Fy; each point
has weight 1/|F;|. The desired invariant measure j will
come from the Cesaro averages

¥y = % Z Tqu;‘ .

£e[o...L)
which get more and more invariant.

Lemma 21 Let p be any weak-x accumulation point of
the above {a }%°. (Automatically, ju is T-invariant.) Then
Eu(T) = F. Indeed, if Q is any p-nice partition with
Diam(Q) < &, then €,(T.Q) = F.

Tactics Asusual, Qpp...xy means Qo vQ V... vQy_;.
Our goal is

21

¥N: F= ﬁ}{“(C)w__,;\r)). (31)
Fix N and P := Qpp._ny, and a é > 0. It suffices to ver-
ify: YiargeL > N,

1 ? 1
IIGgUFI‘D <d+ ﬁ}{uL(P) . (32)

since this and Corollary 17 will prove Eq. (31): Pushing
L — oo along the sequence that produced p essentially
sends LhS(32) to F, courtesy Eq. (24). And RhS(32) goes
to § + }%Jf#(P), by Corollary 17, since P is p-nice. De-
scending & ™, 0, hands us the needed Eq. (31).

Remark 22 The idea in the following proof is to mostly
fill interval [0..L) with N-blocks, starting with a offset
K € [0..N). Averaging over the offset will create a Cesaro
average over each N-block. Averaging over the N-blocks
will allow us to compute distropy with respect to the aver-
aged measure, oy .

Proof (of Eq. (32)) Since L is frozen, agree to use ¢ for
the ¢, probability measure.

Our d; -£-separated set F; has at most one point in any
given atom of Qg _p), thereupon

log(|Fr|) = ﬂ.qp(Q[U...L)) .

Regardless of the “offset” K € [0...N), we can always
fit C := [%J many N-blocks into [0...L). Denote by
G(K) := [K ... K+ CN), this union of N-blocks, the good
set of indices. Unsurprisingly, B(K) := [0...L) ~ G(K) is
the bad index-set. Therefore,

Bad(K) Good(K)
Ho(Qp...1)) 55%( V Qj) +5{w( V Q;) :
jeB(K) JESG(K)

(33)
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Certainly Bad(K) < 3Nlog(|Q]). So
1 3N
7 > Bad(K) < — log(IQD) -
KE[0...N)

This is less than &, since L is large. Applying ﬁ EKE[O...N)
to Eq. (28) now produces

1 1
plos(FLl) = 8+ ; Good(K) . (34)

Note

V r@= Y

JES(K) c€[0...C)TE+eN (P)

So
Good(K) < ) Hy(TXTNP).

This latter, by definition, equals Y Hpx+eavg (P). We
conclude that

1
EZK: Good(K)

IA

ﬁ ZK: Zﬂ: .‘H‘Tx+m¢(P}

1
5T 2 M)

fLelo...L)

IA

by adjoining a few translates of P,
1
E Ej{al (P) L
by the Distropy-averaging lemma 18,

since o is the average %EE ngo. Thus Eq. (34) im-
plies Eq. (32), our goal. O

Proof (of EntSup(T) = &p(T)) Fix a T-invariant g
For partition Q = (B),....Bg), choose a compact set
Ar C By with p(Bg ~ Aj) small. (This can be done,
since p is automatically a regular measure [58].) Letting
D := [|_|,.A,-]c and P := (D, A,, ..., Ag), we can have
made 71 (P|Q) as small as desired. Courtesy of Lemma 8b,
then, we only need consider partitions of the form that P
has.

Open-cover V = (U,. ..., Ug)has patches Uy := DU
Ay. What atoms of, say, P[q__3), can the intersection Uy N
T~ (U;) N T72(Us) touch? Only the eight atoms

(Dor Ao) N T~ (D or A3) N T2(D or As) .

Thus ﬁPmmh) < 2" »ﬁ\?mm”). (Here, #() counts the number
of non-void atoms/patches.) So

I A

1+ %log (ﬁ\?m___,,))

L+ 1+ Ep(T);

1
- 1 (Po...m)

IA

this last inequality, when # is large. The upshot: £,,(T) <
2+ glop(T).

Applied to a power T¢, this asserts that EH(T‘e) =2+
Etop(TE). Thus

2
EulT) = 7+ Euop(T) .

using Lemma 9d and using Lemma 13g. Now coax
f — oc. O

Three Recent Results

Having given an survey of older results in measure-the-
oretic entropy and in topological entropy, let us end this
survey with a brief discussion of a few recent results, cho-
sen from many.

Ornstein-Weiss: Finitely-Observable Invariant

In a landmark paper [10], Ornstein and Weiss show that
all “finitely observable” properties of ergodic processes
are secretly entropy; indeed, they are continuous func-
tions of entropy. This was generalized by Gutman and
Hochman [9]; some of the notation below is from their
paper.

Here is the setting. Consider an ergodic process, on
a non-atomic space, taking on only finitely many values
in N; let € be some family of such processes. An obser-
vation scheme is a metric space (£2. d) and a sequence of
functions § = (Sn}?o, where S,, maps N x .”. x N into £2.
On a point X € N®°, the scheme converges if

ni> Sy(x), X2, ... xp) (35)

converges in £2. And on a particular process X, say that §
converges, if § converges on a.e. X in X.

A function J: € — £2 is isomorphism invariant if,
whenever the underlying transformations of two processes
X, X' € €are isomorphic, then J(X) = J(X'). Lastly, say
that S “converges to J”, if for each X € €, scheme S con-
verges to the value J(X).

The work of David Bailey [38], a student of Ornstein,
produced an observation scheme for entropy. The Lem-
pel-Zivalgorithm [13] was another entropy observer, with
practical application.

Ornstein and Weiss provided entropy schemes in [11]
and [12]. Their recent paper “Entropy is the only finitely-
observable invariant” [10], gives a converse, a uniqueness
result.

Theorem 23 (Ornstein, Weiss) Suppose ] is a finitely ob-
servable function, defined on all ergodic finite-valued pro-
cesses. If | is an isomorphism invariant, then [ is a continu-
ous function of the entropy.
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Glossary

Bernoulli shift Mathematical abstraction of the scenario
in statistics or probability in which one performs re-
peated independent identical experiments.

Markov chain A probability model describing a sequence
of observations made at regularly spaced time intervals
such that at each time, the probability distribution of
the subsequent observation depends only on the cur-
rent observation and not on prior observations.

Measure-preserving transformation A map from a mea-
sure space to itself such that for each measurable sub-
set of the space, it has the same measure as its inverse
image under the map.

Measure-theoretic entropy A non-negative (possibly in-
finite) real number describing the complexity of a mea-
sure-preserving transformation.

Product transformation Given a pair of measure-pre-
serving transformations: T of X and S of Y, the prod-
uct transformation is the map of X x Y given by

(T x S)(x. y) = (T(x). S(y))-

Definition of the Subject

Many physical phenomena in equilibrium can be modeled
as measure-preserving transformations. Ergodic theory is
the abstract study of these transformations, dealing in par-
ticular with their long term average behavior.

One of the basic steps in analyzing a measure-preserv-
ing transformation is to break it down into its simplest
possible components. These simplest components are its
ergodic components, and on each of these components,
the system enjoys the ergodic property: the long-term time

average of any measurement as the system evolves is equal
to the average over the component. Ergodic decomposi-
tion gives a precise description of the manner in which
a system can be split into ergodic components.

A related (stronger) property of a measure-preserv-
ing transformation is mixing. Here one is investigating
the correlation between the state of the system at different
times. The system is mixing if the states are asymptotically
independent: as the times between the measurements in-
crease to infinity, the observed values of the measurements
at those times become independent.

Introduction

The term ergodic was introduced by Boltzmann [8,9] in
his work on statistical mechanics, where he was study-
ing Hamiltonian systems with large numbers of particles.
The system is described at any time by a point of phase
space, a subset of R®Y where N is the number of parti-
cles. The configuration describes the 3-dimensional posi-
tion and velocity of each of the N particles. It has long been
known that the Hamiltonian (i. e. the overall energy of the
system) is invariant over time in these systems. Thus, given
a starting configuration, all future configurations as the
system evolves lie on the same energy surface as the initial
one.

Boltzmann’s ergodic hypothesis was that the trajectory
of the configuration in phase space would fill out the en-
tire energy surface. The term ergodic is thus an amalgama-
tion of the Greek words for work and path. This hypothe-
sis then allowed Boltzmann to conclude that the long-term
average of a quantity as the system evolves would be equal
to its average value over the phase space.

Subsequently, it was realized that this hypothesis is
rarely satisfied. The ergodic hypothesis was replaced in
1911 by the quasi-ergodic hypothesis of the Ehrenfests [17]
which stated instead that each trajectory is dense in the
energy surface, rather than filling out the entire energy
surface. The modern notion of ergodicity (to be defined
below) is due to Birkhoff and Smith [7]. Koopman [44]
suggested studying a measure-preserving transformation
by means of the associated isometry on Hilbert space,
Ur: L}(X) — L*(X) defined by Ur(f) = f o T. This
point of view was used by von Neumann [91] in his proof
of the mean ergodic theorem. This was followed closely
by Birkhoff [6] proving the pointwise ergodic theorem.
An ergodic measure-preserving transformation enjoys the
property that Boltzmann first intended to deduce from his
hypothesis: that long-term averages of an observable quan-
tity coincide with the integral of that quantity over the
phase space.
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These theorems allow one to deduce a form of in-
dependence on the average: given two sets of configura-
tions A and B, one can consider the volume of the phase
space consisting of points that are in A at time 0 and in B
at time f. In an ergodic measure-preserving transforma-
tion, if one computes the average of the volumes of these
regions over time, the ergodic theorems mentioned above
allow one to deduce that the limit is simply the product of
the volume of A and the volume of B. This is the weak-
est mixing-type property. In this article, we will outline
a rather full range of mixing properties with ergodicity at
the weakest end and the Bernoulli property at the strongest
end.

We will set out in some detail the various mixing prop-
erties, basing our study on a number of concrete examples
sitting at various points of this hierarchy. Many of the mix-
ing properties may be characterized in terms of the Koop-
man operators operators mentioned above (i. e. they are
spectral properties), but we will see that the strongest mix-
ing properties are not spectral in nature.

We shall also see that there are connections between
the range of mixing properties that we discuss and mea-
sure-theoretic entropy. In measure-preserving transfor-
mations that arise in practice, there is a correlation be-
tween strong mixing properties and positive entropy, al-
though many of these properties are logically independent.

One important issue for which many questions remain
open is that of higher-order mixing. Here, the issue is if
instead of asking that the observations at two times sep-
arated by a large time T be approximately independent,
one asks whether if one makes observations at more times,
each pair suitably separated, the results can be expected
to be approximately independent. This issue has an ana-
logue in probability theory, where it is well-known that it
is possible to have a collection of random variables that are
pairwise independent, but not mutually independent.

Basics and Examples

In this article, except where otherwise stated, the measure-
preserving transformations that we consider will be de-
fined on probability spaces.

More specifically, given a measurable space (X, B) and
a probability measure p defined on B, a measure-preserv-
ing transformation of (X.B, 1) is a B-measurable map
T: X — X such that u(T7'B) = j(B) forall B € ‘B.

While this definition makes sense for arbitrary mea-
sures, not simply probability measures, most of the re-
sults and definitions below only make sense in the proba-
bility measure case. Sometimes it will be helpful to make
the assumption that the underlying probability space is

a Lebesgue space (that is, the space together with its com-
pleted o-algebra agrees up to a measure-preserving bijec-
tion with the unit interval with Lebesgue measure and the
usual o-algebra of Lebesgue measurable sets). Although
this sounds like a strong restriction, in practice it is barely
a restriction at all, as almost all of the spaces that appear
in the theory (and all of those that appear in this article)
turn out to be Lebesgue spaces. For a detailed treatment
of the theory of Lebesgue spaces, the reader is referred
to Rudolph’s book [76]. The reader is referred also to the
chapter on » Measure Preserving Systems.

While many of the definitions that we shall present are
valid for both invertible and non-invertible measure-pre-
serving transformations, the strongest mixing conditions
are most useful in the case of invertible transformations.

It will be helpful to present a selection of simple exam-
ples, relative to which we will be able to explore ergodicity
and the various notions of mixing. These examples and the
lemmas necessary to show that they are measure-preserv-
ing transformations as claimed may be found in the books
of Petersen [64], Rudolph [76] and Walters [92]. More de-
tails on these examples can also be found in the chapter on
» Ergodic Theory: Basic Examples and Constructions.

Example 1 (Rotation on the circle) Let ¢ € R. Let
Ry: [0,1) — [0,1) be defined by Ry (x) = x + @ mod 1.
It is straightforward to verify that Ry preserves the re-
striction of Lebesgue measure A to [0, 1) (it is sufficient to
check that A(R;'(])) = A(J) for an interval J).

Example 2 (Doubling Map) Let M;: [0.1) — [0,1) be
defined by M;(x) = 2x mod 1. Again, Lebesgue measure
is invariant under M, (to see this, one observes that for an
interval J, Mz_l (J) consists of two intervals, each of half the
length of J). This may be generalized in the obvious way to
a map My, for any integer k > 2.

Example 3 (Interval Exchange Transformation) The class
of interval exchange transformations was introduced by
Sinai [85]. An interval exchange transformation is the map
obtained by cutting the interval into a finite number of
pieces and permuting them in such a way that the result-
ing map is invertible, and restricted to each interval is an
order-preserving isometry.

More formally, one takes a sequence of positive
lengths £, 5. ..., £, summing to 1 and a permutation &
of {1..... k} and defines a; = Z;‘:.fj‘ and b; =
ZH[J)<KU) {; (again with by = 0). The interval exchange
transformation defined by (£,,..., ;) and & is the map
T:[0.1) — [0, 1) defined by T|(4,,4,, ,)(x) = x+(b;—a;).
It is straightforward to check that any such interval ex-
change transformation preserves Lebesgue measure on the
unit interval.
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Example 4 (Bernoulli Shift) Let A be a finite set and fix
avector (p;)iea of positive numbers that sum to 1. Let AN
denote the set of sequences of the form xpxx; ..., where
x, € A for each n € N and let AZ denote the set of bi-
infinite sequences of the form ... x_,x_;-xgx;x3 ... (the-
is a placeholder that allows us to distinguish (for example)
between the sequences...01010-10101 ... and ... 10101-
01010...).

We define a map (the shift map) S on AN by (S(x)),, =
¥nt+1 and define S on AZ by the same formula. Note that S
is invertible as a transformation on AZ but non-invertible
as a transformation on AN,

We need to equip AN and AZ with measures. This
is done by defining the measure of a preferred class of
sets, checking certain consistency conditions and appeal-
ing to the Kolmogorov extension theorem. Here the pre-
ferred sets are the cylinder sets. Given m < n in the in-
vertible case and a sequence a,, ... a,, welet [a,, ... a,]},
denote {x € AL, Xm = Amseees X, = a,} and de-
fine p(lam -..anly) = Pa,Papns,---Pa,- This is then
shown to uniquely define a measure it on the o-alge-
bra of AZ generated by the cylinder sets. It is immedi-
ate to see that for any cylinder set C, n(S™1C) = u(C),
and it follows that S is a measure-preserving transforma-
tion of (AE, B, jt). The construction is exactly analogous
in the non-invertible case. See the chapter on » Mea-
sure Preserving Systems or the books of Walters [92] or
Rudolph [76] for more details of defining measures in
these systems.

The class of Bernoulli shifts will play a distinguished role
in what follows.

Example 5 (Markov Shift) The spaces AN and AZ are ex-
actly as above, as is the shift map. All that changes is the
measure.

To define a Markov shift, we need a stochastic matrix P
(i. e. a matrix with non-negative entries whose rows sum
to 1) with rows and columns indexed by A and a left eigen-
vector & for P with eigenvalue 1 with the property that
the entries of 7 are non-negative and sum to 1. The exis-
tence of such an eigenvector is a consequence of the Per-
ron-Frobenius theory of positive matrices. Provided that
the matrix P is irreducible (for each a and a’ in A, there is
an n > 0 such that P:!a, > 0), the eigenvector m is unique.

Given the pair (P, ), one defines the measure of
a cylinder set by pu(lam...anly) = ma,Payap.,---
P,,_,a, and extends u as before to a probability measure
on AN or AZ.

Example 6 (Hard Sphere Gases and Billiards) We wish to
model the behavior of a gas in a bounded region. We make
the assumption that the gas consists of a large number N

of identical balls which move at constant velocity until
two balls collide, whereupon they elastically swap mo-
mentum along the direction of contact. The phase space
for this system is a region of R®Y (with N 3-dimensional
position vectors and N 3-dimensional velocity vectors).
More abstractly, the system is equivalent to the motion of
a single point particle in a region of R™ x RM (with the
first M-vector representing position and the second rep-
resenting velocity). The system is constrained in that its
position is required to lie in a bounded region S of RM
with a piecewise smooth boundary. The system evolves
by moving the position at a constant rate in the direction
of the velocity vector until the point reaches dS, at which
time the component of the velocity parallel to the normal
to 9§ is reversed. This then defines a flow (i.e. a family
of maps (T;)tep satisfying Tiys = T o Ts) on the phase
space. Since the magnitude of the velocity is conserved, it
is convenient to restrict to flows with speed 1. This sys-
tem is clearly the closest of the examples that we consider
to the situation envisaged by Boltzmann. Perhaps not sur-
prisingly, proofs of even the most basic properties for this
system are much harder than those for the other examples
that we consider.

We will need to make use of the concept of measure-theo-
retic isomorphism. Two measure-preserving transforma-
tions T of (X. B, u) and S of (Y, F.v) are measure-theo-
retically isomorphic (or just isomorphic) if there exist mea-
surable maps g: X — Y and h: Y — X such that

1. g o hand h o g agree with the respective identity maps
almost everywhere;

2. (g 'F) = v(F)and v(h™'B) = w(B) forall F € F
and B € B;and

3. Sog(x) = goT(x) for u-almost every x (or equivalently
T o h(y) = h o S(y) for v-almost every y).

Measure-theoretic isomorphism is the basic notion of
‘sameness’ in ergodic theory. It is in some sense quite
weak, so that systems may be isomorphic that feel very dif-
ferent (for example, as we discuss later, the time one map
of a geodesic flow is isomorphic to a Bernoulli shift). For
comparison, the notion of sameness in topological dynam-
ical systems (topological conjugacy) is far stronger.

As an example of measure-theoretic isomorphism, it
may be seen that the doubling map is isomorphic to the
one-sided Bernoulli shift on {0, 1} with py = p; = 1/2
(the map g takes an x € [0, 1) to the sequence of 0’s and
I’s in its binary expansion (choosing the sequence ending
with 0’s, for example, if x is of the form p/2") and the in-
verse map h takes a sequence of 0’s and 1’s to the point in
[0, 1) with that binary expansion.)
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Given a measure-preserving transformation T of
a probability space (X, B, ), T is associated to an isom-
etry of L*(X. B, ) by Ur(f) = f o T. This operator is
known as the Koopman Operator. In the case where T is
invertible, the operator Ur is unitary. Two measure-pre-
serving transformations T'and Sof (X, B, u)and (Y, F, v)
are spectrally isomorphic if there is a Hilbert space iso-
morphism © from L2(X.B. ) to LAY, T.v) such that
O o Ur = Us o ©. As we shall see below, spectral isomor-
phism is a strictly weaker property than measure-theoretic
isomorphism.

Since in ergodic theory, measure-theoretic isomor-
phism is the basic notion of sameness, all properties that
are used to describe measure-preserving systems are re-
quired to be invariant under measure-theoretic isomor-
phism (i. e. if two measure-preserving transformations are
measure-theoretically isomorphic, the first has a given
property if and only if the second does). On the other
hand, we shall see that some mixing-type properties are in-
variant under spectral isomorphism, while others are not.
If a property is invariant under spectral isomorphism, we
say that it is a spectral property.

There are a number of mixing type properties that
occur in the probability literature (@-mixing, f-mixing,
¢-mixing, -mixing etc.) (see Bradley’s survey [12] for
a description of these conditions). Many of these are
stronger than the Bernoulli property, and are therefore not
preserved under measure-theoretic isomorphism. For this
reason, these properties are not widely used in ergodic the-
ory, although f-mixing turns out to be equivalent to the
so-called weak Bernoulli property (which turns out to be
stronger than the Bernoulli property that we discuss in this
article - see Smorodinsky’s paper [87]) and «-mixing is
equivalent to strong-mixing.

A basic construction (see the article on » Ergodic The-
ory: Basic Examples and Constructions) that we shall re-
quire in what follows is the product of a pair of measure-
preserving transformations: given transformations T of
(X. B, p) and Sof (Y, F.v), we define the product trans-
formation TxS: (XY, BRTF, uxv)by(TxS8)(x,y) =
(Tx, Sy).

One issue that we face on occasion is that it is some-
times convenient to deal with invertible measure-preserv-
ing transformations. It turns out that given a non-invert-
ible measure-preserving transformation, there is a nat-
ural way to uniquely associate an invertible measure-
preserving transformation transformation sharing almost
all of the ergodic properties of the original transfor-
mation. Specifically, given a non-invertible measure-pre-
serving transformation T of (X.B. ), one lets X =
{(xp.x1....): x, € Xand T(x,) = x,— forall n}, B

be the o-algebra generated by sets of the form A, =
{(x € X: x, € A}, tl(A,)) = w(A) and T(xg,x1,...) =
(T(xq), xp. x1,...). The transformation T of (X, B, L) is
called the natural extension of the transformation T of
(X. B, p) (see the chapter on » Ergodic Theory: Basic Ex-
amples and Constructions for more details). In situations
where one wants to use invertibility, it is often possible to
pass to the natural extension, work there and then derive
conclusions about the original non-invertible transforma-
tion.

Ergodicity

Given a measure-preserving transformation T: X — X,
if T7'A = A, then T7!A® = A€ also. This allows us to
decompose the transformation X into two pieces A and A°
and study the transformation T separately on each. In fact
the same situation holds if T~'A and A agree up to a set
of measure 0. For this reason, we call a set A invariant if
wW(TTTAAA) = 0.

Returning to Boltzmann’s ergodic hypothesis, exis-
tence of an invariant set of measure between 0 and 1 would
be a bad situation as his essential idea was that the orbit of
a single point would ‘see’ all of X, whereas if X were de-
composed in this way, the most that a point in A could see
would be all of A, and similarly the most that a point in A°
could see would be all of A°.

A measure-preserving transformation will be called er-
godic if it has no non-trivial decomposition of this form.
More formally, let T be a measure-preserving transforma-
tion of a probability space (X, B, ). The transformation T
is said to be ergodic if for all invariant sets, either the set or
its complement has measure 0.

Unlike the remaining concepts that we discuss in this
article, this definition of ergodicity applies also to infinite
measure-preserving transformations and even to certain
non-measure-preserving transformations. See Aaronson’s
book [1] for more information.

The following lemma is often useful:

Lemma 1 Let (X, B, i) be a probability space and let T
X — X be a measure-preserving transformation. Then T is
ergodic if and only if the only measurable functions f sat-
isfying f o T = f (up to sets of measure 0) are constant
almost everywhere.

For the straightforward proof, we notice that if the condi-
tion in the lemma holds and A is an invariant set, then
14 o T = 1, almost everywhere, so that 1, is an a.e.
constant function and so A or A¢ is of measure 0. Con-
versely, if f is an invariant function, we see that for each «,
{x: f(x) < «} is an invariant set and hence of measure 0
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of the ergodic and quasi-ergodic hypotheses, which can be
seen as demanding that u, is equal to p for (almost) all x.

Proof The proof will be divided into 3 main steps: defin-
ing the measures fLy, proving measurability with respect
to x and proving ergodicity of the measures.

Step 1: Definition of g

Given a function f € LY(X.B. 1), BirkhofPs theorem
states that for p-almost every x € X, (Anf(x)) is con-
vergent. It will be convenient to denote the limit by f(x).
Let fi. f2.... be a sequence of continuous functions that
is dense in C(X). For each k, there is a set By of x’s mea-
sure 1 for which (Anfk(x}}gil is a convergent sequence,
Intersecting these gives a set B of full measure such that
for x € B,foreach k = 1, A, fi(x) is convergent. A simple
approximation argument shows that for x € Bandf anar-
bitrary continuous function, A, f (x) is convergent. Given
x € B,defineamap L,: C(X) — R byL,(f) = f(x).
This is a continuous linear functional on C(X), and hence
by the Riesz Representation Theorem there exists a Borel
measure ft, such that f{x} = ff duy for each f € C(X)
and x € B. Since Ly(f) = 0 when f is a non-negative
function and L, (1) = I, the measure j, is a probability
measure. Since Ly (f o T) = Ly (f) for f € C(X), one can
check that g1, must be an invariant probability measure.
For x & B, simply define jt, = p. Since B is a set of mea-
sure 0, this will not affect any of the statements that we are
trying to prove.

Now for f continuous, we have A 5 f is a bounded se-
quence of functions with Ay f(x) converging to [ f dji,
almost everywhere and [Aynfdu = [ fdu since T is
measure-preserving, It follows from the bounded conver-
gence theorem that for f € C(X),

ffdu=f(ffdux) ey )

Step 2: Measurability of x = u,(A4)

Lemma 7 Let C € B satisfy 1(C) = 0. Then ji(C) =0
for pi-almost every x € X.

Proof Using regularity of Borel probability measures (see
Rudin’s book [75] for details), there exist open sets U; D
U; D -+ D C with u(Ug) < 1/k. There exist con-
tinuous functions gy ,, with (gk,m(x))f:L increasing to
1y, everywhere (e.g. g n(x) = min(l.m - d(x, U;))).
By (1), we have f(fgk'm duy) dp(x) < 1/k for all k, m.
Note that fgk'm dpy = lim, 00 Ayg,m(x) is a mea-
surable function of x, so that using the monotone conver-
gence theorem (taking the limit in m), x f 1y, duy =
Jx(Uy) is measurable and f(f 1y, duy) dplx) = 1k,
We now see that x > limj_o0 ptx(Up) = px(()Up)

is also measurable, and by monotone convergence we see
J (M Ug) dpa(x) = 0. It follows that pu((Ux) = 0
for pi-almost every x. Since (| Uy O C, the lemma follows.

O

Given a set A € B, let f; be a sequence of con-
tinuous functions (uniformly bounded by 1) satisfying
lfx — allpigy < 277, so that in particular fi(x) —
14(x) for p-almost every x. For each k, x ffk dy, =
lim, 00 Ay fr(x) is a measurable function. By Lemma 7,
for p-almost every x, fi — 1a ftie-almost everywhere,
so that by the bounded convergence theorem limj_e0
ffk diy = py(A) for p-almost every x. Since the limit
of measurable functions is measurable, it follows that x
JLx(A) is measurable for any measurable set A € B.

This allows us to define a measure v by v(A) =
f e (A) dpe(x). For a bounded measurable function f, we
have [ fdv = [(f f djty) dje(x). Since this agrees with
ff du for continuous functions by (1), it follows that
i = v. Conclusion (1) of the theorem now follows eas-
ily.

Given f € LY(X), we let (fi) be a sequence of contin-
uous functions such that || fx — f1[11(;,) is summable. This
implies that || fx — |11, is summable for p-almost ev-
ery x and in particular, [ fi diy — [ f duy for almost
every x. On the other hand, by the remark following the
statement of Birkhoff’s theorem, we have f;, = E(fx|7)
so that ||f - fk”L'(,u) is summable and fj(x) — f(x) for
jt-almost every x. Combining these two statements, we see
that for y-almost every x, we have

f) = Jim_fitw = tim [ i = [ 5.

This establishes conclusion (2) of the theorem.

Step 3: Ergodicity of i,

We have shown how to disintegrate the invariant mea-
sure /¢ as an integral combination of jt,’s, and we have in-
terpreted the fiy’s as describing the average behavior start-
ing from x. It remains to show that the j,’s are ergodic
measures.

Fix for now a continuous function f and a number 0 <
€ < 1.Since A, f(x) — f(x) u-almost everywhere, there
existsan N such that p{x: |ANf(x)—f(x)| > €/2} < €38,

We now claim the following;:

wlx: pady: |fO) = [fdpx| > e} > €} <e. (2)
To see this, note that {y: |f{y) — [fduy| > €} C

0 D =ANf()] > €/23Uly: [Anf ()= f(x)] > €2},
so that if p{y: |f(y) — ff dpty| = €} > e, then either
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Hely: [f(—ANS()| > €12} > €/20r pueiy: [ANf(¥)—
f(x)| = €/2} > €/2. We show that the set of x’s satisfying
each condition is small.

Firstly, we have €3/8 > wu{y: |f(y) — Anf(y)|
€2y = [ pafy: If(y) — Anf(y)| > €/2} du(x), so that
pix: puedy: |f(y) = Anf(y)| > €/2} > €/2} < €*/4 <
€/2.

For the second term, given ¢ € R, let F.(x) =
|Anf(x) — ¢|and G(x) = Ff,(x). Note that

[ Fiea0 d1s) = Jim AnFreg0 = lim_ 4,660

(using the facts that y Ff(x)(y) is a continuous

function and that since f(x) is an invariant function,
Fﬂx){Tkx) = G(T*x)). Since [ G(x) du(x) < €%/8, it
follows that fFf'(x)(y) dix(y) < €2/4 except on a set
of x’s of measure less than €/2. Outside this bad set, we
have i {y: [Anf(y) — f(x)] > €/2} < €2 so that
X pdy: |ANf(y)—f(x)| > €2} > €/2} < €/2as
required.

This establishes our claim (2) above. Since € > 0 is
arbitrary, it follows that for each f € C(X), for p-almost
every x, jiy-almost every y satisfies f(y) = S f dje. As
usual, taking a countable dense sequence (f¢) in C(X), it
is the case that for all k and pt-almost every x, ﬂ.(y) =
ffk djty pix-almost everywhere. Let the set of x’s with this
property be D. We claim that for x € D, pu, is ergodic.
Suppose not. Then let x € D and let | be an invariant set
of 1, measure between § and 1 — § for some 6 > 0. Then
by density of C(X) in L'(jt,), there exists an f with || fy —
1;”;_1(@ ) < 8. Since 1 is an invariant function, we have
1; = 1;. On the other hand, f« is a constant function. It
follows that || fi — 1jl|1u,y = 8 > [[fe = 1ll1ygu,)- This
contradicts the identification of the limit as a conditional
expectation and concludes the proof of the theorem.

O

Mixing

As mentioned above, ergodicity may be seen as an in-
dependence on average property. More specifically, one
wants to know whether in some sense w(A N T~"B) con-
verges to (t(A)u(B) as n — oo, Ergodicity is the property
that there is convergence in the Césaro sense. Weak-mix-
ing is the property that there is convergence in the strong
Césaro sense. That is, a measure-preserving transforma-
tion T is weak-mixing if

1 N—1 .
EZW(AHT B)—pu(A)u(B)| > 0 as N — o0.

n=0

In order for T to be strong-mixing, we require simply
WA N TNVB) — (A)u(B) as N — oo. It is clear that
strong-mixing implies weak-mixing and weak-mixing im-
plies ergodicity.

If T is not ergodic (so that T"9A = A for some A of
measure strictly between 0 and 1), then \,u,(T'”dA nA)—
A = (A1 —

An alternative characterization of weak-mixing is as

(A)), so that T is not weak-mixing.

follows:

Lemma 8 The measure-preserving transformation T is
weak-mixing if and only if for every pair of measurable
sets A and B, there exists a subset | of N of density 1 (i.e.
#(JN4{L, ..., N}IN — 1) such that

lim pu(ANT "B)=

#(A)p(B) - (3)

n—00 ng]

By taking a countable family of measurable sets that are
dense (with respect to the metric d(A, B) = u(AAB)) and
taking a suitable intersection of the corresponding ] sets,
one shows that for a given weak-mixing measure-preserv-
ing transformation, there is a single set ] C N such that
(3) holds for all measurable sets A and B (see Petersen [64]
or Walters [92] for a proof).

We show that an irrational rotation of the circle is not
weak-mixing as follows: let @ € R \ (@ and let A be the
interval [i. %). There is a positive proportion of #’s in the
natural numbers (in fact proportion 1/3) with the property
that |T”(2l) — %| < é For these w's (AN T7"A) > %,
so that in particular |p(A N T7"A) — u(A)u(A)| >
Clearly this precludes the required convergence to 0 in the
definition of weak-mixing, so that an irrational rotation is
ergodic but not weak-mixing. Since R, = R,q, the carlier
argument shows that R} is ergodic, so that Ry is totally
ergodic.

On the other hand, we show that any Bernoulli shift is
strong-mixing. To see this, let A and B be arbitrary mea-
surable sets. By standard measure-theoretic arguments, A
and B may each be approximated arbitrarily closely by a fi-
nite union of cylinder sets. Since if A’ and B’ are finite
unions of cylinder sets, we have that p(A” N T~"B’) is
equal to ju(A")jt(B") for large n, it is easy to deduce that
A N T7"B) — u(A)u(B) as required. Since the dou-
bling map is measure-theoretically isomorphic to a one-
sided Bernoulli shift, it follows that the doubling map is
also strong-mixing.

Similarly, if a Markov Chain is irreducible (i. e. for any
states i and j, there exists an n = 0 such that Pf. > 0) and
aperiodic (there is a state i such that ged{n: P} > 0} = 1),
then given any pair of cylinder sets A’ and B’ we have by
standard theorems of Markov chains (A" N T7"B') —
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(A" )(B"). The same argument as above then shows that
an aperiodic irreducible Markov Chain is strong-mixing.
On the other hand, if a Markov chain is periodic (d =
ged{n: P} > 0} > 0),thenletting A = B = {x: xp = i},
we have that ;t(AN T7"B) = 0 whenever d } n. It follows
T% is not ergodic, so that T is not weak-mixing.

Both weak- and strong-mixing have formulations in
terms of functions:

Lemma 9 Let T be a measure-preserving transformation
of the probability space (X, B, j1).

1. T is weak-mixing if and only if for every f, g € L? one
has

N—

1
%Z |(f.go T") = (f.1){1.g)| = 0asN — co.
=0

2. T is strong-mixing if and only if for every f, g € L, one
has

(frgo TNy = (f.1)(1,g) as N — oo

Using this, one can see that both mixing conditions are
spectral properties.

Lemma 10 Weak- and strong-mixing are spectral proper-
ties.

Proof Suppose S is a weak-mixing transformation of
(Y. F,v) and the transformation T of (X,B,pu) is
spectrally isomorphic to § by the Hilbert space iso-
morphism @. Then for f.g € L*X.B,pn), (f.g o
T™x — (fhx(l.ghx = (8().0(g) o ")y —
(O). ©(1))y(O(1), ©(g))y. Since 1 is an eigenfunction
of Ur with eigenvalue 1, ©(1) is an eigenfunction of Ug
with an eigenvalue 1, so since S is ergodic, ®(1) must
be a constant function. Since ® preserves norms, ©(1)
must have a constant value of absolute value 1 and hence
(f.go T"x — (f-)x{l.g)x = (8().6(g) 0 S")y —
(O(f). 1)y (1,0(g))y. It follows from Lemma 9 that T is
weak-mixing.

A similar proof shows that strong-mixing is a spectral
property. O

Both weak- and strong-mixing properties are preserved by
taking natural extensions.

Recent work of Avila and Forni [4] shows that for in-
terval exchange transformations of k = 3 intervals with
the underlying permutation satisfying the non-degeneracy
condition above, almost all divisions of the interval (with
respect to Lebesgue measure on the k—1-dimensional sim-
plex) lead to weak-mixing transformations. On the other

hand, work of Katok [36] shows that no interval exchange
transformation is strong-mixing.

It is of interest to understand the behavior of the “typi-
cal’ measure-preserving transformation. There are a num-
ber of Baire category results addressing this. In order to
state them, one needs a set of measure-preserving transfor-
mations and a topology on them. As mentioned earlier, it
is effectively no restriction to assume that a transformation
isa Lebesgue-measurable map on the unit interval preserv-
ing Lebesgue measure. The classical category results are
then on the collection of invertible Lebesgue-measure pre-
serving transformations of the unit interval. One topology
on these is the ‘weak’ topology, where a sub-base is given
by sets of the form N(T, A, €) = {S: A(S(A)AT(A)) < €}.
With respect to this topology, Halmos [26] showed that
a residual set (i. e. a dense Gy set) of invertible measure-
preserving transformations is weak-mixing (see also work
of Alpern [3]), while Rokhlin [72] showed that the set of
strong-mixing transformations is meagre (i. e. a nowhere
dense Fg set), allowing one to conclude that with respect
to this topology, the typical transformation is weak- but
not strong-mixing.

As often happens in these cases, even when a certain
kind of behavior is typical, it may not be simple to exhibit
concrete examples. In this case, a well-known example of
a transformation that is weak-mixing but not strong-mix-
ing was given by Chacon [13].

While on the face of it the formulation of weak-mix-
ing is considerably less natural than that of strong-mixing,
the notion of weak-mixing turns out to be extremely nat-
ural from a spectral point of view. Given a measure-pre-
serving transformation T, let Uy be the Koopman opera-
tor described above. Since this operator is an isometry, any
eigenvalue must lie on the unit circle. The constant func-
tion 1 is always an eigenfunction with eigenvalue 1. If T'is
ergodic and g and h are eigenfunctions of U with eigen-
value A, then gh is an eigenfunction with eigenvalue 1,
hence invariant, so that g = Kh for some constant K. We
see that for ergodic transformations, up to rescaling, there
is at most one eigenfunction with any given eigenvalue.

If Ur has a non-constant eigenfunction f, then one
has |[(ULf. f)| = [LFI|? for cach n, whereas by Cauchy-
Schwartz, |(f,1)|* < ||f|*. It follows that [(U}f. f) —
(f.1)(1. f)| = cfor some positive constant ¢, so that using
Lemma 9, T is not weak-mixing.

Using the spectral theorem, the converse is shown to
hold.

Theorem 11 The measure-preserving transformation T is
weak-mixing if and only Ut has no non-constant eigen-
functions.
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Of course this also shows that weak-mixing is a spectral
property. Equivalently, this says that the transformation T
is weak-mixing if and only if the apart from the constant
eigenfunction, the operator Uy has only continuous spec-
trum (that is, the operator has no other eigenfunctions).
For a very nice and concise development of the part of
spectral theory relevant to ergodic theory, the reader is re-
ferred to the Appendix in Parry’s book [63].
Using this theory, one can establish the following:

Theorem 12

1. T is weak-mixing if and only if T x T is ergodic;
2. If T and S are ergodic, then T x S is ergodic if and only if
Us and Ut have no common eigenvalues other than 1.

Proof The main factor in the proof is that the eigenvalues
of Uryxs are precisely the set of @8, where @ is an eigen-
value of Uy and f is an eigenvalue of Ug. Further, the
eigenfunctions of Urxg with eigenvalue y are spanned by
eigenfunctions of the form f ® g, where f is an eigenfunc-
tion of U, g is an eigenfunction of Uy, and the product of
the eigenvalues is y.

Suppose that T is weak-mixing. Then the only eigen-
function is the constant function, so that the only eigen-
function of Urxr is the constant function, proving that
T x T is ergodic. Conversely, if U has an eigenvalue (so
that f o T = aT for some non-constant f) then f ® f is
a non-constant invariant function of T x T'sothat T x T
is not ergodic.

For the second part, if Ug and Ur have a common
eigenvalue other than 1 (say foT = af andgo T = ag),
then f ® g is a non-constant invariant function. Con-
versely, if T x S has a non-constant invariant function h,
then h can be decomposed into functions of the form f®g,
where f and g are eigenfunctions of Ur and Ug respec-
tively with eigenvalues o and p satisfying o8 = 1. Since
the eigenvalues of S are closed under complex conjuga-
tion, we see that Uy and Us have a common eigenvalue
other than 1 as required. |

For a measure-preserving transformation T, we let K
be the subspace of L* spanned by the eigenfunctions of
Ur. It is a remarkable fact that K may be identified as
L3(X,B'. ;1) where B is a sub-a-algebra of B. The space K
is called the Kronecker factor of T. The terminology comes
from the fact that any sub-o-algebra F of B gives rise to
a factor mapping w: (X, B, u) — (X, F.p) with m(x) =
x. By construction L*(X, B', 1) is the closed linear span
of the eigenfunctions of T considered as a measure-pre-
serving transformation of (X, B’, u). By the Discrete Spec-
trum Theorem of Halmos and von Neumann [27], T act-

ing on (X, B, 1) is measure-theoretically isomorphic to
a rotation on a compact group. This allows one to split
L*(X, B, pu)as L*(X,B', 1) ® L2(X, B, 1), where, as men-
tioned above the first part is the discrete spectrum part,
spanned by eigenfunctions, and the second part is the con-
tinuous spectrum part, consisting of functions whose spec-
tral measure is continuous. Since we have split L? into
a discrete part and a continuous part, it is natural to ask
whether the underlying transformation T can be split up in
some way into a weak-mixing part and a discrete spectrum
(compact group rotation) part, somewhat analogously to
the ergodic decomposition. Unfortunately, there is no-
such decomposition available. However for some appli-
cations, for example to multiple recurrence (starting with
the work of Furstenberg [20,21]), the decomposition of L?
(possibly into more complicated parts) plays a crucial role
(see the chapters on » Ergodic Theory: Recurrence and
» Ergodic Theory: Interactions with Combinatorics and
Number Theory).

For non-invertible measure-preserving transforma-
tions, the transformation is weak- or strong-mixing if and
only if its natural extension has that property.

The understanding of weak-mixing in terms of the dis-
crete part of the spectrum of the operator also extends to
total ergodicity. T" is ergodic if and only if T has no eigen-
values of the form e>™'P/" other than 1. From this it fol-
lows that an ergodic measure-preserving transformation T
is totally ergodic if and only if it has no rational spectrum
(i. e. no cigenvalues of the form ¢>™'?/4 other than the sim-
ple eigenvalue 1).

An intermediate mixing condition between strong-
and weak- mixing is that a measure-preserving transfor-
mation is mild-mixing if whenever f o T"" — f for an
I* function f and a sequence n; —» oo, then f is a.c.
constant. Clearly mild-mixing is a spectral property. If
a transformation has an eigenfunction f, then it is straight-
forward to find a sequence n; such that f o T" — f,
so we see that mild-mixing implies weak-mixing. To see
that strong-mixing implies mild-mixing, suppose that T
is strong-mixing and that f o T"" — f. Then we have
[fo T""f" — ||f||2 On the other hand, the strong mixing
property implies that ff o T”"j: — |{f.1)|% The equality
of these implies that f is a.e. constant. Mild-mixing has
a useful reformulation in terms of ergodicity of general
(not necessarily probability) measure-preserving transfor-
mations: A transformation T is mild-mixing if and only if
for every conservative ergodic measure-preserving trans-
formation S, T x S is ergodic. See Furstenberg and Weiss’
article [22] for further information on mild-mixing.

The strongest spectral property that we consider is
that of having countable Lebesgue spectrum. While we
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will avoid a detailed discussion of spectral theory in this
article, this is a special case that can be described sim-
ply. Specifically, let T be an invertible measure-preserv-
ing transformation. Then T has countable Lebesgue spec-
trum if there is a sequence of functions fi, fa, ... such that
{1y U{U%f;: n € Z,j € N} forms an orthonormal basis
for L2(X).

To see that this property is stronger than strong-
mixing, we simply observe that it implies that (ULUf;,
UT fy — 0as t — oo. Then by approximating f and g
by their expansions with respect to a finite part of the ba-
sis, we deduce that (U7f.g) — (f.1){1,g) as required.
Since already strong-mixing is atypical from the topologi-
cal point of view, it follows that countable Lebesgue spec-
trum has to be atypical. In fact, Yuzvinskii [96] showed
that the typical invertible measure-preserving transforma-
tion has simple singular spectrum.

The property of countable Lebesgue spectrum is by
definition a spectral property. Since it completely describes
the transformation up to spectral isomorphism, there can
be no stronger spectral properties. The remaining prop-
erties that we shall examine are invariant under measure-
theoretic isomorphisms only.

An invertible measure-preserving transformation T of
(X, B, i) is said to be K (for Kolmogorov) if there is a sub-
o-algebra T of B such that

L. N2, T™" 7 is the trivial o-algebra up to sets of mea-
sure 0 (i. e. the intersection consists only of null sets and
sets of full measure).

2. \/gil T"F = B (i e. the smallest o-algebra contain-

ing T" ¥ forall n > 0is B).

The K property has a useful reformulation in terms of en-
tropy as follows: T is K if and only if for every non-trivial
partition P of X, the entropy of T with respect to the par-
tition P is positive: T has completely positive entropy. See
the chapter on » Entropy in Ergodic Theory for the rel-
evant definitions. The equivalence of the K property and
completely positive entropy was shown by Rokhlin and
Sinai [74]. For a general transformation T, one can con-
sider the collection of all subsets B of X such that with re-
spect to the partition Pg = {B, B‘}, h(Pg) = 0. One can
show that this is a o-algebra. This o-algebra is known as
the Pinsker o-algebra. The above reformulation allows us
to say that a transformation is K if and only if it has a trivial
Pinsker o -algebra.

The K property implies countable Lebesgue spectrum
(see Parry’s book [63] for a proof). To see that K is not im-
plied by countable Lebesgue spectrum, we point out that
certain measure-preserving transformations derived from
Gaussian systems (see for example the paper of Parry and

Newton [52]) have countable Lebesgue spectrum but zero
entropy.

The fact that (two-sided) Bernoulli shifts have the K
property follows from Kolmogorov's 0-1 law by taking
T = V= T™"P, where P is the partition into cylinder
sets (see Williams’s book [93] for details of the 0-1 law).

Although the K property is explicitly an invertible
property, it has a non-invertible counterpart, namely
exactness. A transformation T of (X,B, u) is exact if
(52, T~"B consists entirely of null sets and sets of mea-
sure 1. It is not hard to see that a non-invertible transfor-
mation is exact if and only if its natural extension is K.

The final and strongest property in our list is that of be-
ing measure-theoretically isomorphic to a Bernoulli shift.
If T is measure-theoretically isomorphic to a Bernoulli
shift, we say that T has the Bernoulli property. While in
principle this could apply to both invertible and non-in-
vertible transformations, in practice the definition applies
to a large class of invertible transformations, but occurs
comparatively seldom for non-invertible transformations.
For this reason, we will restrict ourselves to a discussion of
the Bernoulli property for invertible transformations (see
however work of Hoffman and Rudolph [29] and Heicklen
and Hoffman [28] for work on the one-sided Bernoulli
property).

In the case of invertible Bernoulli shifts, Orn-
stein [53,58] developed in the early 1970s a powerful iso-
morphism theory, showing that two Bernoulli shifts are
measure-theoretically isomorphic if and only if they have
the same entropy. Entropy had already been identified as
an invariant by Kolmogorov and Sinai [43,582], so this es-
tablished that it was a complete invariant for Bernoulli
shifts. Keane and Smorodinsky [41] gave a proof which
showed that two Bernoulli shifts of the same entropy are
isomorphic using a conjugating map that is continuous
almost everywhere. With other authors, this theory was
extended to show that the property of being isomorphic
to a Bernoulli shift applied to a surprisingly large class of
measure-preserving transformations (e. g. geodesic flows
on manifolds of constant negative curvature (Ornstein
and Weiss [60]), aperiodic irreducible Markov chains
(Friedman and Ornstein [19]), toral automorphisms
(Katznelson [39]) and more generally many Gibbs mea-
sures for hyperbolic dynamical systems (see the book of
Bowen [11])).

Initially, it was conjectured that the properties of be-
ing K and Bernoulli were the same, but since then a num-
ber of measure-preserving transformations that are K but
not Bernoulli have been identified. The earliest was due to
Ornstein [55]. Ornstein and Shields [59] then provided an
uncountable family of non-isomorphic K automorphisms.
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In a recent paper of McCutcheon and Quas [50], the
analogous question was addressed in the case where T is
a mild-mixing transformation.

Problem 3 (Pascal adic transformation) Vershik [89,90]
introduced a family of transformations known as the adic
transformations. The underlying spaces for these trans-
formations are certain spaces of paths on infinite graphs,
and the transformations act by taking a path to its lex-
icographic neighbor. Amongst the adic transformations,
the so-called Pascal adic transformation (so-called because
the underlying graph resembles Pascal’s triangle) has been
singled out for attention in work of Petersen and oth-
ers [2,10,51,65]. In particular, it is unresolved whether this
transformation is weak-mixing with respect to any of its
ergodic measures. Weak-mixing has been shown by Pe-
tersen and Schmidt to follow from a number-theoretic
condition on the binomial coefficients [2,10].

Problem 4 (Weak Pinsker Conjecture) Pinsker [67]
conjectured that in a measure-preserving transformation
with positive entropy, one could express the transfor-
mation as a product of a Bernoulli shift with a system
with zero entropy. This conjecture (now known as the
Strong Pinsker Conjecture) was shown to be false by Orn-
stein [56,57]. Shields and Thouvenot [78] showed that the
collection of transformations that can be written as a prod-
uct of a zero entropy transformation with a Bernoulli shift
is closed in the so-called d-metric that lies at the heart of
Ornstein’s theory.

It is, however, the case that if T: X — X has en-
tropy h > 0, then for all K’ < h, T has a factor S
with entropy k" (this was originally proved by Sinai [83]
and reproved using the Ornstein machinery by Ornstein
and Weiss in [61]). The Weak Pinsker Conjecture states
that if a measure-preserving transformation T has entropy
h > 0, then for all € > 0, T may be expressed as a product
of a Bernoulli shift and a measure-preserving transforma-
tion with entropy less than e.
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Glossary

Dynamical system in its broadest sense, any set X, with
amap T: X — X. The classical example is: X is a set
whose points are the states of some physical system
and the state x is succeeded by the state Tx after one
unit of time.

Iteration repeated applications of the map T above to ar-
rive at the state of the system after # units of time.
Orbit of x the forward images x, Tx, T?X ... of x € X
under iteration of T. When T is invertible one may
consider the forward, backward or two-sided orbit

of x.

Automorphism a dynamical system T: X — X, where X
is a measure space and T is an invertible map preserv-
ing measure.

Ergodic average if f is a function on X let A, f(x) =
n=t Y170 f(T'x); the average of the values of f over
the first n points in the orbit of x.

Ergodic theorem an assertion that ergodic averages con-
verge in some sense.

Mean ergodic theorem anassertion that ergodic averages
converge with respect to some norm on a space of
functions.

Pointwise ergodic theorem an assertion that ergodic av-
erages A, f (x) converge for some or all x € X, usually
for a.e. x.

Stationary process a sequence (X;,X,....) of random
variables (real or complex-valued measurable func-
tions) on a probability space whose joint distribu-
tions are invariant under shifting (X;,X,....) to
(X2, X3,...).

Uniform distribution a sequence {x,} in [0,1] is uni-
formly distributed if for each interval I C [0, 1], the
time it spends in I is asymptotically proportional to the
length of I.

Maximal inequality an inequality which allows one to
bound the pointwise oscillation of a sequence of func-
tions. An essential tool for proving pointwise ergodic
theorems.

Operator any linear operator U on a vector space of func-
tions on X, for example one arising from a dynamical
system T by setting Uf(x) = f(Tx). More generally
any linear transformation on a real or complex vector

space.
Positive contraction an operator T on a space of func-
tions endowed with a norm || - || such that T maps pos-

itive functions to positive functions and || Tf|| < |f].

Definition of the Subject

Ergodic theorems are assertions about the long-term sta-
tistical behavior of a dynamical system. The subject arose
out of Boltzmann’s ergodic hypothesis which sought to
equate the spatial average of a function over the set of
states in a physical system having a fixed energy with the
time average of the function observed by starting with
a particular state and following its evolution over a long
time period.

Introduction

Suppose that (X.B,pu) is
T: (X,B. ) — (X,B, u) is a measurable and measure-
preserving transformation, that is ;(T7'E) = wu(E) for
all E € B. One important motivation for studying such
maps is that a Hamiltonian physical system (see the article
by Petersen in this collection) gives rise to a one-param-
eter group {T; : t € R} of maps in the phase space of
the system which preserve Lebesgue measure. The ergodic
theorem of Birkhoff asserts that for f € Ly(u)

a measure space and

n—1
=Y A 1)
i=0

converges a.e. and that if T is ergodic (to be defined
shortly) then the limit is [ fdu. This may be viewed
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as a justification for Boltzmann’s ergodic hypothesis that
“space averages equal time averages”. See Zund [214] for
some history of the ergodic hypothesis. For physicists,
then, the problem is reduced to showing that a given phys-
ical system is ergodic, which can be very difficult. How-
ever ergodic systems arise in many natural ways in math-
ematics. One example is rotation z + Az of the unit cir-
cle if A is a complex number of modulus one which is not
aroot of unity. Another is the shift transformation on a se-
quence of i.i.d. random variables, for example a coin-toss-
ing sequence. Another is an automorphism of a compact
Abelian group. Often a transformation possesses an in-
variant measure which is not obvious at first sight. Knowl-
edge of such a measure can be a very useful tool. See Pe-
tersen’s article for more examples.

If (X. B, jt) is a probability space and T is ergodic then
BirkhofP’s ergodic theorem implies that if A is a measur-
able subset of X then for almost every x, the frequency
with which x visits A is asymptotically equal to u(A),
a very satisfying justification of intuition. For example, ap-
plying this to the coin-tossing sequence one obtains the
strong law of large numbers which asserts that almost ev-
ery infinite sequence of coin tosses has tails occurring with
asymptotic frequency % One also obtains Borel’s theo-
rem on normal numbers which asserts that for almost all
x € [0,1] each digit 0.1,2.....9 occurs with limiting
frequency % The so-called continued fraction transfor-
! ‘mod 1 on (0, 1) has a finite invariant
measure I'i—xx (Throughout this article x mod 1 denotes
the fractional part of x.) Applying Birkhoff's theorem then
gives precise information about the frequency of occur-
rence of any n € N in the continued fraction expansion
of x, for a.e. x. See for example Billingsley [34].

These are the classical roots of the subject of ergodic

mation x > x_

theorems. The subject has evolved from these simple ori-
gins into a vast field in its own right, quite independent of
physics or probability theory. Nonetheless it still has close
ties to both these areas and has also forged new links with
many other areas of mathematics.

Our purpose here is to give a broad overview of the
subject in a historical perspective. There are several ex-
cellent references, notably the books of Krengel [135]
and Tempelman [194] which give a good picture of the
state of the subject at the time they appeared. There has
been tremendous progress since then. The time is ripe for
a much more comprehensive survey of the field than is
possible here.

Many topics are necessarily absent and many are only
glimpsed. For example this article will not touch on ran-
dom ergodic theorems. See the articles [75,143] for some
references on this topic.

I thank Mustafa Akcoglu, Ulrich Krengel, Michael Lin,
Dan Rudolph and particularly Joe Rosenblatt and Vitaly
Bergelson for many helpful comments and suggestions.
I would like to dedicate this article to Mustafa Akcoglu
who has been such an important contributor to the de-
velopment of ergodic theorems over the past 40 years. He
has also played a vital role in my mathematical develop-
ment as well as of many other mathematicians. He remains
a source of inspiration to me, and a valued friend.

Ergodic Theorems for Measure-Preserving Maps

Suppose (X, B, u) is a measure space. A (measure-pre-
serving) endomorphism of (X, B, i) is a measurable map-
ping T: X — X such that y(T7'E) = ju(E) for any mea-
surable subset E C X. If T has a measurable inverse then
one says that it is an automorphism. In this article the un-
qualified terms “endomorphism” or “automorphism” will
always mean measure-preserving. T is called ergodic if for
all measurable E one has

T'E=E= u(E)=0 or uE)=0.

A very general class of examples comes from the no-
tion of a stationary stochastic process in probability theory.
A stochastic process is a sequence of measurable functions
fi. fa. ... on aprobability space (X, B, ;) taking values in
a measurable space (Y, C). The distribution of the process,
a measure v on YV, is defined as the image of i under the
map (fi. fo....) : X — YN v captures all the essential
information about the process {f; }. In effect one may view
any process { f; } as a probability measure on YN The pro-
cess is said to be stationary if v is invariant under the left
shift transformation Son Y™, S(y)(i) = y(i + 1),thatis S
is an endomorphism of the probability space (Y™ v).

From a probabilistic point of view the most natural ex-
amples of stationary stochastic processes are independent
identically distributed processes, namely the case when v
is a product measure AN for some measure A on (Y, C).
More generally one can consider a stationary Markov pro-
cess defined by transition probabilities on the state space Y
and an invariant probability on Y. See for example Chap. 7
in [50], also Sect. “Pointwise Ergodic Theorems for Oper-
ators” below.

The first and most fundamental result about en-
domorphisms is the celebrated recurrence theorem of
Poincaré [173]).

Theorem 1 Suppose w is finite, A € B and pu(A) > 0.
Then for a.e. x € A there is an n > 0 such that T"x € A,
in fact there are infinitely many such n.

It may be viewed as an ergodic theorem, in that it is a quali-
tative statement about how x behaves under iteration of T.
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C(A) = 0as A — oo such that forall x € Band A > 0
one has

WiMx = Alx||} = C(A). (9)

Moreover the set of x for which T, x converges a.e. is closed
in B.

The first chapter of Garsia’s book [89] contains a nice in-
troduction to the Banach principle.

It should be noted that, for general integrable f, M f
need not be in L'. However if f € L? for p > 1 then M f
does belong to L and one has the estimate

1M1 < £l (10)

This can be derived from (6) using also the (obvious) fact
that ||Mf||sc < || f]|co- Any such estimate on the norm of
a maximal function will be called a strong L, inequality. It
also follows from (6) that if z¢(X) is finite and f € LlogL,
thatis [ [f|log™ |f|dit < oo, then Mf € L'. In fact Orn-
stein [160] has shown that the converse of this last state-
ment holds provided T is ergodic.

There is a special setting where one has uniform con-
vergence in the ergodic theorem. Suppose T is a homeo-
morphism of a compact metric space X. By a theorem of
Krylov and Bogoliouboff [138] there is at least one prob-
ability measure on the Borel g-algebra of X which is in-
variant under T. T is said to be uniquely ergodic if there is
only one Borel probability measure, say i, invariant under
T. It is easy to see that when this is the case then T is an
ergodic automorphism of (X, B, t). As an example, if «
is an irrational number then the rotation z + &**'¥z is
a uniquely ergodic transformation of the circle {|z| = 1}.
Equivalently x +— x + o mod 1 is a uniquely ergodic
map on [0, 1]. A quick way to see this is to show that the
Fourier co-efficients fi(n) of any invariant probability u
are zero for n # 0. The Jewett-Krieger theorem (see Jew-
ett [109] and Krieger [137]) guarantees that unique ergod-
icity is ubiquitous in the sense that any automorphism of
a probability space is measure-theoretically isomorphic to
a uniquely ergodic homeomorphism. The following im-
portant result is due to Oxtoby [165]).

Theorem 7 If T is uniquely ergodic, ju is its unique in-
variant probability measure and [ € C(X) then the ergodic
averages A, (f) converge uniformly to [ fdu.

This result can be proved along the same lines as the proof
given above of von Neumann’s theorem. In a nutshell, one
uses the fact that the dual of Cg(X) is the space of finite
signed measures on X and the unique ergodicity to show

that functions of the form f — f o T together with the in-
variant functions (which are just constant functions) span
a dense subspace of C(X).

A sequence {x,} in the interval [0, 1] is said to be uni-
formly distributed if +3"7_, f(x,) — ) f(x)dx for any
f € C[0, 1] (equivalently for any Riemann integrable f or
for any f = 1; where I is any subinterval of [0, 1]). As
a simple application of Theorem 7 one obtains the linear
case of the following result of Weyl [202].

Theorem 8 If « is irrational and p(x) is any non-con-
stant polynomial with integer coefficients then the sequence
{p(n)amodl} is uniformly distributed.

Furstenberg [84], see also [86], has shown that Weyl's re-
sult, in full generality, can be deduced from the unique
ergodicity of certain affine transformations of higher di-
mensional tori. For polynomials of degree k > 1 Weyl’s
result is usually proved by inductively reducing to the case
k = 1, using the following important lemma of van der
Corput (see for example [139]).

Theorem 9 Suppose that for each fixed h > 0 the sequence

{Xp+p —x, mod 1},

is uniformly distributed. Then {x,} is uniformly dis-
tributed.

When p is infinite and T is ergodic the limiting function
in BirkhofFs theorem is 0 a.e. In 1937 Hopf [100] proved
a generalization of Birkhoff's theorem which is more
meaningful in the case of an infinite invariant measure.
Tt is a special case of a later theorem of Hurewicz [105],
which we will discuss first.

Suppose that (X, B. u) is a o-finite measure space. If v
is another o-finite measure on B write v <& (v is ab-
solutely continuous relative to wu) if j(E) = 0 implies
v(E) = 0 and one writes v ~ g if v & pand p < v.
Consider a non-singular automorphism t: X — X, mean-
ing that 7 is measurable with a measurable inverse and
that ;(E) = 0 if and only if u(rE) = 0. In other words
v = pot ~ . Bythe Radon-Nikodym theorem there
is a function p € L;(u) such that p > 0 a.e. and v(E) =
fE pdyt for all measurable E. In order to obtain an asso-
ciated operator T on L; which is an (invertible) isometry
one defines

(11)

Tf(x) = p(x)f(zx).
1

The dual operator on Ly is then givenby T*g = go 77",

If v is a o-finite measure equivalent to g which is in-
variant under 7 then the ergodic theory of t can be re-
duced to the measure-preserving case using ¢. The in-
teresting case is when there is no such v. It was an open
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problem for some time whether there is always an equiva-
lent invariant measure. In 1960 Ornstein [163] gave an ex-
ample of a T which does not have an equivalent invariant
measure. It is curious that, with hindsight, such examples
were already known in the fifties to people studying von
Neumann algebras.

For f € Lylet S,f = Y T'f. tis said to be
conservative if there is no set E with u(E) > 0 such that
t'E,i = 0,1....
Poincaré recurrence theorem remains valid. For example,
the shift on Z is not conservative. Hurewicz [105] proved
the following ratio ergodic theorem.

are pairwise disjoint, that is if the

Theorem 10 Suppose T is conservative, f,g € L, and

g(x) > 0 a.e. Then S, f/S,g converges a.e. to a t-invari-
h = S fdu

ant limit h. If T is ergodic then T

In the case when g is t-invariantone has Tf = feot. If
is invariant and finite, taking ¢ = | one recovers Birkhoff's
theorem. If u is invariant and o-finite then Hurewicz’s
theorem becomes the theorem of Hopf alluded to earlier.

Wiener and Wintner [204] proved the following vari-
ant of Birkhoff’s theorem.

Theorem 11 (Wiener-Wintner) Suppose T is an auto-
morphism of a probability space (X, B, it). Then for any
f € Ly there is a subset X' C X of measure one such that
for each x € X' and A € C of modulus 1 the sequence
% Z::{} AT f(x) converges.

It is an easy consequence of the ergodic theorem that one
has a.e. convergence for a given f and A but the point here
is that the set on which the convergence occurs is indepen-
dent of A.

Generalizations to Continuous Time
and Higher-Dimensional Time

A (measure-preserving) flow is a one-parameter group
{Ty, t € R} ofautomorphisms of (X, B, ), that is Ty =
T: Ty, such that Tyx is measurable as a function of (f, x).
It will always be implicitly assumed that the map (¢. x)
Tix from R x X to X is measurable. Theorem 4 gener-
alizes to flows by replacing sums with integrals and this
generalization follows without difficulty from Theorem 4.
(As already observed this observation reverses the histori-
cal record.) Theorem 4 may be viewed as a theorem about
the “discrete flow” {T,, = T" : n € Z}. Wiener was the
first to generalize Birkhoff’s theorem to families of auto-
morphisms { T} indexed by groups more general than R
or 7.

A measure-preserving flow is an action of R while
a single automorphism corresponds to an action of Z.

A (measure-preserving) action of a group G is a homo-
morphism T: g = T, from G into the group of automor-
phisms of a measure space (X, B, u) (satisfying the appro-
priate joint measurability condition in case G is not dis-
crete). Suppose now that G = R* or Z* and T is an action
of G on (X, B. u). In the case of Z* an action amounts to
an arbitrary choice of commuting maps Ty, ... Ty, T; =
T(e;) where e; is the standard basis of Z*. In the case of
R* one must specify k commuting flows.

Let m denote counting measure on G in case G = Zk
and Lebesgue measure in case G = R*. For any subset E
of G with m(E) < oo let

1

Apf(x) = m(E)

[ 1ttmamte). (12)
One may then ask whether Agf converges to a limit, ei-
ther in the mean or pointwise, as E varies through some
sequence of sets which “grow large” or, in case G = R,
“shrink to 0”. The second case is referred to as a local er-
godic theorem. In the case of ergodic theorems at infinity
the continuous and discrete theories are rather similar and
often the continuous analogue of a discrete result can be
deduced from the discrete result.

In Wiener [203] proved the following result for actions
of G = R¥ and ergodic averages over Euclidean balls B, =
{x e R*: ||x], < r}.

Theorem 12 Suppose T is an action of R* on (X.B. u)
and f € Li(p).

(a) For f € Lilim, 00 Ap, f = g exists a.e. If u is finite
the convergence also holds with respect to the Lj-norm,
g is T-invariant and [, gdp = [, fdu for every T-in-
variant set I.

(0) lim, o Ap,f = f ae.

The local aspect of Wiener’s theorem is closely related
to the Lebesgue differentiation theorem, see for example
Proposition 3.5.4 of [132], which, in its simplest form,
states that for f € L'(R*, i) one has a.e. convergence of
#B,)LB, f(x + t)dt to f(x) as r — 0. The local ergodic
theorem implies Lebesgue’s theorem, simply by consider-
ing the action of R¥ on itself by translation. In fact the local
ergodic theorem can also be deduced from Lebesgue’s the-
orem by a simple application of Fubini’s theorem (see for
example [135], Chap. 1, Theorem 2.4 in the case k = 1).

The key point in Wiener’s proof is the following weak
L maximal inequality, similar to (6).

Theorem 13 Let Mf = sup,., |Ap, f|. Then one has

piMf > e < ZIflh (13)
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where C is a constant depending only on the dimension d.
(In fact one may take C = 34.)

In the case when T is the action of R* on itself by
translation (13) is the well-known maximal inequal-
ity for the Hardy-Littlewood maximal function ([132],
Lemma 3.5.3). Wiener proves (13) by way of the follow-
ing covering lemma. If B is a ball in R* let B’ denote the
concentric ball with three times the radius.

Theorem 14 Suppose a compact subset K of R¥ is covered
by a (finite) collection ‘U of open balls. Then there exist pair-
wise disjoint B; € U.1 = 1....k such that | J; B, covers
K.

To find the B; it suffices to let By be the largest ball in U,
then B; the largest ball which does not intersect B; and
in general B, the largest ball which does not intersect
\U"Z! B;. Then it is not hard to argue that the B cover K.

In general, a covering lemma is, roughly speaking, an
assertion that, given a cover U ofa set K in some space (of-
ten a group), one may find a subcollection ‘U" C ‘U which
covers a substantial part of K and is in some sense efficient
in that ZUEu; 1y < C, C some absolute constant. Cover-
ing lemmas play an important role in the proofs of many
maximal inequalities. See Sect. 3.5 of [132] for a discussion
of several of the best-known classical covering lemmas,

As Wiener was likely aware, the same kind of covering
argument easily leads to maximal inequalities and ergodic
theorems for averages over “sufficiently regular” sets, For
example, in the case of G = Z* use the standard total or-
der <onGandforn € Nflet§, = {me Zk.o<m~<
n}. Let e(n) denote the maximum value of n;/n;. Then one
has the following result.

Theorem 15 For any e > 0 and any integrable f

lim AS,,f
n—00,e(n)<e
exists a.e. and the limit is characterized by the same prop-
erties as in Theorem 12. Moreover there is a maximal in-
equality

.u{ sup |As.,f|>a} S 1)

e(n)<e

where C is a constant depending only on e and the dimen-
sion k.

If one does not impose a bound on e(n) the a.e. conver-
gence of Ag, f may fail for f € L,, (although it does
hold for any increasing sequence of #’s by Theorem 30 be-
low). Nonetheless Dunford [72] and independently Zyg-
mund [215] showed that one does have unrestricted con-

vergence if f € L, for some p > 1, provided p is fi-

nite. Let Ty, ..., Ty be any k (possibly non-commuting!)
automorphisms of a finite measure space (X, B, u). For
n = (n,na, ..., ng) let T, = T{" ... T.*. (This is not

an action of Z* unless the T; commute with each other.)
As before when F C Z* is a finite subset write Apf =

ﬁ Y er Tnf. Finallylet P;f = lim, A,(T))f.
Theorem 16 For f € L,

ngmwAg"f=P]...Pkf (15)

both a.e. and in Lp.

The proof of Theorem 16 uses repeated applications of
Birkhoff’s theorem and hinges on (10).

Somewhat surprisingly Hurewicz’s theorem was not
generalized to higher dimensions until the very recent
work of Feldman [79]. In fact the theorem fails if one con-
siders averages over the cube [0, n — 1]4 in Z4. However
Feldman was able to prove a suitably formulated general-
ization of Hurewicz’s theorem for averages over symmet-
ric cubes.

For f € L'(R) the classical Hilbert transform is defined
for a.e. t by

flt—s)

[s]>€ §

Hf(t) = L lim

T e—0t

ds (16)

Let H*f(f) = & sup,., |f|$|}e f(rs_s)ds|, the correspond-

ing maximal function. The proof that the limit (16) exists
a.e. is based on the maximal inequality

miHS > 3= S (17)
where C is an absolute constant. See Loomis [146] (1946)
for a proof of (17) using real-variable methods. Cotlar [65]
proved the existence of the following ergodic analogue
of the Hilbert transform (actually for the n-dimensional
Hilbert transform).

Theorem 17 Suppose {T,} is a measure-preserving flow on
a probability space (X, B, jt) and f € L'. Then

f(T'x)dr

e<t<e! t

lim (18)
e=0

exists for a.a. x.

Motivated by Cotlar’s result Calderdén [54]proved a gen-
eral transfer principle which allows one to transfer max-
imal inequalities and convergence theorems for functions
of a real or integer variable to the ergodic setting. Although
stated for functions on R it applies equally well to R*
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or ZX. This principle subsumes Birkhoff’s theorem,
Wiener’s theorem and Cotlar's result. For simplicity only
a special case of Calderén’s result, in the discrete case, will
be stated here.

Let T be an automorphism of a probability space
(X. B, p), let m denote counting measure on Z and sup-
pose o is a probability measure on Z. For g € L (m) define
a(g)(n) =3 ez o(i)g(n+i).For f € Li(n)leto(T)f =
> ez 0()T' f,which is easily seen to converge a.e. and in
L;-norm. Given a fixed sequence o, of probabilities define
Mg = sup, o,gand M(T)f = sup, 0,(T)f.

Theorem 18 (Calderén) Suppose there is a constant C
such that

C
m{Mg > A} < Tlglh forallg e Lim).  (19)

Then one also has

C
M(T)f = A} < I||f||1 forall T andg e Li(u).
(20)

In other words, in order to prove a maximal inequality for
general T it suffices to prove it in case T is the shift map
on the integers. The idea of transference could already be
seen in Wiener’s proof of the R” ergodic theorem. Trans-
fer principles in various forms of have become an impor-
tant tool in the study of ergodic theorems. See Bellow [18]
for a very readable overview.

Pointwise Ergodic Theorems for Operators

Early in the history of ergodic theorems there were at-
tempts to generalize the ergodic theorem to more general
linear operators on L, spaces, that is, operators which do
not arise by composition with a mapping of X . In the case
p = 1 the main motivation for this comes from the theory
of Markov processes.

It (X, B) is a measurable space a sub-stochastic kernel
on X is a non-negative function P on X x B such that

(a) for each x € XP(x,-) = P, is a measure on B such
that P.(X) < 1 and
(b) P(-, A) is a measurable function for each A € B.

It is most intuitive to think about the sfochastic case,
namely when each Py is a probability measure. One then
views P(x, A) as the probability that the point x moves into
the set A in one unit of time, so one has stochastic dynam-
ics as opposed to deterministic dynamics, namely the case
when P, = 7, for a map T. In this case the measures P,
are called transition probabilities.

If jt is a o-finite measure on X one may define the mea-
sure Ppu = [ Pedje(x). Pv is also meaningful if v is a finite
signed measure. The case when Py = g is the stochas-
tic analogue of measure-preserving dynamics and the case
when Pu < ju is the analogue of non-singular dynamics.
It is easy to see that given any o-finite measure A there is
always a jt such that A < gt and Pu < . Let Ly denote
the space of finite signed measures v such that v < pu,
which is identified with L; = L;(u,R) via the Radon-
Nikodym theorem. If P < p then P maps Li() into
itself so the restriction of P is an operator T on L (). T is
a positive contraction, that is ||T|| < 1 and T maps non-
negative functions to non-negative functions. As proved
in, for example, [153], every positive contraction arises in
this way from a substochastic kernel under the assump-
tion that (X, B) is standard. This simply means that there
is some complete metric on X for which B is the o -algebra
of Borel sets. Virtually all measurable spaces encountered
in analysis are standard so this should be viewed as a tech-
nicality only. See [153], [80] and [135] for more about the
relation between kernels and positive contractions.

The case when X is finite, P is stochastic and pisaa
probability measure is classical in probability theory. P
and jt determine a probability measure v on X™ char-
acterized by its values on cylinder sets, namely for all

v{xGXN:x(f}zx,-.lfffn—]}
n=—1

= () [ | Pe, i) -

i=1

(21)

The co-ordinate functions X;(x) = x(i) on the space xM
endowed with the probability v form a Markov process,
which will be stationary if and only if u is P-invariant.
For a general X the analogous construction is possible pro-
vided X is standard.

Hopf [101] initiated the systematic study of positive L,
contractions and proved the following ergodic theorem.

Theorem 19 Suppose (X.B. ) is a probability space and
T is a positive contraction on L' (p) satisfying T1 = 1 and
T*1 = 1. Then lim,—oe 1" Z,’:;(l) T* f exists a.e.

The importance of Hopf’s article lies less in this conver-
gence result than in the methods he developed. He proved
that the maximal inequality (5) generalizes to all positive
L) contractions T and used this to obtain the decomposi-
tion of X into its conservative and dissipative parts C and
D, characterized by the fact that for any p € L, such that
p > 0ae. Z:io T*p is infinite a.e. on C and finite a.e.
on D. These results are the cornerstone of much of the sub-
sequent work on L; contractions.



Ergodic Theorems

249

Theorem 19 contains Birkhoff’s theorem for an auto-
morphism 7 of (X, B, i), simply by defining Tf = fo 1.
In fact one can also deduce Theorem 19 from Birkhoff’s
theorem (if one assumes only that X is standard). Indeed
the hypotheses of Hopf's theorem imply that the kernel P
associated to T is stochastic (T*1 = 1) and and that u
is P-invariant (T1 = 1). Hopf’s theorem then follows by
applying BirkhofP’s theorem to the shift on the station-
ary Markov process associated to P and . In fact Kaku-
tani [123] (see also Doob [71]) had already made essen-
tially the same observation, except that his result assumes
the stationary Markov process to be already given.

In 1955 Dunford and Schwartz [73] made essential use
of Hopf's work to prove the following result.

Theorem 20 Suppose (X)) = 1 and T is a (not neces-
sarily positive) contraction with respect to both the L; and
Lo norms. Then the conclusion of Hopf’s theorem remains
valid.

Note that the assumption that T contracts the Lso-norm is
meaningful,as Log C L. The proof of the result is reduced
to the positive case by defining a positive contraction |T|
analogous to the total variation of a complex measure.

Then in 1960 Chacén and Ornstein [61] proved
a definitive ratio ergodic theorem for all positive contrac-
tions of L, which generalizes both Hopf’s theorem and the
Hurewicz theorem.

Theorem 21 Suppose T is a positive contraction of L (1),
where ju is o-finite, f, g € L, and g = 0. Then

YizoT'f
Z?:{] Tlg

converges a.e. on the set {Z?io Tig >0}

(22)

In 1963 Chacon [58] proved a very general theorem for
non-positive operators which includes the Chacon-Orn-
stein theorem as well as the Dunford-Schwartz theorem.

Theorem 22 Suppose T is a contraction of Ly and p,, = 0
is a sequence of measurable functions with the property that

gELLIg=pn=|Tgl = putr- (23)
Then
noori
Zi—o f (24)

Yo Pi

converges a.e. to a finite limit on the set {Z?inp, > 0}.

If Tisan Ly, Loc-contraction and p, = 1 for all n then the
hypotheses of this theorem are satisfied, so Theorem 22

reduces to the result of Dunford and Schwartz. See [59]
for a concise overview of all of the above theorems in this
section and the relations between them.

The identification of the limit in the Chacon-Ornstein
theorem on the conservative part C of X is a difficult prob-
lem. It was solved by Neveu [152] in case C = X, and
in general by Chacén [57]. Chacén [60] has shown that
there is a non-singular automorphism 7 of (X, B, 1) such
that for the associated invertible isometry T of L; (1) given
by (11) there is an f € Ly(u) such thatlimsup A, f = oo
andliminfA,f = —o0.

In 1975 Akcoglu [3] solved a major open problem
when he proved the following celebrated theorem.

Theorem 23 Suppose T: L, > L, is a positive conirac-
tion. Then A, f = %z::é T"f converges a.e. Moreover
one has the strong L, inequality

(25)

p
A < = .
Stipl nfl —P_1||f||p

P

As usual, the maximal inequality (25) is the key to the
convergence., Note that it is identical in form to (10) the
classical strong Lp inequality for automorphisms. (25) was
proved by A. Ionesco-Tulcea (now Bellow) [106] in the
case of positive invertible isometries of L. It is a result of
Banach [16], see also [140], that in this case T arises from
a non-singular automorphism 7 of (X, B, i) in the form
Tf = p"P f o 7. By a series of reductions Bellow was able
to show that in this case (25) can be deduced from (10).
Akcoglu’s brilliant idea was to consider a dilation S of
T which is a positive invertible isometry on a larger L,
space I:P = L,(Y.C.v). What this means is that there
is a positive isometric injection D: L, — f“? and a pos-
itive projection P on L, whose range is D(L,) such that
DT" = PS"D for all n = 0. Given the existence of
such an S it is not hard to deduce (25) for T from (25)
for S. In fact Akcoglu constructs a dilation only in the case
when L, is finite dimensional and shows how to reduce
the proof of (25) to this case. In the finite dimensional
case the construction is very concrete and P is a condi-
tional expectation operator. Later Akcoglu and Kopp [7]
gave a construction in the general case. It is noteworthy
that the proof of Akcoglu’s theorem consists ultimately of
a long string of reductions to the classical strong L, in-
equality (10), which in turn is a consequence of (5).

Subadditive and Multiplicative Ergodic Theorems

Consider a family {X,, , } of real-valued random variables
on a probability space indexed by the set of pairs (n., m) €
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In other words, the actual information obtained per sec-
ond by observing x over time converges to the constant
h(P, T), namely the limiting expected information per sec-
ond. Shannon [185] formulated Theorem 28 and proved
convergence in probability. McMillan [149] proved L,
convergence and Breiman [49] obtained the a.e. conver-
gence.

The original proofs of a.e. convergence used the mar-
tingale convergence theorem, were not very intuitive and
did not generalize to Z"-actions, where the martingale
theorem is not available. Ornstein and Weiss [161] (1983)
found a beautiful and more natural argument which by-
passes the martingale theorem and allows generalization
to a class of groups which includes Z".

Amenable Groups

Let G be any countable group and T = {T,} an action
of G by automorphisms of a probability space. Suppose ¢
is a complex measure on G, that is, {o(g)}sec is an ab-
solutely summable sequence. Let T act on functions via
Tyf = f o Ty so T, is an isometry of L, for every
1 < p < oo Lleto(T) = ZSEGG(g}Tg. A very general
framework for formulating ergodic theorems is to con-
sider a sequence {0, } and ask whether o,,(T)f converges,
a.e. or in mean, for f in some L, space. When o,(T) f con-
verges for all actions Tand all f in L, in p-norm or a.e. then
one says that o, is mean or pointwise good in L,. When
the o, are probability measures it is natural to call such
results weighted ergodic theorems and this terminology is
retained for complex o as well.

Birkhotf's theorem says that if G = Z and g, is the
normalized counting measure on {0,1,...n — 1} then
{o,} is pointwise good in L;. This section will be con-
cerned only with sequences {o,} such that o, is normal-
ized counting measure on a finite subset F,, C G so one
speaks of mean or pointwise good sequences {F,}. A nat-
ural condition to require of {F,}, which will ensure that
the limiting function is invariant, is that it be asymptoti-
cally (left) invariant in the sense that

|gFyn A Ful

—0 VgedG.
|Fnl

(30)

Such a sequence is called a Falner sequence and a group G
is amenable if it has a Folner sequence. As in most of this
article G is restricted to be a discrete countable group for
simplicity but most of the results to be seen actually hold
for a general locally compact group.

Amenability of G is equivalent to the existence of
a finitely additive left invariant probability measure on G.
It is not hard to see that any Abelian, and more generally

any solvable, group is amenable. On the other hand the
free group F, on two generators is not amenable. See Pa-
terson [167] for more information on amenable groups.
The Folner property by itself is enough to give a mean er-
godic theorem.

Theorem 29 Any Folner sequence is mean good in L), for
1 =p<oc.

The proof of this result is rather similar to the proof of
Theorem 3. In fact Theorem 29 is only a special case of
quite general results concerning amenable semi-groups
acting on abstract Banach spaces. See the book of Pater-
son [167] for more on this.

Turning to pointwise theorems, the Folner condition
alone does not yield a pointwise theorem, even when
G = 7 and the F, are intervals. For example Akcoglu
and del Junco [6] have shown that when G = Z and
F, = [n, n+ /n] NZ the pointwise ergodic theorem fails
for any aperiodic T and for some characteristic function f.
See also del Junco and Rosenblatt [119].

The following pointwise result of Tempelman [196] is
often quoted. A Felner sequence {F,} is called regular if
there is a constant C such that \FH_IF,,\ =< C|F,|and there
is an increasing sequence F), such that F,, C F}, and |F]| <
C|F,|.

Theorem 30 Any regular Folner sequence is pointwise
good in L.

In case the F, are intervals in Z" this result can be
proved by a variant of Wiener’s covering argument and
in the general case by an abstraction thereof. The condi-
tion |Fn_]Pn| < C|F,| captures the property of rectangles
which is needed for the covering argument. Emerson [78]
independently proved a very similar result.

The work on ergodic theorems for abstract locally
compact groups was pioneered by Calderén [53] who
built on Wiener’s methods. The main result in this pa-
per is somewhat technical but it already contains the
germ of Tempelman’s theorem. Other ergodic theorems
for amenable groups, whose main interest lies in the
case of continuous groups, include Tempelman [195],
Renaud [175], Greenleaf [93] and Greenleaf and Emer-
son[94]. The discrete versions of these results are all rather
close to Tempelman’s theorem.

Among pointwise theorems for discrete groups Tem-
pelman’s result was essentially the best available for a long
time. It was not known whether every amenable group had
a Folner sequence which is pointwise good for some L. In
1988 Shulman [187] introduced the notion of a tempered
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Folner sequence {F, }, namely one for which

\J F'Fa

i<hn

< C|Fy]. €2))

for some constant C. The advantage of the tempered con-
dition is that any Felner sequence has a tempered subse-
quence, and in particular any amenable group has a tem-
pered Folner sequence.

Shulman proved a maximal inequality in L, for such
F,, which implies that {F,,} is pointwise good in L,. An ac-
count of this work may be found in Section 5.6 of Tempel-
man’s book [194].

Lindenstrauss [145] was able to extend the result to L.

Theorem 31 Any tempered Folner sequence is pointwise
good inL;.

The key new idea in his proof is to use a probabilistic
argument to establish a covering lemma. In the discrete
case Ornstein and Weiss [201] have given a non-proba-
bilistic proof of Lindenstrauss’s covering lemma. Linden-
strauss also generalizes the a.e. convergence in the Shan-
non-McMillan-Breiman theorem to this setting. L, con-
vergence was already established by Kieffer [128] in 1975.

Subsequence and Weighted Theorems

In this section G and T are as in the previous section and
0, is a sequence of complex measures on G.

This section will be concerned with conditions on o,
that ensure that it is mean or pointwise good. For the most
part G will be Z.

Hopf's ergodic theorem gives a class of examples for
free. Choose any probability measure A on G, define the
operator Tj = A(T) and observe that (T})" = Tj=n,
where A*" denotes the convolution power. Since T sat-
isfies the hypotheses of Hopf’s theorem it follows that the
sequence o, = - 317, A*is pointwise good in L.

Another sort of example is given by choosing a se-
% S 8, If one has
convergence for such a sequence one speaks of a subse-

quence g, in G and letting 0,, =

quence ergodic theorem. This section will mainly focus on
the case G = 7 and sequences which are the increasing
enumeration of a subset S C N. Given § C N write o5,
for the corresponding probabilities o, and say S is good if
O, is good.

Perhaps the first subsequence ergodic theorem is due
to Blum and Hanson [38] who proved that an automor-
phism T of a probability space is strongly mixing if and
only if %Z::; T™if converges in L, norm for every
| € L; and every increasing {m;}. Strong mixing means

that w(T7"A N B) — u(A)u(B). In 1969 Brunel and
Keane [51] proved the first pointwise subsequence ergodic
theorem

Theorem 32 Suppose that T is a translation on a compact
Abelian group G with Haar measure A, g € G, and E C G
is any Borel set with A(E) > 0 and A(dE) = 0. Let S =
{i>0: T'g e E}. Then S is pointwise good in L.

Krengel [133] constructed the first example of a sequence
S < N which is pointwise universally bad, in the strong
sense that for any aperiodic T the a.e. convergence of
0s,x(T)f fails for some characteristic function f. Bel-
low [17] proved that any lacunary sequence (meaning
dp41 > cay for some ¢ > 1) is pointwise universally bad
inLj.

Later Akcoglu at al. [1] were able to show that for lacu-
nary sequences {0g ,} is even strongly sweeping out. A se-
quence {o,} of probability measures on Z is said to be
strongly sweeping out if for any ergodic T and forall§ > 0
there is a characteristic function f with [ fdu < § such
that limsupo,(T)f = 1 a.e. It is not difficult to show
that if {o,} is strongly sweeping out then there are char-
acteristic functions f such that liminfo,(T)f = 0 and
limsup o,(T)f = 1. Thus for lacunary sequences the er-
godic theorem fails in the worst possible way.

Bellow and Losert [21] gave the first example of a se-
quence S C Z of density 0 which is universally good
for pointwise convergence, answering a question posed by
Furstenberg. They construct an S which is pointwise good
in L;. This paper also contains a good overview of the
progress on weighted and subsequence ergodic theorems
at that time.

Weyl’s theorem on uniform distribution (Theorem 9)
suggests the possibility of an ergodic theorem for the se-
quence {n*}. It is not hard to see that {n?} is mean good in
L,. In fact the spectral theorem and the dominated conver-
gence theorem show that it is enough to prove that the Leo-
bounded sequence of functions % ::Ul 2" on the unit
circle converges at each point z of the unit circle. When z
is not a root of unity the sequence converges to 0 by Weyl’s
result and when z is a root of unity the convergence is
trivial because {z"z} is periodic. In 1987 Bourgain [39,413]
proved his celebrated pointwise ergodic theorem for poly-
nomial subsequences.

Theorem 33 If p is any polynomial with rational coeffi-
cients taking integer values on the integers then S = {p(n)}
is pointwise good in L.

The first step in Bourgain’s argument is to reduce the
problem of proving a maximal inequality to the case of the
shift map on the integers, via Calderon’s transfer princi-
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ple. Then the problem is transferred to the circle by us-
ing Fourier transforms. At this point the problem becomes
a very delicate question about exponential sums and
a whole arsenal of tools is brought to bear. See Rosenblatt
and Wierdl [176] and Quas and Wierdl [28](Appendix B)
for nice expositions of Bourgain’s methods.

Bourgain subsequently improved this to all Ly, p > 1
and also extended it to sequences {[q(n)]} where now g is
an arbitrary real polynomial and [-] denotes the greatest
integer function. He also announced that his methods can
be used to show that the sequence of primes is pointwise
good in L, for any p > %‘6 Wierdl [205] (1988) soon
extended the result for primestoall p > 1.

Theorem 34 The primes are pointwise good in Ly for p > 1.

It has remained a major open question for quite some time
whether any of these results hold for p = 1. In 2005
there appeared a preprint of Mauldin and Buczolich [148],
which remains unpublished, showing that polynomial se-
quences are Lj-universally bad.

Another major result of Bourgain’s is the so-called re-
turn times theorem [44]. A simplification of Bourgain’s
original proof was published jointly with Furstenberg,
Katznelson and Ornstein as an appendix to an article [17]
of Bourgain. To state it let us agree to say that a a sequence
of complex numbers {a(n)},>o has property P if the se-
quence of complex measures o, = %Z::[} a(i)d; has
property P, where §; denotes the point mass at /.

Theorem 35 (Bourgain) Suppose T is an automorphism
of a probability space (X, B, i), 1 < p,q =< 0o are conju-
gate exponents and f € Ly(ut). Then for almost all x the
sequence { f (T"x)} is pointwise good in Ly,

Applying this to characteristic functions f = 1g one sees
that the return time sequence {i > 0 : §'x € E} is good for
pointwise convergence in L. Theorem 32 is a very special
case. It is also easy to see that Theorem 35 contains the
Wiener-Wintner theorem.

In 1998 Rudolph [179] proved a far-reaching gener-
alization of the return times theorem using the technique
of joinings. For an introduction to joinings see the article
by de la Rue in this collection and also Thouvenot [198],
Glasner [20] (2003) and Rudolph’s book [177]. Rudolph’s
result concerns the convergence of multiple averages

N—1 k

1
< 2 [T

n=0 j=1

(32)

where each Tj is an automorphism of a probability space
(X;.Bj. ptj) and the f; are Lo functions. The point is that
the convergence occurs whenever each x; € X;, sets of

measure one which may be chosen sequentially for j =
1,..., k without knowing what T; or f; are for any i > j.
He actually proves something stronger, namely he identi-
fies an intrinsic property of a sequence {a;}, which he calls
fully generic, such that the following hold.

(a) The constant sequence {1} is fully generic.

(b) If {a;} is fully generic then for any T and f € Ly the
sequence a; f (T'x) is fully generic for almost all x.

(c) Fully generic implies pointwise good in Leo.

The definition of fully generic will not be quoted here as it
is somewhat technical.

For a proof of the basic return times theorem us-
ing joinings see Rudolph [178]. Assani, Lesigne and
Rudolph [13] took a first step towards the multiple theo-
rem, a Wiener-Wintner version of the return times the-
orem. Also Assani [11] independently gave a proof of
Rudolph’s result in the case when all the T; are weakly mix-
ing.

Ornstein and Weiss [162] have proved the following
version of the return times theorem for abstract discrete
groups. As with Z, let us say that a sequence {ag},ec of
complex numbers has property P for {F,,} if the sequence
o, = ﬁ ZgEFn a(g)d, of complex measures has prop-
erty P.

Theorem 36 Suppose that the increasing Folner sequence
{Fpn} satisfies the Tempelman condition sup, |F,'F,|/
|Fu| < o0 and |JFy = G.If b € L then for a.a. x the
sequence {b(Tyx)} is pointwise good in L; for {Fy}.

Recently Demeter, Lacey, Tao and Thiele [67] have proved
that the return times theorem remains valid for any 1 <
p = ooand g = 2. On the other hand Assani, Buc-
zolich and Mauldin [ 14] (2005) showed that it fails for p =
q=1

Bellow, Jones and Rosenblatt have a series of pa-
pers [22,23,24,25] studying general weighted averages as-
sociated to a sequence o, of probability measures on Z,
and, in some cases, more general groups. The following
are a few of their results. [23] is concerned with Z-actions
and moving block averages given by ¢,, = my, , where the
I, are finite intervals and ; denotes normalized counting
measure on I. They resolve the problem completely, ob-
taining a checkable necessary and sufficient condition for
such a sequence to be pointwise good in L.

[24] gives sufficient conditions on a sequence o, for
it to be pointwise good in Ly, p > 1, via properties of
the Fourier transforms &,. A particular consequence is
that if lim,_00 Y ez |On(k) — 0y(k — 1) = 0 then
{0} has a subsequence which is pointwise good in L,
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p = 1. In [25] they obtain convergence results for se-
quences 0, = ¢", the convolution powers of a probabil-
ity measure o. A consequence of one of their main results
is that if the expectation ) ;.5 ko (k) is zero, the second
moment Y5 k?c (k) is finite and o is aperiodic (its sup-
port is not contained in any proper coset in Z) then ¢" is
pointwise good in L, for p > 1.

Bellow and Calderén [19] later showed that this last
result is valid also for p = 1. This is a consequence of the
following sufficient condition for a sequence T to satisfy
a weak L, inequality. Given an automorphism of a prob-
ability space (X, B, u) let Mf = sup |0,(T)f(x)| be the
maximal operator associated to {5, }.

Theorem 37 (Bellow and Calderdn) Suppose there is an
a € (0,1] and C > 0 such that for each n > 1 one has

Iy
|x|1+rx

|on(x + y)—ou(x) = C forallx,y e Z

such that 0 < 2|y| < |x|

Then there is a constant D such that

D
WMf > 2y < ZIfln forallT. f € Li(u)
and A > 0.

Ergodic Theorems and Multiple Recurrence

Suppose S C N. The upper density of S is

Slartniiy 33)

d(s) = lim sup
n
and the density d(S) is the limit of the same quantity, if it
exists. In 1975 Szemerédi [190] proved the following cel-
ebrated theorem, answering an old question of Erdés and
Turan.

Theorem 38 Any subset of N with positive upper density
contains an arithmetic progression of length k for each k =
1.

This result has a distinctly ergodic-theoretic flavor. Letting
T denote the shift map on Z, it says that for each k there
is an n such that S’ = (_, T7'"'S is non-empty. In fact
the result gives more: there is an n for which d(8") > 0.
In this light Szemerédi’s theorem becomes a multiple re-
currence theorem for the shift map on N, equipped with
the invariant “measure-like” quantity d. Of course d is not
even finitely additive so it is not a measure. d, however, is
at least finitely additive, when defined, and d(N) = 1.

This point of view suggests the following multiple re-
currence theorem.

Theorem 39 Suppose T is an automorphism of a proba-
bility space (X, B, jt), iW(B) > 0 and k = 1. Then there is
an n > 0 such that u()'_, T"B) > 0.

In 1977, Furstenberg [85] proved the following ergodic
theorem which implies the multiple recurrence theorem.
He also established a general correspondence principle
which puts the shaky analogy between the multiple recur-
rence theorem and Szemerédi’s theorem on a firm footing
and allows each to be deduced from the other. Thus he
obtained an ergodic theoretic proof of Szemerédi’s combi-
natorial result.

Theorem 40 Suppose T is an automorphism of a probabil-
ity space (X, B, 1), [ € Loo, f =0, [ fdp > 0 and k = 1.
Then

N—1 k
PR 1 in
lim inf — Z‘;f ]_[ T fdp > 0.

i=1

(34)

Furstenberg’s result opened the door to the study of so-
called ergodic Ramsey theory which has yielded a vast ar-
ray of deep results in combinatorics, many of which have
no non-ergodic proof as yet. The focus of this article is not
on this direction but the reader is referred to Furstenberg’s
book [#6] for an excellent introduction and to Bergel-
son [27,28] for surveys of later developments. There is also
the article by Frantzikinakis and McCutcheon in this col-
lection.

Furstenberg’s proof relies on a deep structure theorem
for a general automorphism which was also developed in-
dependently by Zimmer [213], [212] in a more general
context. A factor of T is any sub-o-algebra F C B such
that T(F) = F. (It is more accurate to think of the factor
as the action of T on the measure space (X. T, u|F).) The
structure theorem asserts that there is a transfinite increas-
ing sequence of factors { Fy} of T such that the following
conditions hold.

(a) Fa+1 is compact relative to Fg.
(b) Te = V5<a F g whenever & is alimit ordinal.
(c) B is weakly mixing relative to \/ Fe.

(\/ denotes the o -algebra generated by a collection of 5-al-
gebras.) \/,, Ty is called the maximal distal factor of T and
if \/ Fa = B then T is called distal. The definitions of
the relative properties in (a) and (c) above are somewhat
technical so only their absolute versions (i. e. relative to the
trivial o-algebra {@, X}) will be described here.

T is said to be compact if for each f € L, the orbit
{T'f: i€ Z}ispre-compact in the norm topology of L,.
This turns out to be equivalent to the statement that T is
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a translation on a compact Abelian group endowed with
its Haar measure. The property of weak mixing is a funda-
mental notion in ergodic theory which has many equiva-
lent definitions. The most appropriate for our purposes is
that T is weakly mixing if it has no compact factors. This
turns out to be equivalent to the ergodicity of T'x T acting
on the product measure space (X, B, 1) x (X, B, ).

The verification of 37 in the case of compact T is rather
easy. In this case it is not hard to prove that for any f €
Loc and € > Otheset {n € Z : ||T"f — f|l2 < €} has
bounded gaps and (34) follows easily. In the case when T
is weakly mixing (34) is a consequence of the following
theorem which Furstenberg proves in [85] (as a warm-up
for it’s much harder relative version).

Theorem 41 If T is weakly mixing and f, f>...., fi are
Loc functions then
lim — Z f ]_[ T fidp = ]‘[ f fi (35)

i=1 i=1

Later Bergelson [26] showed that the result can be ob-
tained easily by an induction argument using the following
Hilbert space generalization of van der Corput’s lemma.

Theorem 42 (Bergelson) Suppose {x,} is a bounded se-
quence of vectors in Hilbert space such that for each h > 0
one has + Z:‘::ﬂ (Xn4h xn) — 0 as N — oc. Then

[Fpane uxn” — 0.

Ryzhikov has also given a beautiful short proof of The-
orem 41 using joinings ([182]). Bergelson’s van der Cor-
put lemma and variants of it have been a key tool in sub-
sequent developments in ergodic Ramsey theory and in
the convergence results to be be discussed in this section.
Bergelson [26] used it to prove the following mean ergodic
theorem for weakly mixing automorphisms.

Theorem 43 Suppose T is weakly mixing, fi...., [ are
Lo functions and py. ... Py are polynomials with rational
coefficients taking integer values on the integers such that no
pi — pj is constant for i # j. Then

N—1 &k
Jim _nzo,l]lﬂ(n)f Eff,dﬂ =0. (36)

Theorems 40 and 41 immediately raise the question of
N— k i
¢ Lo [Tz TV,

for a general T. Several authors obtamed partial results on

convergence of the multiple averages &

the question of mean convergence. It was finally resolved
only recently by Host and Kra [104], who proved the fol-
lowing landmark theorem.

Theorem 44 Suppose fi. fa, ...
a g € Lo such that

1 N—1 k .
v 2T
n=>0i=1

. ft € Loo. Then there is

lim =0. (37)

Independently and somewhat later Ziegler [211]obtained
the same result by somewhat different methods. Fursten-
berg had already established Theorem 44 for k = 2 in [85].
It was proved for k = 3 in the case of a totally er-
godic T by Conze and Lesigne [63]and in general by Host
and Kra [102]. It can also be obtained using the meth-
ods developed by Furstenberg and Weiss [88]. In this pa-
per Furstenberg and Weiss proved a result for polynomial
powers of T in the case k = 2. They also formalized the
key notion of a characteristic factor. A factor C of T is said
to be characteristic for the averages (37) if, roughly speak-
ing, the L, limiting behavior of the averages is unchanged
when any one of the f;’s is replaced by its conditional ex-
pectation on C. This means that the question of conver-
gence of these averages may be reduced to the case when
fiare all C-measurable. So the problem is to find the right
(smallest) characteristic factor and prove convergence for
that factor.

The importance of characteristic factors was already
apparent in Furstenberg’s original paper [85], where he
showed that the maximal distal factor is characteristic for
the averages (37). In fact he showed that for a given k
a k-step distal factor is characteristic. (An automorphism
is k-step distal if it is the top rung in a k-step ladder of fac-
tors as in the Furstenberg-Zimmer structure-theorem.) It
turns out, though, that the right characteristic factor for
(37) is considerably smaller. In their seminal paper [63]
Conze and Lesigne identified the characteristic factor for
k = 3, now called the Conze-Lesigne factor. As shown
in [104], and [211], the characteristic factor for a gen-
eral k is (isomorphic to) an inverse limit of k-step nil-
flows. A k-step nilflow is a compact homogeneous space
N/T" of a k-step nilpotent Lie group N, endowed with its
unique left-invariant probability measure, on which T acts
via left translation by an element of N. Ergodic proper-
ties of nilflows have been studied for some time in er-
godic theory, for example in Parry [166]. In this way the
problem of L,-convergence of (37) is reduced to the case
when T is a nilflow. In this case one has more: the averages
converge pointwise by a result of Leibman [141] (See also
Ziegler [210]).

There have already been a good many generalizations
of (37). Host and Kra [103], Frantzikinakis and Kra [82,
83], and Leibman [141] have proved results which replace
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ways a sequence {I, } which is pointwise good and grows
at most exponentially? Can one do better either in general
or in particular groups?

Lindenstrauss’s theorem at least guarantees the exis-
tence of Folner sequences which are pointwise good in L,
but in particular groups there are often natural sequences
which one hopes might be good. For example in @}, Z
one may take F,, to be a cube based at 0 of sidelength /,, and
dimension d,, (that is, all but the first d,, co-ordinates are
zero), where both sequences increase to oo, What condi-
tions on /,, and d,, will give a good sequence? Note that no
such sequence is regular in Tempelman's sense. If d,, = n
then {I,} must be superexponential to ensure Shulman’s
condition. Can one do better? What about I,, = d,, = n?
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